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Abstract. It is known that the SK index ([10]) of a graph G is defined by

dy + dy
SK(G)= Y B
w€E(G)

In this paper, the explicit expressions for the SK index over different types of corona products
on graphs are presented.

1 Introduction and Terminologies

Throughout this paper all graphs G will be assumed undirected and without any self loops or
parallel edges having the vertex set V(G) and the edge set F(G). Unless stated otherwise the
cardinality of V(G) will be considered n while the cardinality of F(G) will be considered m.
Recall that the degree of any vertex v in G is denoted by dg(v) (or shortly d,) which is the
number of edges incident to v.

A topological index is defined as a real valued function, which maps each molecular graph
to a real number and is necessarily invariant under automorphism of graphs. There are various
topological indices having strong correlation with physio-chemical characteristics and have been
found to be useful in isomer discrimination, quantitative structure activity relationship (QSAR)
and structure property relationship (QSPR). A topological index of a chemical compound is an
integer, derived following a rule, which can be used to characterize the chemical compound
and predict certain physio-chemical properties like boiling point, molecular weight, density, re-
fractive index, and so forth [2, 5]. Molecules and molecular compounds are often modeled by
molecular graph. A molecular graph is a representation of the structural formula of a chemical
compound in terms of graph theory, whose vertices correspond to the atoms of the compound
and edges correspond to chemical bonds. Note that hydrogen atoms are often omitted.

Among the various degree-based topological indices, the first and second Zagreb indices of a
graph G are one of the oldest and most studied topological indices that are firstly introduced by
Gutman and Trinajstic in [6] which are defined respectively as

M(G)= Y di and My(G)= > dud,.

ueV(G) u,veV(G)

In fact these Zagreb indices have extensively studied both with respect to mathematical and
chemical point of view. After these degree-based indices, there have been introduced so many
same based indices and it still keep going. For example, in [10], Shegahalli et al. introduced new
topological indices; Arithmetic-Geometric AG) index, SK index, SK; index and SK, index
for a graph G, and further presented their formulas. Among these four indices, we wil give our
attention to the SK index that is defined by

dy + d,
weE(G)

where d,, and d,, are the degrees of the vertices v and v in G.
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On the other hand, to define some graph products over simple graphs always imply interesting
results over these structures in applied sciences. For example, the corona product of graphs ap-
pears in chemical literature as plerographs of the hydrogen suppressed molecular graphs known
as kenographs. Also, by specializing the components of corona products of graphs, different
type of graphs can be obtained such as t¢-thorny graph, sunlet graph, suspension graphs and
some classes of bridge graphs (we may refer [1, 3,4, 7, 15, 11] for the details). Because of these
consequences, people interested to study on indices for the corona products. For instance, in
[8], Liu studied the F-index of different type of corona product of graphs, and [15] the authors
computed the Szeged, vertex PI and the first and second Zagreb indices of corona products.

With a similar thought as in [8, 15], in this paper, we will express the SK index of different
types of corona products within different sections as the main results.

2 SK index of corona products

Our main results will be given in this section via separate subsections under the name of classical
corona product, subdivision-vertex corona product, subdivision-edge corona product, subdivision-
vertex neighborhood corona product, subdivision-edge neighborhood corona product and finally
the vertex-edge corona product.

2.1 The Case: Classical Corona Product

Let G and G, be two simple connected graphs with n; number of vertices and m; number of
edges respectively, for j € {1,2}. The (classical) corona product G| o G, of these two graphs is
obtained by taking one copy of G| and n; copies of G»; and then by joining each vertex of the
i-th copy G, to the i-th vertex of G, where 1 < i < n; (see, for instance, [13, 16]). From the
definition, it is clear that the product GG; o G; has total n; 4+ nyn, vertices and m; +nimy +niny
edges. With a similar approximation as in the paper [15], to obtain a detailed calculation, let us
partition the edges of G| o (3, into the three subsets Fj, E, and F; as follows:

(i) By = {e € E(Gy 0 G,) | e € E(G,)} such that the cardinality | E| = nym;. For an edge
e = uv € F), there always exist dg,oq,(u) = dg,(u) + 1 and dg,0c, (v) = dg, (v) + 1.

(11) B, = {e € E(G1 0 G,) | e € E(Gy)} such that the cardinality |F,| = m;. For an edge
e = uv € By, there always exist dg, o, (u) = dg, (u) + np and dg, o, (v) = da, (v) + na.

(it1) B3 = {e € E(G10G,) | e = uv, u € E(G2), v € E(Gy)} such that the cardinality
|E53| = miny. For an edge e = uv € Fj, there always exist dg,oq,(u) = dg,(u) + 1 and
dayoa, (v) =dg, ('U) + na.

We then have the following main theorem for this section.
Theorem 2.1. The SK index of the classical corona product Gy o G, is presented by

nlnz(l + nz)

SK(G)o0Gy) =niSK(G2) + SK(Gy) + 2nyma + 2nomy + 3 2.1)
Proof. From the definitions of SK index and corona product, we obtain
3
dy, + d, dy + dy
sKGoGy - 3 Sfhogi(y bgk)
uveG0G, i=1 uveEl;

where

ZuveEl du;dv = Tl]SK(Gz) +nima,

ZquEz dugdv = SK<G1) + namy ) (22)

dyt+d, __ niny(l14+ny)
DPuven, 7 = mang + ngmy + 2 :

Adding three equations in (2.2) gives the equality given in (2.1).
Hence the result. O
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Corollary 2.2. Let us assume that G| is any graph of order ny while G, is a complete graph of
order ny. Then we have

nina[(n2)* 4 no)

SK(G10Gy) = SK(Gy) + 2nam + .

Proof. Substituting SK(G,) = M and m, = w in Equation (2.1), we get the result.
O

Another consequence of Theorem 2.1 is the following.

Corollary 2.3. Let P, and C,, denote the path and cycle on n vertices, respectively. Then the
following equalities always hold.

1
SK(PnIOPnZ) == 6’/L1’rL2737'L172712734-%7
nina(ny + 1)
SK(Cnl Oan) = 6n1n2+2n1 —.—fj
SK(PayoCry) = 6nins+2n1 —2ny — 34 M2zt 1)

2

2.2 The Case: Subdivision-Vertex Corona

Recall that, for a simple graph G, the subdivision graph S = S(G) is obtained from G by
replacing each of its edges with a path of length two or, equivalently, by inserting an additional
vertex into each edge of G.

Considering the definition of subdivision graphs, the subdivision-vertex corona product G| ®
G, of G and G, is actually obtained from the S(G4) and n; copies of G, such that for all disjoint
vertices joining the i-th vertex of G| to every vertex in the i-th copy of G, ([7, 9]). It is easy to
see that G ® G, has ny(1 4+ ny) + m vertices and 2m; + n; (ny + my) edges.

As in Section 2.1, we can partition the edges of G; ©® G, into the three subsets as in the
following:

(a) Ey = {e € E(G) ®Gs) | e € E(G>)} such that the cardinality | E| = n;m,. For an edge
e = uv € F}, there do exist dg,0q, (u) = dg, (u) + 1 and dg, 06, (v) = da, (v) + 1.

(b) B, = {e € E(G1 ® Gy) | e € E(S(Gq))} such that the cardinality |E,| = 2m;. For an
edge e = uv € B, there do exist dg, 06, (v) = dg, (u) +n2 and dg,6c, (v) = dg@,)(v) = 2.

(c) s = {e € E(GI ®Gy) | e = uv, u € E(Gy), v € E(Gy)} such that the cardinality
|E5| = nin,. Foran edge e = uv € Ej, there do exist dg, 06, (v) = dg, (u)+1 and dg, o6, (v) =
dg, (”U) + ny.

Therefore, we obtain the following result.

Theorem 2.4. The SK index of subdivision-vertex corona product graph G| © G, is given by

).

nin2

SK(G] ® Gz) = nISK(Gz) + SK(G]) + 2nimo + (Tlg + 1)(2777,1 +

Proof. We clearly have

SKE(G1o©G) =) d“;d“r > d“;rd“r > d“;d”,

uveE) uvEFy uve b3

where each part of the sum is equal to the n1SK(G2) + nimaz, SK(G1) + mi(na + 2) and
mony + npm; + m, respectively. In fact, the addition of all those values imply the

equality of the index SK (G| o G,) stated in the theorem. O
The similar consequences as in Corollaries 2.2 and 2.3 are the following.

Corollary 2.5. Let G be any graph of order ny and G, be a complete graph of order n,. Then
the SK index of subdivision-vertex corona product of these two graphs is

ning[(n2)* — 1]
2

niny
2 )

SK(G1 ®G,) =SK(Gy) + + (na+ 1)(my +



S K INDEX OVER DIFFERENT CORONA PRODUCTS 11

Proof. Replacing SK(G;) = ”2("371)2 and my = "2("227” in the statement of Theorem 2.4, we

get the result. O

Corollary 2.6. For the SK index, we have the following equalities:

1
SK(P, © Pp,) = 5n1n2—2n1—n2—4+%,
niny
SK(Cn, ®Cp,) = 4niny+2n1+ (n2+ 1)(n1 + T),
1
SK(Py ©Ch) = Snima+3ng —m—44 22+ D)

2

2.3 The Case: Subdivision-Edge Corona

Again by considering the definition of subdivision graphs, the subdivision-edge corona product
G10G, of G and G, is obtained from the S(G;) and m; copies of G, such that for all disjoint
vertices joining the i-th vertex of S(G) to every vertex in the i-th copy of G, ([7, 9]). Clearly,
the product G;®G; has m;(1 4 ny) + n; vertices and m; (ny + my + 2) edges. Similarly as in
above sections, if we partition the edge set of G;®G, then we get the following three subsets.

(1) E, = {e € E(G10G,) | e € E(G>)} such that the cardinality | E';| = mm,. For an edge
e = uv € Fy, there exist dg,ea, (u) =dg, (u) + 1 and dg 06, (U) =dg, (U) + 1.

(2) E; = {e € E(G1©G,) | e € E(S(G1))} such that the cardinality |E»| = 2m;. For an
edge e = uv € B, there exist dg, 06, (’U,) =dg, (u) and dg,eq, (’U) = dS(G’])(U) =2+ ny.

(3) E5 = {e € E(G1OG,) | e = wv, u € E(G,), v € E(S(Gy))} such that the cardinality
|E3| = mn,. For an edge e = uv € Ej, there exist dg 0, (u) = dg,(v) + 1 and dg,eq,(v) =
dS(G])(”) + ns.

So, the result of this section is the following:

Theorem 2.7. The SK index of subdivision-edge corona product G\0®G, is defined by

mmz(nz + 3)

SK(GIG)Gz) :mISK(Gz)+SK(G1)+m1(2m2+2—|—n2)+ 3

Proof. Similarly with the previous theorems, if we consider the definitions of SK index and the
product G10G,, then we get

dy +d,
SK(G0G) = 5 T
uwveG0G,
d'lL + d1) du + d?) du + dU

P I R D D D Dl

uveEE) uveE, uveEFEs
= (TTMSK(GQ) + m1m2) + (SK(G]) + my (nz + 2)) +

+ <m1m2 + 7m1n2(3 + n2>

2
3
= i SK(Ga) + SK(Gr) +mi(2my 424 my) + T2 3]
as required. O

na(ny—1)>° 2(n2—1)

In the statement of Theorem 2.7, by substituting SK(G,) by “25—=— and m, by “*5—,
we obtain the next result.

Corollary 2.8. Suppose the graph G, is as in Corollaries 2.2 and 2.5. Then

mina[(n2)? — ny + 4]
2

SK(G10G,) = SK(G) + + [(n2)* + 1]my .

Additionally,
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Corollary 2.9. We obtain
(nl — 1)77,2(712 + 3)

SK(Py®F,) = Snimy —mni —5np + 2 )
3
SK(CnOCny) = Sming+4n + % ;
-1
SK(POCy,) = Sniny+4n —5ny =5+ (n1 — )na(n2 +3) .

2

2.4 The Case: Subdivision-Vertex Neighborhood Corona

The subdivision-vertex neighborhood corona product G{JG, of G| and G, is obtained from
the S(G4) and n; copies of G, such that for all disjoint vertices joining the neighbors of the i-th
vertex of S(G1) to every vertex in the i-th copy of G, ([7, 9]). Thus, G;0G; has my (1+n3)+n4
vertices and 2m; +mniny +2mn; edges. By partitioning the edge set of G[1G,, we again obtain
three subsets ', E» and 3 which are

(la) E; = {e € E(G10G>) | e € E(G>)} such that the cardinality |E;| = nym,. For an edge
e =uv € E, there exist dg,0g, (u) = dg,(u) + dg, (w) and dg, O, (v) = da, (v) + dg, (w).

(2b) E; = {e € E(G10G,) | e € E(S(Gy))} such that the cardinality |E,| = 2m4. For an
edge e = uv € Ej, there exist dg,0g, (u) = dg, (v) and dg e, (v) = dg(g,)(v) +2n2 = 2+2n,.

(3¢) B3 = {e € E(G10G:) | e = uwv, u € E(G,), v € E(S(G}))} such that the cardinality
|E3] = 2miny. For an edge e = uwv € Ej, there exist dg,0g, () = dg,(u) + dg, (w) and
dG]DGz (v) = ds(c,)(”) 4+ 2ny =2+ 2ny.

Therefore the corresponding result for the related product under these material is the follow-
ing:
Theorem 2.10. The SK index of subdivision-vertex neighborhood corona product G{JG, for
the given graphs G| and G, is stated by

SK(G1DG2) = mSK(Gz) + (TL2 + 1)SK(G1) + 2m1n2(2 + nz) + 2m1(n2 +my + 1) .
Proof. An easy calculation shows that

3

wveG G, i=1 \uwveE;
= (TLlSK(Gz) + 2m1n2) + (SK(Gl) + m1(2n2 + 2))
+ (2m1m2 + nzSK(Gl) + m1n2(2 + 2’112))

= TllSK(Gz) + (’I’Lz + I)SK(Gl) + 2m1n2(2 + nz) + 2m1(n2 + my + 1) .
Hence the result. o

The first part of the proof of the following corollary can be obtained by taking SK(G,) as

2
% and m; as in the statement of Theorem 2.10. Moreover the next part of it can

be seen easily as in the similar versions stated in previous sections.

nz(nz—l)

Corollary 2.11. Let G, be a complete graph of order ny while G be as in the general idea. Then

nmz(nz — 1)2
2

Furthermore, by considering P,, and C,,, the following equalities are hold for the subdivision-
vertex neighborhood corona product SK (G,0G,).

SK(G1OG,) = (np + 1)SK(Gy) + + Sming + 3my(n2)? +2my .

SK(PTL]DPM) = 12ninp, —ng — 11n2—3+2n2(n1n2—n2),
SK(Cnl Dan) = 12nins +4n1 + 204 (TLQ)Z ,
SK(P.,“DOHZ) = 12ninp +4ny — 1lnp, — 5+ 27”&2(7”&]712 - nz) .
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2.5 The Case: Subdivision-Edge Neighborhood Corona

For the graphs G| and G, the subdivision-edge neighborhood corona product GG, is obtained
from the S(G) and n; copies of G, such that for all disjoint vertices joining the neighbors of
the i-th vertex of GG} to every vertex in the i-th copy of G ([7, 9]). From the definition, G| ¢ G,
has m; (1 + ny) + ny vertices and 2m; + mymy + 2mn;, edges. Moreover, by partition the edge
set of G| ¢ GG, we again obtain three subsets F, F, and E3 which are

(i—a) By ={e € E(G,1¢Gy) | e € E(G2)} such that the cardinality |E|| = mm;. For an
edge e = uv € E), there exist dg,oc, (u) = dg,(u) + 2 and dg,0q, (v) = dg, (v) + 2.

(it — b) B, ={e € E(G10G>) | e € E(S(Gy))} such that the cardinality |E»| = 2m;. For
an edge e = uv € E, there exist dg,oq, (u) = dg, (u)(n2 + 1) and dg 0, (v) = dg(q,) = 2.

(iti —¢) B35 = {e € E(G1©G2) | e = wv, u € E(Gy), v € E(S(Gy))} such that the
cardinality |E3| = 2mn,. For an edge e = uv € Es, there exist dg,oq,(u) = dg,(u) + 2 and
o, (v) = da, (v) (1 + n2).

Similarly with the previous cases, we have the following result.

Theorem 2.12. The SK index of subdivision-edge neighborhood corona product graph G, ¢ G,
is expressed by

SK(G)oGs) =miSK(Gy) + (ny + 1)2SK(Gy) + 4mymy + 2my (1 4+ ny) .

Proof. We have

SK(G] <& Gz)

du + dU
2 T

uvEG10G,

dy + d, dy + dy dy + dy
= X Tt Tt

uveE) uveE, uv€E B3

= [mISK(Ga) + 2mima] + [(na + DSK(G)) + 2m]
+ [2myma + 2myng + na(na + 1)SK(GY))
= mSK(Gs) + (na + 1)2SK(G1) + 4mima + 2mi (1 + na) .
This completes the proof. O

The first part of the proof of the following corollary can be obtained by substituting SK (G,) =

—1)2 —1
nz(né ) and my = "2(”22 )

standard as before.

in the statement of Theorem 2.12. Moreover the next part of it is

Corollary 2.13. Let G, be a complete graph of order ny while G be as in the general idea. Then

mlnz(nz — 1)(%2 + 3)
2

In addtion, the following equalities are held for SK (G ¢ Gy):

SK(GyoGy) = (ny+1)*SK(Gy) + +2my(ny +1).
8niny —5n; —8ny + 5+ (ny + 1)2(2n1 —3) 5 if G = P, and Gy = P,
8niny + 2ny + 2ny(ny + 1)? s If Gy =Cyp, and G, = Cy,
8niny +2n; —8ny — 2+ (ny + 1)2(2n1 —3) 5 if Gy = P, and G, = Cy,

2.6 The Case: The Vertex-Edge Corona

As in all previous sections, let us start by recalling the definition of the related product.
For any two graphs G| and G5, the vertex-edge corona product G| ® G, of them is obtained
by after taking one copy of GG1, n; copies of G, and also m; copies of (G5, then joining the i-th
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vertex of GG to every vertex in the i-th vertex copy of G and also joining the end vertices of j-th
edge of GG to every vertex in the j-th edge copy of G, (we may refer [7, 9]). According to the
this definition, it is not hard to see that the vertex-edge corona product graph G} & G has total
nina + ny + myny vertices and my + my(ma + 2na) + ni(ma + ny) edges.

We can partition the edges of G; & G into five subsets as in the following:

e £y ={e € E(G) ® Gy) | e € E(G2)} such that the cardinality |E|| = myn,. For an edge
e = uv € F), there exist dg,ac,(u) = dg,(u) + 1 and dg,eq,(v) = dg,(v) + 1.

e B, ={e € E(G, ®G,) | e € E(Gy)} such that the cardinality |E,| = m;. For an edge
e = uwv € E,, there exist de,ea, (u) =dg, (u)(n2+l)+n2 and d¢,gq, (”U) =dg, (v)(n2+l)+n2.

e 5 ={e € E(G1 ® G,) | e € E(G,)} such that the cardinality |E;| = m m,. For an edge
e = uv € Ej, there exist dg,aq, (v) = dg,(u) + 2 and dg, e, (v) = dg, (v) + 2.

e By = {e =uw € E(Gi®Gz) | u € E(Gy),v € E(Gy)} such that the cardinality
|E4| = npny. For an edge e = uv € Ey, there exist dg,¢q, (u) = dg,(u) + 1 and dg, g, (v) =
dGI (v)(n2 + 1) “+ ny.

e s = {e =uw € E(Gi®Gz) | u € E(G2), v € E(Gy)} such that the cardinality
|Es| = 2nym;. For an edge e = uv € Es, there exist dg,gq, () = dg,(u) + 2 and dg, ¢c, (v) =
de,(v)(na + 1) + na.

We note that the sets F; and Ey are the vertex copies of E(G>), and the sets F3 and FEs are
the edge copies of E(G>).

The final main result of this paper is the following.
Theorem 2.14. The SK index of the vertex-edge corona product G| & G, is expressed by
SK(Gl b Gz) = (n1 + ml)SK(Gz) + (’I’Lz =+ I)ZSK(Gl) +2nymy + 2m1n2(2 + ’I’Lz)

nina(ny + 1)

+4mim, + >

Proof. According to the our case, we have

SK(Grec)= Y Prh oy

5
—1

>
2 b)
wveG DG, 4 uveE;

where
foruv € By, we have n1SK(G,)+nima,
for uv € B, wehave (np + 1)SK(Gy) + mina,
for uv € B3, we have m1SK(G,) + 2mims, (2.3)

foruv € By, we have mnymy +mina(ny +1) + %"ZH) and

for uv € Bs, we have  2mymy + minz(na + 2) + na(np + 1)SK(Gy) -

A simple calculation after adding all these five values in (2.3), we obtain the equality in the
statement of theorem, as required. O

Corollary 2.15. For a complete graph G, of order ny, the SK index of the vertex-edge corona
product G| @ G,

2 2
SK(G1® Ga) = (na + 1)*SK(Gh) + mlnz[(n2)2+ 6z + 3] + nmz[(n;) ol

Proof. Substitute SK (G;) = "2("§_1)2 and m, = "2<"22_1> in the statement of Theorem 2.14, we

get the result as required. O

Also, the product SK (G @ G,) has the following special cases by considering P,, and C,,.
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Corollary 2.16.

14ning — 120 = 100y + 7 + (na + 1)(2ny = 3) 5 if G1 = P, and Gy = P,
+2(n2)3 (g — 1) + mamalnat])

18115 + 2n) + 4ny (ny)? + "ralnatl) . ifGy=Cy, and Gy = Ch,
18ni1ny +2n; — 16mp — "3 + (n2)2(4n1 — 5) ) lfG] = Pnl and G, = an
+n1n2(nz+1)
2
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