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Abstract In this paper we investigate the 4-difference cordial labeling behaviour of jelly fish,
jewel graph, comb, subdivision of star, subdivision of bistar, book with triangle pages.

1 Introduction

Graphs in this paper are finite, simple and undirected. k-difference cordial labeling of graphs
have been introduced in [3] and they investigate the 3-difference cordial labeling behaviour of
path, cycle, star, bistar and complete graph. In this paper, we investigate the 4-difference cordial
labeling behaviour of jelly fish, jewel graph, comb, subdivision of star, subdivision of bistar,
book with triangle pages. [z] denote the greatest integer < z. Terms are not defined here follow
from Harary[2] and Gallian[1].

2 4-difference cordial graphs

Definition 2.1. Let G be a (p,q) graph and f : V (G) — {1,2,...,k} be a map where £ is an
integer 2 < k < p. For each edge uv assign the label |f (u) — f (v)|. f is called k-difference
cordial labeling of G if |vy (i) — vy (j)| < 1, and |es (0) — e (1)] < 1 where vy () denotes the
number of vertices labelled with z, x € {1,2,...,k}, es (1) and e (0) respectively denote the
number of edges labelled with 1 and not labelled with 1. A graph with a k-difference cordial
labeling is called a k-difference cordial graph.

3 Preliminaries

Definition 3.1. If e = v is an edge of G and w is a vertex not in G then e is said to be subdivided
when it is replaced by the edges uw and wv. The graph obtained by subdividing each edge of a
graph G is called the subdivision graph of G and is denoted by S(G).

Definition 3.2. The jelly fish graph JF,, is a graph with V' (JF,,) = {u,v,u;,v; : 1 <i<n,1 < j <n -2}
and edge set E (JF,,) = {uu,; : 1 <i<n}U{ov;: 1 <j<n—2} U{tp_1Un, 0y, Vitp_1}.

Definition 3.3. The jewel graph J,, is the graph with the vertex set V (J,,) = {u, v, z,y,u; : 1 <i <n}
and the edge set
E (J,) = {uz,uy, vy, zv, yv, uu;,vu; : 1 <i < n}.

Definition 3.4. The shadow graph D, (G) of a connected graph G is obtained by taking two
copies of G, say GG; and GG». Join each vertex u; in G} to the the neighbours of corresponding
vertex up in Gs.

4 Main results

Theorem 4.1. The jelly fish graph JF,, is 4-difference cordial for all values of n.
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Proof. Take the vertex set and edge set as in Definition 3.2. Then JF;, is of order 2n and size
2n + 1.
Assign the labels 2,3,1 and 4 respectively to the vertices u,v,u,—1 and wu,,.

Case 1. n is odd.

Now we consider the pendent vertices uj,uy,...,u,—>. Assign the label 1 to the "T’l ver-
tices wuy,up,...,un1, then assign the label 4 to the next ”T_3 vertices Ungt, Unss, . .o Un—2.
2 2 2
We now move to the pendent vertices vy, v, ...,v,_2. Assign the label 2 to the "T_g vertices
V1,2, ...,vn—3 and finally assign the label 3 to the next "T*I vertices vn_1, Untts oo Un—2.
2 2
Case 2. n is even.
Assign the label 1 to the anz vertices up, up, ..., un—2, then assign the label 4 to the next ”T’z
2
vertices U, Unizy ooy Un—2. Next assign the label 2 to the ”T_z vertices vy, v, . . . yUn2 and fi-

nally assign the label 3 to the next "T_Z vertices vz, v 52,00, Uno2.

Thus this vertex labeling f is 4-difference cordial labeling of jelly fish follows from Tabel 1

Nature of n | vy (1) | vr(2) | vF(3) | vy (4) | e (0) | ef (1)
n is odd n;l rLT—] n;rl n;l n -+ 1
n is even g g 7 7 n—+1 n
Table 1.

Theorem 4.2. The jewel J,, is 4-difference cordial for all n.

Proof. Take the vertex set and edge set as in Definition 3.3. Therefore .J,, is of order n + 4 and
size 2n + 5.
Assign the labels 2, 3, 1, 4 respectively to the vertices u, v, z, y.

Case 1. n =0 (mod 4).
Letn =4t,t € N.

Now we consider the vertices uy, up, . .., u,. Assign the label 1 to the ¢ vertices uy, uy, . .., us,
then assign the label 2 to the next t vertices wsi1, uss2,. .., U2, next assign the label 3 to
the t vertices o1, Uz¢t2,---,us; and finally assign the label 4 to the remaining ¢ vertices
UBt+1, U342,y - - - Udt-

Case2.n =1 (mod 4).

Letn=4t+1,tc Z" .

Assign the label 1 to the ¢t 4 1 vertices up,up,...,us+1, then assign the label 2 to the next ¢
vertices us; 2, U3, - - -, Upp+1, NEXt assign the label 3 to the ¢ vertices wpsi 2, Uet3, - - -, Uz and
assign the label 4 to the remaining non-labelled ¢ vertices u3;i2, U343, - - . , Udtt1-

Case 3. n =2 (mod 4).

Letn=4t+2,te Z+ .

Assign the label 1 to the ¢ + 1 vertices uy,up, ..., u;+1, then assign the label 2 to the next ¢
vertices ugyo, Ug43, - - ., Upe+1 NEXt assign the label 3 to the ¢ vertices uotq2, Upet3, . .., uss1 and
assign the label 4 to the remaining non-labelled ¢ 4 1 vertices u3;12, U343, - - - , Udgi2-

Case4. n =3 (mod 4).

Letn =4t +3,te Z™.

Assign the label 1 to the ¢ + 1 vertices uy, uy, ..., ust 1, then assign the label 2 to the next ¢ + 1
vertices u; o, Ug13, - - -, Upgrp NEXt assign the label 3 to the ¢ vertices up; 3, Upei4, - - -, Usgt2 and
assign the label 4 to the remaining non-labelled ¢ + 1 vertices us¢ 13, U3ti4, - - - , Udt+3-
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This vertex labeling f is 4-difference cordial labeling follows from Tabel 2

Nature of n v (1) [ vp(2) [ vr(3) | ve(4) | ef (0) | ef (1)
m=0 (mod 4) | = e o | n+3 | n+2
m=1(mod4) | = | =B | 223 | 283 43| n42
m=2 (mod4) | 26 | nfb | oni2 oni2 )43 42
m=3 (mod4) | 25 | B | nS5 | onEl 43 p42
Table 2.
O
Theorem 4.3. The complete bipartite graph K ,, is 4-difference cordial for all values of n.
Proof. LetV (K,,) = {u;,v; : 1 <i<2,1<j<n}and
E(K,) = {wivj,uwv; : 1 <i<n}.
Assign the labels 2, 3 to the vertices uy, u; respectively.
Case 1. n=0 (mod 4).
Letn =4t,t € N.
Now we consider the vertices vy, vy, . .., v,. Assign the label 1 to the first ¢ vertices vy, vy, . .., vy,
then assign the label 2 to the next ¢ vertices vy11,v¢y2, - .., V2, next assign the label 3 to the ¢
vertices vs41, V242, - - - , v3; and finally assign the label 4 to the ¢ vertices v3;1, V3g12, - - -, Vgy-

Case2.n=1 (mod 4).

Letn=4t+1,t € Z™.

Assign the label 1 to the first ¢ 4+ 1 vertices vy, vy, ..., ve+1, then assign the label 2 to the next ¢
vertices v, Uit 3, - - -, U2p+1, NEXt assign the label 3 to the ¢ vertices vy 2, V243, - - ., V341 and
finally assign the label 4 to the ¢ vertices vs¢12, V3143, - - - , Vagt1-

Case 3. n =2 (mod 4).

Letn=4t+2,tc€ Z .

Assign the label 1 to the first ¢ 4+ 1 vertices vy, vy, .. ., vy 1, then assign the label 2 to the next ¢
vertices V12, Vgt 3, - . -, U2e+1, NEXt assign the label 3 to the ¢ vertices vayi2, V243, - - -, V3441 and
finally assign the label 4 to the ¢ 4 1 vertices vs¢12, V343, - - . , Vags2-

Case4. n =3 (mod 4).

Letn=4t+3,tc Z™ .

Assign the label 1 to the first ¢ 4 1 vertices vy, vy, ..., v41, then assign the label 2 to the next
t + 1 vertices vy42, V43, - - ., V2r42, NEXt assign the label 3 to the ¢ vertices vay3, Votta, . .., Ustt2
and finally assign the label 4 to the ¢ 4 1 vertices v3;43, V3ti4, - - - , Vap43.

The Tabel 3, establish that this vertex labeling f is 4-difference cordial labeling

Nature of n v (1) [ vp(2) [ vr(3) | ve(4) | ef (0) | ef (1)
n=0 (mod 4) 2 ntd ntd 2 n n
n=1 (mod 4) "TH "T'”'S "T'H an n n
n=2 (mod 4) "T“ "T“ ”T“ ”T” n n
n=3 (mod4) | = o otl otl n n

Table 3.

O

Theorem 4.4. The Book with triangle pages, K, + mK] is 4-difference cordial for all values of
m.



FURTHER RESULTS ON 4-DIFFERENCE CORDIAL GRAPHS 145

Proof. LetV (K, + mK,) = {u,v,v; : 1 <j <m} and

E (K, +mK) = {uv,uv;,vv; : 1 <j <m}.

Note that the order and size of K, + mK; are m 4 2 and 2m + 1 respectively. Assign the labels
2, 3 respectively to the vertices u, v.

Case 1. m =0 (mod 4).
Letm =4t,t € N.

Now we consider the vertices vy, v2, ..., v,. Assign the label 1 to the ¢ vertices vy, vy, ..., vy,
then assign the label 2 to the next ¢ vertices vy11, vy, - - . , U2s, Next assign the label 3 to the ¢ ver-
tices vy y1, U2¢42, - - - , U3 and finally assign the label 4 to the remaining ¢ vertices v3;y1, Vsg12, . - - , Vdt.

Case2. m =1 (mod 4).
Letm=4t+1,te Z™ .

Assign the label 1 to the ¢+ 1 vertices vy, vs, . . ., U441, then assign the label 2 to the next ¢ vertices
V42, Vgt3, - . ., Uaet1, NEXt assign the label 3 to the ¢ vertices vyi42, V2143, - - -, V3:+1and assign the
label 4 to the remaining non-labelled ¢ vertices vssi2, U343, - - - , Vatt1-

Case 3. m =2 (mod 4).
Letm=4t+2,t€ Z" .

Assign the label 1 to the ¢+ 1 vertices vy, vs, . . ., v141, then assign the label 2 to the next ¢ vertices
Vg2, Ve43, - - -, U2¢11 NEXt assign the label 3 to the ¢ vertices vay2, V2443, - - ., U341 and assign the
label 4 to the remaining non-labelled ¢ 4 1 vertices v3s12, U343, - - - , Vagi2-

Case 4. m =3 (mod 4).

Letm =4t+3,te Z+.

Assign the label 1 to the ¢ 4 1 vertices vy, vs, ..., vey1, then assign the label 2 to the next ¢ + 1
vertices vy1, Ury3, - - -, U2r+2 DXt assign the label 3 to the ¢ vertices vyy43, V2g44, - - -, V3142 and
assign the label 4 to the remaining non-labelled ¢ + 1 vertices vs¢13, U344, - - - , Vag43-

Thus this vertex labeling f is 4-difference cordial labeling follows from Tabel 4

Nature of m v (L) [ vp(2) [ vr(3) | vy (4) | ef (0) | ef(1)

m=0 (mod 4) | 2 mid | md o m | m+1

=1 (mod4) | =2 | mB | mB | mol |y | 4]

m =2 (mod 4) mT” # # # m m+ 1

m =3 (mod 4) % # % % m m+ 1
Table 4.

Theorem 4.5. The comb P,, ® K is 4-difference cordial for all values of n.
Proof. Let uju; ... u, be the path P,.

LetV (P, 0 K,) =V (P,)U{v;: 1 <i<n}and E(P, ® K;) = E (P,)U{uv; : 1 <i<n}.
Therefore P, ® K is of order 2n and size 2n — 1.

Case 1. n is odd.

Now we consider the vertices uy, uy, . . ., u,. Assign the label 1 to the "T“ vertices uy, ua, ..., U nil,
then assign the label 3 to the next ”T’l vertices u n3, Ungs s oo Un. We now move to the vertices
v, V2, ..., U,. Assign the label 2 to the "T“ vertices vy, v2, ...,V and finally assign the label

2
4 to the next 5! vertices v g3, Vngs, o, Up.

Case 2. n is even.
Assign the label 1 to the 7 vertices uy, ua, . .. yUzn, then assign the label 3 to the next 7 vertices
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Ung2, Ungsy oo Un. Next assign the label 2 to the 7 vertices vy, v2, ..., vz and finally assign the
label 4 to the next 7 vertices V2, Ungts - o5 Upe

This vertex labeling f is 4-difference cordial labeling follows from Tabel 5

Nature of n | vp (1) | vp(2) | v (3) | vy (4) | e (0) | ef (1)
n is odd 5 5 5 7 n—1 n
: +1 +1 —1 —1
n is even = b= B = | n-1
Table 5.
O
Theorem 4.6. S (K ,,) is 4-difference cordial for all n.
Proof. LetV (S (K1) = {u,u;,v; : 1 <i<n}and
E(S(Kin)) = {uwvi,vu; 0 1 <i<n}
Assign the label 4 to the vertex u.

Case 1. n =0 (mod 2).
Now we consider the pendent vertices uy, ua, . . ., u,. Assign the label 2 to 7 vertices uy, ua, ..., uz,
then assign the label 3 to the next 7 vertices u 2, Ungd s+ oy Un. We now move to the vertices
V1,02, - - -, Un. Assign the label 1 to 7 vertices vy, vz, ..., vz and assign the label 4 to the next 7
vertices Vg2, Ungis -5 Upe
Case2.n=1 (mod 2).
Assign the label 2 to the ”T“ vertices uy, up, ..., u i, then assign the label 3 to the next ”T’l
vertices Ungs, Ungs, oo Un. Assign the label 1 to the % vertices vy, va, . . . »Vngt and assign the

label 4 to the next ”T_l vertices Vi, UnsS s oy Upe

The Table 6, given below establish that this vertex labeling f is 4-difference cordial labeling
of the graph S (K ,,).

Nature of n v
n =0 (mod 2)
n=1(mod2) | =

2) [ vr(3) [ vr(3) [ er(0) [ ef(1)

~

+ IS |~

,_.
3

N‘
M‘

Theorem 4.7. S (B, ,,) is 4-difference cordial for all values of n.

Proof. LetV (S (Bn7n)) = {U7U7w7uivviamiayi 1 <1< n} and
E (S (Bnn)) = {uw,vw, uz;, xiug, vy, yiv; 0 1 <i < n}

Assign the labels 2,3,1 respectively to the vertices u,v,w.

Assign the label 4 to the n vertices uy, ua, ..., u,, then assign the label 1 to the n vertices
1,2, ..., Ty, Next assign the label 2 to the n vertices vy, vy, . . ., v, and assign the label 3 to the
n vertices ¥y, Y2, - - - , Yn-

Clearly vy (1) =n+ 1L v, (2) =n+1Lv;(3) =n+1,v5(4) =n,e(0) =2n+ 1 and
ef (1) =2n + 1.
O
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Theorem 4.8. D, (B,, ,,) is 4-difference cordial for all n.

Proof. LetV (Dy (Bp ) = {u, v, 2, y}U{us, 24, v,y 0 1 <i<n}and E (D3 (By,n)) = {uwv, 2y, uy, zv}U
{ww;, ux;, xu;, v, vo;, vy, yvi, yy; - 1 <@ <n}. Then, D, (B,,) is of order 4n + 4 and size

&n + 4.

Assign the labels 1,3,4,2 respectively to the vertices u,v,z,y.

Assign the label 2 to the n vertices uy, uy, ..., u,, then assign the label 3 to the n vertices
x1,%2,...,Tn. Assign the label 1 to the n vertices vy, vy, . .., v,, then assign the label 4 to the n
vertices yi1, Y2, - - - , Yn-

Obviously vy (1) =n+ 1L, v (2)=n+1Lvr(3)=n+1,vs(4) =n+1,es(0) =4n+2and
ef (1) =4n+2.

Theorem 4.9. The square of the path, P? is 4-difference cordial for all values of n..

Proof. Letuju, ... uy be the path P,. Let V (P?) =V (P,) and
E(P2) =E(P,)U{uuir:1<i<n-—2}.
Therefore P2 is of order n and size 2n — 3.

Case 1. n =0 (mod 4)

Letn =4t,t € N.

Assign the labels 1,2,4,3 respectively to the vertices uj,up,us, us. Next assign the labels
1,2,4, 3 to the vertices us, ug, u7, ug respectively. Proceeding like this until reach the vertex w.;.
It is easy to verify that the last four vertices u4;—3, ua¢—2, uas—1, usay received the labels 1,2, 4, 3.

Case2.n =1 (mod 4)

Letn=4t+1,te N.

As in Case 1 assign the label to the vertices u; (1 < i < 4¢t). Finally assign the label 1 to the
vertex Udt+1-

Case 3. n =2 (mod 4)
Letn =4t+2,t € N.
Label the vertices u; (1 < i < 4¢+ 1) as in Case 2. Next assign the label 2 to the vertex w4z 2.

Case4.n =3 (mod 4)

Letn=4t+3,te Z".

In this case assign the label for the vertices u; (1 <4 < 4t + 2) as in Case 3. We now assign the
label 4 to the vertex u4s3.

This vertex labeling f is a 4-difference cordial labeling of P? follows from Tabel 7

OI‘dCI'Oan vy (1) vy (2) vf (3) vy (3) =53 (0) Ef (1)
n=0 (mod 4) T T T T n—2|n-1
n=1 (mod 4) "TH "771 "771 "771 n—1|n-2
n=2 (mod4) | = . n-2 n2 ln-2|n-1
n=3 (mod4) | = o oA il p—1 | n-2

Table 7.
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