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Abstract Let G be a(p,q) graph and < k < p. Let f : V(G) — {1,2,...,k} be amap.
For each edgev, assign the label 1 if eithef(u) or f(v) divides the other and 0 otherwisgis
called ak-divisor cordial labeling ifvs (i) — vs(j)| < 1i,j € {1,2,...,k} and|e;(0) — ef(1)| <
1 wherev;(z) denotes the number of vertices labeled withwherex € {1,2,...,k}, ef(i)
denote the number of edges labeled withe {0, 1}. A graph with ak-divisor cordial labeling
is called ak-divisor cordial graph. In this paper, we discuss 3-divisor cordiagling behavior
of ladder, prism and book graphs.

1 Introduction

Graphs considered here are finite, undirected and simple. In 198@,[Tantroduced the cor-

dial labeling of graphs. In4], Varatharajan, Navanaeethakrishnan, and Nagarajan introduced
a notion, called divisor cordial labeling and proved the standard graytts as paths, cycles,
wheels, stars and some complete bipartite graphs are divisor cordihisiSNarayanan intro-
duced the notion ok-divisor cordial labeling in%]. In [6], 3-divisor cordiality of wheel and

K, + 2K, have been studied. In this paper we studied the 3-divisor cordial latzsingvior of
ladder, prism and book graphs. Terms and definitions not definedanerused in the sense of
Harary B] and Gallian P].

2 3-divisor cordial labeling

Definition 2.1.Let G be a(p,q) graph and 2< k < p. Let f : V(G) — {1,2,...,k} be
a map. For each edgey, assign the label 1 if eithef(z) or f(y) divides the other and O
otherwise. f is called ak-divisor cordial labeling iflvs(i) —vs(j)| < 14,5 € {1,2,...,k}
and |e;(0) —ef(1)] < 1 wherewv(x) denotes the number of vertices labeled withwhere
z € {1,2,...,k}, ef(i) denote the number of edges labeled with € {0, 1}. A graph with a
k-divisor cordial labeling is called &-divisor cordial graph.

Definition 2.2. The Cartesian product of two graphsG; and G, is the graphG,0G, with the
vertex sef’1[0V, and two vertices = (u1, uz) andv = (v1,v2) are adjacent whenever; = vy
anduy adjvy] or [up = vy andug adjv].

First we consider the graph laddey, = P,0P,. LetV(L,) = {u;,v; : 1 < i < n} and
E(Ly) = {uwuir1,vivigr - 1 < i <n—1}U{uw; 1 1 <i < n}. Note thatL,, consists of 2
vertices and 8 — 2 edges.

Theorem 2.3.The ladderL,, = P, 0P, is 3-divisor cordial.

Proof. The proof is divided into twelve cases.
Case 1.n =0 (mod 12.
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Letn = 12t wheret > 1. Here we define amap: V(L,) — {1, 2, 3} as follows:

f(uzi—1) f(v2:) 2, 1<i<3t
f(u2i) = flvais1) = 3, 1<i<3t
flueri) = floers) = 2, 1<i<t
flunyi) = flong) = 1, 1<i<4t
fluryyi) = floiwy) = 3, 1<i<t

Case 2.n =1 (mod 12.
Letn =12t + 1 wheret > 1. We define amayp : V(L,,) — {1,2, 3} as follows:

f(qu;_l) 2, 1<i<3t+1
fuzi) = 3, 1<i<3t
f(vzq'_l) = 3 1<i<3t+1
f(v2i) = 2 1<i<3t
flustori) = f(vetgori) = 2, 1<i<t
fluzeisri) = flomgsy) = 3, 1<i<t
flugtyari) = flogpar) = 1, 1<i<4t—2

and f(uet+2) = f(verr2) = f(uze13) = f(vzeys) = 1.
Case 3.n =2 (mod 12.
Forn = 2, Figurel shows thafl; is a 3-divisor cordial graph.

2 3
3 1
Figure 1.

Letn = 12t 4+ 2 wheret > 1. We define amayg : V(L,) — {1,2,3} as follows: assign the
labels to the vertices;, v; (1 <4 < 6t + 1) as in case 2.

flustiivi) = flvepari) = 2, 1<i<t
fuzprri) = flomer) = 1, 1<i<4t+1
fluiysori) = flvingon) = 3, 1<i<t

Case 4.n =3 (mod 12.
The vertex labelings given in Figuestablish thal; and L1s are 3-divisor cordial graphs.

Figure 2.

Letn = 12 + 3 wheret > 2. We define amay : V(L,) — {1,2,3} as follows: assign the



3-divisor cordiality of some product related graphs 65

labels to the vertices;, v; (1 <1i < 6t + 1) as in case 2.

f(uets11i) 2, 1<i<3
fers1i) = 3, 1<i<3
f(uststi) = flversr) = 2, 1<i<t-1
fluzessyi) = flomgsy) = 3, 1<i<t-1
flugtiari) = flvgpars) = 1, 1<i<4t-1

and f (uet1s) = f(verys) = f(uze1s) = f(vr45) = 1.
Case 5.n =4 (mod 12.
Figure3 shows thatl4 is a 3-divisor cordial graph.

Figure 3.

Letn = 12 + 4 wheret > 1. We define amayg : V(L,) — {1,2,3} as follows: assign the
labels to the vertices;, v; (1 < i < 6t + 1) as in case 2. Then put the number 3 to the vertex
ugs2 and 2 tovgs2. Then

flustrors) = f(vers2id) 2, 1<i<t

fluzesri) = flomgsy) = 1, 1<i<4t

flursari) = f(oiusarn) = 3 1<i<t
fvnss) = f(viu+a) = 1, f(uzrs) = 2 andf (uay+4) = 3

Case 6.n =5 (mod 12.
From Figured, we observe thaks is 3-divisor cordial.

2 3 2 1 1

Figure 4.

Letn = 12 + 5 wheret > 1. We define amayp : V(L,,) — {1, 2,3} as follows:

flug1) = 2 1<i<3t+2
fluz) = 3, 1<i<3t+1
floa1) = 3 1<i<3t+2
floa) = 2 1<i<3t+1
flustrari) = f(vetari) = 2, 1<i<t
fluzeisyi) = flomysy) = 3, 1<i<t
flugtysyi) = flosyi) = 1, 1<i<4t

and f (uet+4) = f(ver+a) = f(uz+s) = f(vnss) = 1.

Case 7.n =6 (mod 12.

For Lg, Figure5 establish thaLg is 3-divisor cordial.

Letn = 12t + 6 wheret > 1. Considerf : V(L,) — {1,2,3} as follows: assign the labels to
the verticesy;, v; (1 < i < 6t + 3) asin case 6. Then

f(ustrari) = flvegass) = 2, 1<i<t
f(ureyar) = flomean) = 1, 1<i<4t+1
flurniers) = floiniern) = 3, 1<i<t
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Figure 5.

f(vrera) = f(vinye) = 1, f(uzga) = 2 andf(uiy46) = 3.
Case 8.n =7 (mod 12.
Figure6 shows that.; is a 3-divisor cordial graph.

Figure 6.

Letn =12 + 7 wheret > 1. We define amay : V(L,,) — {1, 2,3} as follows:

fluzic1) = f(va) = 2, 1<i<3t+2
f(u2i) = f(vair) = 3, 1<i<3t+2
fluerssys) = fluesss) = 2, 1<i<t
J(uze4744) fongr4) = 3, 1<i<t
f(u8t+8+z) = (08t+8+z) = 1 1<i<4-1

f(vrre) = f(uzer7) = f(vrsr) = fvars) = 1, f(uzse) = 2 andf(ugi4g) = 3.
Case 9.n =8 (mod 12.

Letn = 12 + 8 wheret > 0. We define amayp : V(L,,) — {1,2, 3} as follows:
f(uzi1) = f(vz) 2, 1<i<3t+2
f(u2i) = flog-1) = 3, 1<i<3+2
fustrari) = flverrars) = 2, 1<i<t
fluzeysy) = flomssy) = 1, 1<i<4t+42
flursers) = flvingsr) = 3, 1<i<t

f(vrss) = f(vin+s) =1, f(unys) = 2 andf (uan+s) = 3.
Case 10.m =9 (mod 12.
Letn = 12 + 9 wheret > 0. We define amayp : V(L,,) — {1, 2,3} as follows:

flugic1) = 2, 1<i<3t+3
fluz) = 3, 1<i<3t42
flvgic1) = 3, 1<i<3t+3
f(v2) = 2 1<i<3t+2
flustreri) = flvereri) = 2, 1<i<t
f(uziysri) = flomger) = 3, 1<i<t
flugirori) = flvgrors) = 1, 1<i<4t

f(u6t+6) = f(U6t+6) = f(U7t+7) = f(u7t+8) = f(U7t+8) = f(U8t+9) =1, f(u7t+7) =2 and
f(ugt9) = 3.

Case 11n =10 (mod 12.

Letn = 12t + 10 wheret > 0. We define amayp : V(L,,) — {1, 2,3} as follows: assign the
labels to the vertices;, v; (1 <14 < 6t + 5) as in case 10. Then

f(ustssri) = fveresrs) = 2, 1<i<t+1

fluriers) = flomgers) = 1, 1<i<4t+3
fuarori) = f(uinsor) = 3, 1<i<t+1
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Case 120 =11 (mod 12.
Letn =12 + 11 wheret > 0. We defineamayp : V(L,,) — {1,2, 3} as follows:

f(ugi—1) f(v2:) 2, 1<i<3t+3
f(uz) = flvai-1) = 3, 1<i<3t+3
flusir7i) = flvererss) = 2, 1<i<t
fluzerors) = f(vrer944) 3, 1<i<t
flugiiiori) = flvgstor) = 1, 1<i<4t+1

f(uety7) = f(vers7) = f(vrers) = flurero) = f(vrero) = f(veri10) = 1, funis) = 2 and
f(ugsi10) = 3.
The vertex and edge conditions are given in Tdbénd Table2.

Nature ofn vr(1) | vr(2) | vr(3)

n=0 (mod 3 %” %" %"
n=1 (mod 39 271,3—2 2n3+1 271,;1

n=2 (mOd 3) 2n3+2 2n3—1 2n3—1

Table 1.

Nature ofn er(0) | ef(1)
n=0 (mod?2 | 32 | 32
— 3n—1 3n—3

Table 2.
HencelL,, is 3-divisor cordial. |

Next we consider prism graghi,JP,. LetV (C,,0P,) = V(L,,) andE(C,,0P,) = E(L,)U
{unua, vpv}.

Theorem 2.4.PrismC,,(0P; is 3-divisor cordial.

Proof. Assign the labels to the vertices as in Theor2® The vertex condition given in Table
1 and the edge condition given in Tatdeshows that,,(0P; is 3-divisor cordial.

Nature ofn er(0) | ef(1)
n=0(mod2 | % 3n
n=1(mod2 | 5 |

Table 3.
This completes the proof. |

Next we discuss 3-divisor cordial labeling behavior of book graph.bodk graph is a
cartesian product of star graph wifty, and we denote it by3, = K3 ,0K,. LetV(B,) =
{u,v,u,v; + 1 <i <n}yandE(B,) = {uv,uu;,vv; : 1 < i < n}. Note thatB,, consists of
2n + 2 vertices and 3 + 1 edges.

Theorem 2.5.Book B,, = K1 ,l0K is 3-divisor cordial, for alh.

Proof. We construct a vertex labeling from the set of vertices oB,, to the set{1, 2,3} by
f(u) =2, f(v) = 3 and we consider the following cases for the labeling of other vertices.
Case 1.n =0 (mod 6.

Letn = 6t wheret > 1. Here
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3 if1<i<3t 2 if1<i<3t
flu))=4 2 if3t+1<i<4dt f(u)=4 1 if3t+1<i<5t
1 ifdt+1<i<6t 3 if5t+1<i<6t

In this casev; (1) = 4t, v5(2) = vs(3) =4t + 1,e5(0) = 9t + 1, andey (1) = 9.

Case2.n=1 (mod 6.

SinceB; & L,, Figurel shows thatB; is 3-divisor cordial. Let = 6t + 1 wheret > 0. Assign
the labels to the vertices ef, v; (1 < i < 6t) as in Case 1. Then put the labels 1, 3 respectively
to the verticesus; 1, ver 1. NOw relabel the verticess; 1, vsq 1, vsi12 by 3, 1, 1 respectively.
Herevf(l) =4t + 2, Uf(2) = ’Uf(3) =4t + 1, andef(O) = ef(l) =9+ 2.

Case 3.n =2 (mod 6.

Letn = 6t + 2 wheret > 0. As in case 2, assign the labelsiigv; (1 < i < 6t). Then assign
1, 3 respectively to the vertices;. 2, ve:.2. NOw relabel the verticess; . 1, ugs i1, vare1 by 3, 2,
2 respectively. Note that; (1) = vs(2) = v§(3) = 4t + 2,e5(0) = 9% + 4, andes(1) = 9t + 3.
Case 4.n =3 (mod 6.

Letn = 6t + 3 wheret > 0. As in case 3, assign the labelsiigv; (1 < i < 6t). Then assign
1, 3 to the verticess; 13, vsr 13 respectively. Now relabel the vertices 2, vy 2, vsi 13 by 2, 3,
1 respectively. Clearly;(1) = 4t + 2, v¢(2) = vy (3) = 4t + 3, ande;(0) = ef(1) = 9% + 5.
Case 5.n =4 (mod 6.

Letn = 6t + 4 wheret > 0. Assign the labels to;, v; (1 < i < 6¢t) as in case 4. Then assign
1, 3 to the verticesg; 4, ve: 4 respectively. Finally relabel the verticeg, , 2, va1 2, vsiiq Dy 2,
2, 1 respectively. In this casg (1) = 4t + 4, vs(2) = vs(3) = 4t + 3, e4(0) = 9% + 7, and
ef(l) =9 +6.

Case 6.n =5 (mod 6.

Letn = 6t + 5 wheret > 0. As in case 5, assign the labelsitgv; (1 < i < 6t). Then assign
1, 3 to the verticess; 15, ver15 respectively. Now relabel the verticeg . 3, vs:.3, vsi15 by 2, 3,
1 respectively. Clearly;(1) = v;(2) = vs(3) = 4t + 4, ande;(0) = e (1) = 9t + 8.

HenceB,, is 3-divisor cordial, for all values of. O
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