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Abstract In this article, we obtain presentations of the general linear groups GL(2,Z¢),
GL(2,Z3), GL(2,Z), GL(2,Z2), GL(2,Z33), GL(2,Z3), GL(2,Z3), GL(2,Z3),
GL(2,Z33), GL(2,Z4y) and GL(2, Z4,) with Jordan regular units as generators.

1 Introduction

Let R be an arbitrary ring. Lie regular elements and units in R were introduced and studied by
Sharma, Yadav and Kanwar in [5]. They defined that an element @ € R is called a Lie regular
element if a = eu — ue for some idempotent e € R and some unit v € R. A Lie regular element
which is also a unit is called a Lie regular unit. They used Lie regular units to describe the gen-
eral linear groups and obtained presentations of GL(2,Z4), GL(2,Z¢), GL(2,Z3), GL(2,Zy),
GL(27 Zlo), GL(Z, Z14), GL(Z, le), GL(Z, Zzg), GL(2, Zzs), GL(27 Z26), GL(Z, 227) and
GL(2,Z34) having Lie regular units as generators in [5, 6]. We call an element a € R, a Jordan
regular element if a = eu + ue for some idempotent e € R and some unit v € R. A Jordan
regular element which is also a unit is called a Jordan regular unit. Jordan regular elements and
Jordan regular units were introduced by the authors in [3]. For a commutative ring R with unity,
the authors have studied Jordan regular units in M (2, R) in [3]. It is proved that if 2 is a unit in
R, then every unit in M (2, R) is a Jordan regular unit, but if 2 is not a unit in R, then it is not
necessary that every unit in M (2, R) is a Jordan regular unit. Jordan regular units in GL(2, Z»)
and GL(2,7Z,,) have been obtained in [3]. Further we have proved that for n > 2, the general
linear group GL(2, F>») can be generated by Jordan regular units, see [4]. Here F,, denotes a
finite field containing ¢ elements. In the same paper, presentations of GL(2, Fy), GL(2, Fy),
GL(2, Fi¢) and GL(2, Fx;) have been obtained having Jordan regular units as generators.

In this article, we use Jordan regular units to obtain presentations of the general linear
groups GL(2, Zm), GL(Z, Zlg), GL(2, Zzg), GL(Z, 224), GL(2, Zzg), GL(Z, Z30), GL(2, Z32),
GL(Z, Z36), GL(Z, Z38), GL(Z, Z40) and GL(Z, Z42).

We have used GAP(Groups Algorithms-programming) software for all the algebraic compu-
tations throughout this paper.

2 Presentations of General Linear Groups over Z,,

In this section, we find presentations of general linear groups over Z,, for even n having Jordan
regular units as generators. Let ¢ denote the Euler’s totient function.

Proposition 2.1. [6, Proposition 2.1] For any prime p, |GL(2,Zy»)| = p*™~'(p + 1)(¢(p™))?.
k
Corollary 2.2. [6, Corollary 2.2] For any n = [ pi, where p|s are distinct primes, |GL(2,Zy,)|
=1
k
= Hlpfai*l(pz- + D(e(pi))*

Corollary 2.3. [6, Corollary 2.3] For any two distinct primes p and q, |GL(2,Z,,)| = pq(p +
D(g+1(p—1)*(g—1)%
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Corollary 2.4. [6, Corollary 2.3] |SL(2,Z,)| = [SE2:20)L

Proposition 2.5. If L denotes the group of lower triangular matrices in SL(2,7Zy,,), then |L| =
no(n).

Proof. Any element in L is of the form ( “
c

2 ),wherea,b,ce Zyandab=1.Soa € U(Zy,)

and [U(Z,)| = ¢(n). Also for each value of a, there are n choice for ¢, hence |L| = n¢(n). O

Lemma 2.6. The elements a = o , b= Il and ¢ = 33 are Jordan
1 1 12 9 0 1

regular units in M (2, Z¢).

Proof. The proof is clear once we observe that a = eju; + uje;, b = eyup + upe; and ¢ =

esusz + uzes, where e} = 01 ey = 00 e3 = 1o are idempotents in
3u3 3€3, 1 — O 1 ’ 2 — 1 1 ’ 3 — 11 0 p

1 15 3 1 1 3
M(Z,Zm)andu]—(] 0 ),u2—<5 4>,u3—<5 O)areunitsinM(Z,Zm). O

Theorem 2.7. Presentation of GL(2,Z¢) is

GL(2,Z16) = (a, b, c| a', b6 B, b8t bab*chPabBcal>c’b¥al, bPe(ba)?b5(c’a)?e,
Abebacta’, Abebabab?a?b?, a’bPb¥ald b, (c7a15blscba)3 abBcachBac®b'0a’, a'*b8a?b8,
a2b2a%b*, a0 b0 1Bt 01284 2,

1 1 1
where a = 0 b= and ¢ = 33 are Jordan regular units.
1 1 12 9 0 1

Proof. Let G be a group having the above presentation. Since a,b,c € GL(2,Zj6), so G <
4 5 13 11
GL(2,Z16). Let x = bc’aca' b = 7 and y = ababa’® = 1) Then
z,y € G, o(r) = 12 and o(y) = 16. Then H = (x,y) < SL(2,Z1s). Let L be the
group consisting of all lower triangular matrices in SL(2,7Zs). By Proposition 2.5, |L| =

)

1
128. Let u = y2zy’z!! = < 5 (1)> and let H; = (u). Then |Hj| = 16. Letv =
11 7
yroyPr? = : 2) and w = yx'lyr’ = 0 2 . Then o(v) = 16, o(w) = 2

and vw = wv. Thus H, = (v,w) is an abelian subgroup of H of order 32 and H, N H, =

1o y o s 1o y ! 0 .SO|H|H2|=128:‘L|.SinC€H1Hgg
0 1 4 1 8 1 12 1

L, SO H1H2 =L < H < SL(Z,Zm)

0

2048. Both K,L < H, hence KL C H < SL(2,Zs). By Corollary 2.4, |SL(2,Z16)| = 3072.
Thus [H| > 3|SL(2,Z6)| and we conclude that H = SL(2, Zy).

11
Letr = b~ lac b 2ac™'a = < > 0 ) and s = cac’a”'b"! = ( 0 ) Then o(r) =

11
Letk = x'ly2? = ( | >andletK—<kz>.ThenK| =16, AsLNK = 1,50 |LK| =

0 1 0 5
o(s) =4 and if P = (r, s), then | P| = 16. Elements of P are listed below:

(o) Cos) (o) (on) (00) (55) (23)
DL
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1
Now PN H = { ( 0 >, ( 90 ) } Therefore |PH| = 24576. Since PH C G <

0 1 0 9
GL(2,Z) and by Proposition 2.1, |GL(2,Zy6)| = 24576 = |PH|, so G = GL(2, Z1s)- i
Lemma 2.8. The elements a = ! 0 b= 0 1 and ¢ = 05 are Jordan
17 17 1 0 1 0

regular units in M (2, Zg).

Proof. The proof is clear once we observe that a = eu + ue, b = €’b + be’ and ¢ = €’c + ce’,
1 1 1 0 . . 10 7 ).

where e = el = are idempotents in M (2,Zg) and u = isa
00 00 17 1

unitin M (2,Zs). ]

Theorem 2.9. Presentation of GL(2,Z3g) is
GL(2,Z13) = {(a, b, c | a* b, c'?, ac’ac'®, bc?bc'®, (ca)?(be)?(ac)?a(ch)?cacheab,
(be)?b(ac)?bac’ abeba(ca)?ab(ac)?b(cb)?, (ac)lac’),

1 0 0 1 0

where a = , b= and ¢ = are Jordan regular units.
17 17 1 0 1 0

Proof. Let G be a group having the above presentation. Since a,b,c € GL(2,Z13), so G <
11 0 17
01 and y = (cb)’c = Lo ) Then z,y € G,
o(z) = 18 and o(y) = 4. Let H = (z,y). Clearly H < SL(2,Z;s). Let L be the group
consisting of all lower triangular matrices in SL(2, Zg). Then by Proposition 2.5, | L| = 108. Let
10 50

u=ayr=|{ | and let H; = (u). Then |H;| = 18. Letv = zyz'Syzys’ = o 11
and let H, = (v). Then |H,| = 6. Both H; and H, are subgroups of L and |H; H,| = 108 = |L|
as Hi N H, = 1. Hence H H, = L < H < SL(2,Z13).

1 9 5 4
9 _ dn = Surdyzy —

o 1 | Mdn = Tyryaty 5 15

o(n) = 18. Let K = (m,n). Then |K| = 54. Now K contains following elements and their
inverses:

1 0 0 17 0 17 1 0 1 9 1 9 2 1
o1 ) \1r 2 ) L1 1t ) \ot1r) \o 1) \o 1) \179)

2 32 3 11 3 11 4 3 4 3
17 )7 16 17 7 8 ) 16 17 15 7 ) 15 16

: (
7
54) (5 4) (513) (5 13 (6 5) (7 6)
s 15) Vg 15) s 6 ) Vg s ) L1z 14 ) 313 )
7 (

1

1

GL(2,7Z3). Let x = (cb)*cab =

Letm = =z ) Then o(m) = 2 and

k] i >

N~ —

6 7 15 8 7 9 8 9 8 9 17
12 13 ) 12 13 ) 1 12 ) 1 11 ) 0 11 ) 0 11 )
10 9 12 11 3 3 14 13

, , and .
AN (e N P

AlsoLﬂK:{((l) ?),(; ?)} Hence |LK| = 2916. As K,L < H,so KL C

H < SL(2,Zs) and by Corollary 2.4, [SL(2, Z;g)| = 3888. Thus |H| > 1|SL(2,Zs)| and so
H = SL(2,Z3).

1 0
Letp = bec = < 0 s ) and let P = (p). Clearly p ¢ H. Now |P| = 6 and |PH| = 23328

as PN H=1.Also PH C G < GL(2,Z3). By Corollary 2.2, |GL(2,Z13)| = 23328 = |PH|.
Thus G = GL(Z, Z]g). O
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Lemma 2.10. The elements a = < 0 ) b= ( 0 (3) ) and c = < (1) } ) are Jordan

19 19 1
regular units in M (2, Zp).

Proof. The proof is clear once we observe that a = eju; + uje;, b = eyup + uzep and ¢ =

es3u3 + uzez, where e; = ( bl ) e = ( 1o ) ez = 00 ) are idempotents in
) 0 0 0 0 ) 1 1
M(2,Z) and u; = ( 18 >,uz =0b,u3 = ( Lol ) are units in M (2, Zg). O
19 1 19 0

Theorem 2.11. Presentation of GL(2,Zy) is
GL(2,Zy) = (a, b, c | a®,b%,c*, ab?ab®, cb*c'°b°, ac'®bacbc?abcbab’ cac®abc*, boa(c'°b)?cac’,
aclab’ac?a)®, B*ab’c®ac'®, (ac'”)?b’(ac®)?ab*c?ac'®, *bc'®b(ca)?ebe?h),

where a = L0 , b= 03 and ¢ = bl are Jordan regular units.
19 19 1 0 0 1

Proof. Let G be a group having the above presentation. Since a,b,c € GL(2,Zy), so G <
30 16 5
GL(2,Z). Letx = ¢, y = cac™'bcb*ab = and z = chacbc™'bcab = .
9 7 15 11
Then z,y,z € G, o(z) = 20, o(y) = 4 and o(z) = 3. Let H = (x,y,2). Clearly H <
SL(2,Zy). Let L be the group consisting of all lower triangular matrices in SL(2,Zy). By
1

Proposition 2.5, |L| = 160. Letu = 7'y~ '2327! = ( )

(1) ) and let H; = (u). Then

11 0

|Hy| = 20. Letv = yand w = 2~ 'zz712? = o 11 ) Then o(w) = 2 and wv = vw.
Let H, = (v,w). Now H; is an abelian subgroup of H of order 8. Also H; N H, = 1. Hence
|H1H2| = 160. Since H]HQ Q L, SO H1H2 =1L S H § SL(Z, Zzo).

Let K = (z), then |K| =20, LN K = 1 and |LK| = 3200. Both K, L < H,so KL C
H < SL(2,Z). Thus |H| > 3200. Since by Corollary 2.4, |SL(2,Zy)| = 5760 and |H| >
%|SL(2,Zzo)|, so H = SL(Z,ZZ()).
1 0
0 17

If P = (r, s), then | P| = 16. Elements of P are listed below:

1 0 1 0 1 0 1 0 9 0 9 0 9 0
o1/ \o9) \o 13)°\o0 17 ) 0o 1) 09 ) 0 13 )
9 0 13 0 13 0 13 0 13 0 17 0 17 0
o17)°Lo 3/)\Vo 7)/)°\vo 11 )°\o 19/)\V0 3/)\0 7

17 0 17 0
and .
0 11 0 19
Now PN H = o , 0
0 1 0 9

GL(2,Zy) and by Corollary 2.2, |GL(2,Z)| = 46080 = |PH|. Thus G = GL(2,Zx). i

Lemma 2.12. The elements a = LS , b= 302 ,c = 193 and d =
12 1 17 17 14 11

1
( 136 ; ) are Jordan regular units in M (2, Z4).

13 0
0 19

Letr = ctac™'ab = and s = cac” b~ = ( ) Then o(r) = o(s) = 4.

k]

and so |PH| = 46080. Also PH C G <

Proof. The proof is clear once we observe that a = eju; + ujer, b = exup + uzen, ¢ = ezuz +

uzes — €4U4 U4€4, %% e - , € == , € == 5
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1 5
€4 = g (1) are idempotents in M (2,Z,4) and uy = ( 7 0 ) Uy = ( 107 3 ) Uz =
( 13 g >,7.L4 = < ; ; ) are units in M (2, Zy4). O

Theorem 2.13. Presentation of GL(2,Z24) is
GL(2,Zy) = (a, b, ¢, d| a®*, b8, c8,d®, (bc)'2, (bd)'?, (cd)®, ab*a®3b*, cb*c’b*) db*d’b*, c*a'?,
aBB0a012, alobaSh, al205a1202, a2Sa22, a2l ateb’adh, a'¥aSTaB R, Tadeh’aloh,

adSatale, d5Sd3EaSe,  a2AatANath,  SaBAbah,  Sa®Pa,  aBSaPalSe,
add’addc’a'c, a2 d’a*db’a®b, APdPaPdPca'de, VOB 2, VPR, VOdOVPdZ, OdTAbOdb?,
Ad'dc’a®cat,  Ldéctd?, Sdrdc’al¥ca®,  (ad’)?(cd)?a®?T00c",  (cd)?cb*ca??,
ba?3bc’baca®b’ b b’ cac’ c’a(db)?b*a3dc’bd, bda®b’a?*bd’bdc dea®* (b ¢’ )2d?,

b’ ada®b(ab’)?a*bdbab’ ¢’ d"bed),

where a = LS , b= 302 ,Cc= 193 and d = 301 are Jordan
12 1 17 17 14 11 16 7

regular units.

Proof. : Let G be a group having the above presentation. Since a,b,c,d € GL(2,Z54), s0

11
G < GL(2,Z). Letx = b~ ld v lc7tbela = 0 1 ) and y = ¢ 'bcldla =
12 1
23 0
SL(2,Z4). Let L be the group of all lower triangular matrices in SL(2,7Z,4). By Proposi-
1

0
tion 2.5, |L| = 192. Let h = y~la7ly = - and let H; = (h). Then |H,| =

. Then z,y € G, o(x) = 24 and o(y) = 4. Let H = (x,y). Clearly H <

11 0 50
24, Let u = y layz '’z = ( 111 ) and v = yr2ydy 2Py = (0 5 )
Now o(u) = 24, o(v) = 2 and wv = vu. Hence Hy = (u,v) is a group of order 48. Let
13 0
1,1

w = yr 'y = {13 and let H3; = (w). Then |H3| = 24. Also H, N H3 =

Lo 0) (B 0) (AT) (e t) () ()

1 0
12 1
|HyH;| < |T| < |L|, which implies that either |T| = 96 or |T| = 192. But k = y~ o3y =

1 1 1
0 ¢ T,so|T|=96and HyH; =T.Now HNT = 0 ) 0 ,
31 0 1 +2 1

o , o , 1o , oo , o . Hence |H\T| = 192
+4 1 +6 1 +8 1 +10 1 12 1

= |L| and HlT =1L § H S SL(2,224)
Let D be the derived subgroup of SL(2,Z,4). Then D = (I,m), where | = xy~lzyz=2 =
0 1 s [ 2

,m =Xy = !
23 3 1 13
L,DC Hand LND = Lo , o ; > 0 ) > 0 ) 70 )
0 1 12 1 0 5 12 5 6 7

7 0 11 0 11 0 13 0 13 0 17 0
18 7 )° 6 11 )’ 18 11 )’ 0 13 )’ 12 13 )’ 0 17 )’
17 0 7 19 0 7 19 0 , 23 0 ’ 23 0 Thus |LD| = 9216,

1217 6 19 18 19 6 23 18 23

) } Therefore |HyH3| = 96. Now if T = (u,v,w), then HyH; C T < L. Thus

and |D| = 768. Since I,m € H,so D < H. Now
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Now LD C H < SL(2,Zy4) and by Corollary 2.4, |SL(2,Z4)| = 9216. So LD = H =
SL(2,Z4).

Letn =cb la b 1eh = < ?) (1) ),p—abc_lb_lc_lb— ( 107 1(; >,q—dcbala_1ba2 =

130 ,r = cla b 1d% = 10 , s = bda?c™ b = 190 and ¢t =
0 23 0 1 0 1

0
0 7
(n,p,q,r,s,t). Then P < G and |P| = 64. P consists of the diagonal matrices having diagonal

1 11
elements in U (Zy4). Also PNH = 0 , > 0 , 70 , 0 ,
0 1 05 0 7 0 11
1303 (1703 7 190) (230 and so |PH| = 73728. Now PH C
0 13 0 17 0 19 0 23
G < GL(2,Zy4) and by Corollary 2.2, |GL(2,Z)| = 73728 = |PH|. Thus G = GL(2,Z4).
o

Lemma 2.14. The elements a = o , b = 01 L c = 05 and d =
27 27 1 0 1 0

2
( (1) 07 ) are Jordan regular units in M (2, Zg).

b=la e bea = . Then o(n) = o(p) = o(q) = o(r) = o(s) = o(t) = 2. Let P =

Proof. The proof is clear once we observe that a = eu + ue, b = €'b+ be/, ¢ = e¢'c + ce’

1 1 1 0 . .
and d = e'd + de’, where e = ( 0 0 >, e = ( 00 > are idempotents in M (2,Z,s) and

u= 1513 ) is a unit in M (2, Zog). i
27 0

Theorem 2.15. Presentation of GL(2,Z3) is

GL(2,Z) = (a,b,c,d | a*,b*,c'?,d*, actac'®, bc*bel®,) (ad?)?, (bd?)?, c*dc''d, cd®c''d?,

(cd)*(ad)?ab(ac')?d? (M a)?b, (ac'!)?bc (ac)* b’ cac, cdbe!'bd, cdadba(cb)*adacdbadachc’ acdeab,

' (db)?a(cb)?(dc)*ac, de' d(ca)?bebadbd((ca)?b)?),

where a = Lo , b= 01 ,Cc = 05 and d = 0 27 are Jordan
27 27 1 0 1 0 1 0

regular units.

Proof. Let G be a group having the above presentation. Since a,b,c,d € GL(2,Z33), so G <
14 13
15 14

z,y € G,o(z) =28 and o(y) = 4. Let H = (z,y). Clearly H < SL(2,Zs). Let L be the group
consisting of all lower triangular matrices in SL(2, Zg). By Proposition 2.5, |L| = 336. Letu =

11
GL(2,7Z). Let x = dab = 0 1 ) and y = dbac'a(dba)*ca = ( ) Then both

27 1
yr2yztyr Syat = ( | 207 ) and v = (yz)* = 03 ]03 . Now o(u) = 28, o(v) =2
=511, 2 3.0
and uv = vu. If H; = (u,v), then |H,| = 56. Let w = 2y 'ayx ya= = 5 19 and

let H, = (w). Then |H,| = 6. Also H; N Hy = 1, so |HH,| = 336. Now H;, H, < L, hence
HH,=L<HCK SL(Z,Zzg).

Let K = (x), then |[K| = 28 and LN K = 1. Thus [LK| = 9408. Now KL C
H < SL(2,Z). By Corollary 2.4, |SL(2,Zs)| = 16128. As |H| > 1[SL(2,Z5s)|, so
H = SL(2,Z).

Let p = ed™'eb = 30 ,q = c3d = 170 ,r = cdd’b = 130
0 1 0 19 0 23
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15 0
0 13
(p, g, r, s). Then |P| = 144 . P consists of the diagonal matrices having diagonal elements in

U(Zng). Also PNH — 1 0 ’ 3 0 ’ 5 0 7 9 0 ’ 11 0 7
0 1 0 19 0 17 0 25 0 23
13 0 15 0 17 0 19 0 23 0 25 0
0 13 )’ 0 15 )’ 0 5 )’ 0 3 )’ 0 11 )’ 0 9 )’

27
( 0 ) } Thus |PH| = 193536. Now PH C G < GL(2,Z,s) and by Corollary 2.2,

and s = dc®b = . Then o(p) = o(q) = o(r) = 6, whereas o(s) = 2. Let P =

0 27
|GL(2, Zas)| = 193536 = | PH|. Thus G = GL(2, Zas). O

Lemma 2.16. The elements a = L0 , b = 01 , c = 0 7 and d =
29 29 1 0 1 0

0 2
( { 09 ) are Jordan regular units in M (2, Zs).

Proof. The proof is clear once we observe that a = eu 4+ ue, b = €'b + be/, ¢ = €'c + ce’

and d = €’d + de’, where e = ( (1) (1) >, e = ( (1) g ) are idempotents in M (2, Zs3) and

16 13

20 1 is a unitin M (2, Zsp). O
Theorem 2.17. Presentation of GL(2, Z30) is
GL(2,Z3) = {a,b,c,d | az,bz,cg,d“, (bc) (bd)?, (cd)*, ac?ac®, bc*bc®, (ad?)?, (bd?)?, 2dcSd?,
cd*c’d?, ad*beacbad(c’ a)?b, adac®(da)? cacb( a)?cadcac db(ac) 2adcb(c(ad)?)*bed(ad)*c adac,
Aad*adbacadac(bdc®a)’, abedacbcabadacab),

where a = o , b= 01 , ¢ = 0 7 and d = 0 29 are Jordan
29 29 1 0 1 0 1 O

regular units.

Proof. Let G be a group having the above presentation. Since a,b,c,d € GL(2,Z3), so
I 1 29 2
G < GL(2,Z3). Let x = dab = 01 and y = ba = 19 09 . Then z,y € G,

o(z) = 30 and o(y) = 3. Let H = (z,y). Clearly H < SL(2,Z3y). Let L be the group
consisting of all lower triangular matrices in SL(2,Z3p). By Proposition 2.5, |L| = 240.

Let u = (z7'y)’zy~'a? = ( 179 109 ) and v = ya 7y~ 'atyaya’ = < 101 fl )

Then o(u) = 30, o(v) = and ww = vu. Let H = (u,v). Then |Hj| = 60. Let w =
y~ ey atyr—ya? < and let H, = (w). Then |Hy| = 12 and H, N Hy =
1 0
0 1 ,s0 |HyH,| = 240. Now H,, Hy < L,hence H1H, =

L<H< SL 2 Z30
1 11 29 5
Let r = ya2yz 2y 2y~ 'z = ( 15 16 ) and s = z *yazy = ( 0 29 ) Then
o(r) = 15, 0(s) = 6and r’ # s/ for 0 < i < 14,0 < j < 5. Also rs® = sr!l. Let
K = (r,s). The canonical form of K is {r’s/|0 < i < 14,0 < j < 5} and |K| =

1 2
Also LN K = 0 , o0 and |LK| = 10800. Both K, L < H,so |KL| <
0 1 15 29
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|H| < |SL(2,Z3)|- By Corollary 2.4, | SL(2, Z3)| = 17280. As |H| > 1|SL(2, Zs0)|, therefore
H = SL(2,Zx).

7 17 11
Letp = d~ ¢ = 0 ,q=d ¢ ldb = 0 L= d2t = 0
0 23 0 29 0 11

1 0
0 13
P = {p, q, I, m). Then |P| = 64. P consists of the diagonal matrix having diagonal elements in

U(Z3p). Also PNH = 10 , 70 , 10 , 130 ’ 170 ’
0 1 0 13 0 11 0 7 0 23
190 ) 230 , 290 and |[PH| = 138240.Now PHC G <
0 19 0 17 0 29

GL(2,Z3) and by Corollary 2.2, |GL(2, Z3)| = 138240 = |PH|. Thus G = GL(2,Z3). O

Lemma 2.18. The elements a = b0 , b = 01 ,c = 03 and d =
31 31 1 0 1 0

1
( (1) 30 ) are Jordan regular units in M (2, Z3;).

and m = ¢~ 'b = . Then o(p) = o(q) = o(m) = 4, whereas o(l) = 2. Let

rooj. e proof is clear once we observe that a = eu ue, = € e€c, CcC = €ecC ce
Proof. The proof is cl b that + ue, b ‘b + be’ 'c + ce!

1 1 1
and d = e'd + de’, where e = ( 0 0 > e = ( 0 8 > are idempotents in M (2,Z3;) and

u= ;Z 105>isaunitinM(2,Z32). O

Theorem 2.19. Presentation of GL(2,Z3;) is

GL(2,Z3) = (a,b,c,d | a, b%, c'® d*, (ab)?, (bd)?, ac*ac'*, be*be'?, (ad?)?, (bd*)?, cd*c¥d?,
cAdc*d, blad)*c?bd*a(c¥a)?, cbda(dcba)*dc(ac)?(da)?, cba(dade) bab(da)?cabead’ad,
c(baca)3dacd®(ca)?beb, (cd)3acd(cac)3beadcachc® ada),

where a = ! 0 , b= 01 ,Cc = 03 and d = 0 31 are Jordan
31 31 1 0 1 0 1 0

regular units.

Proof. Let G be a group having the above presentation. Since a,b,c,d € GL(2,Z3), so

G < GL(2,Zy). Let x = dab = (1) i ) and y — e dacabeada — < ; 123 )

Then z,y € G, o(z) = 32 and o(y) = 24. Let H = (x,y). Clearly H < SL(2,Z3,). Let
L be the group consisting of all lower triangular matrices in SL(2,Zs,). By Proposition 2.5,
1

0
|L| = 512. Letu = 274z~ 1y’ = L1 and let H; = (u). Then |H,| = 32. Let

3 0 15 0

v =yry 'Pyrya? = and w = yr~ly N (zy~ )2 lya? = . Then
1 11 0 15

o(v) = 32, o(w) = 2 and vw = wv. Thus H, = (v, w) is an abelian subgroup of H of order 64.

1 1 1 1
Also Hi N H, = 0 , 0 , 0 , 0 . So |H1Hy| = 512.
0 1 8 1 16 1 24 1

Now H;,H, < Land hence H{H, = L < H < SL(2,Z3).
1 3
Letk = 23 = ( 0 1 ) and let K = (k). Then |K| = 32. Also LN K = 1,s0 |LK| =

16384. Now LK C H < SL(2,Z3). By Corollary 2.4, |SL(2,Z3,)| = 24576. Since |H| >
%|SL(2,Z32)|, so H = SL(2, Zgz).
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7 0
Letp =d'be = 30 ,g=c ld et = ,r=d 'Pbc = o 0
0 5 0 19 0 15

ands = ¢ 'd~ e (be™ )b = 301 f.7 . Now o(p) = o(q) = 8, 0o(r) = 4and o(s) = 2. Let

P = (p,q,r,s). Then |P| = 256. P consists of the diagonal matrices having diagonal elements

1
inU(Zs). Also PNH = 0 , 30 , > 0 ) 70 ) 0 ;
0 1 0 11 0 13 0 23 0 25
11 0 13 0 15 0 17 0 19 0 21 0
0 3/’ 0 5 )’ 0 15 )’ 0 17 )’ 0 27 )’ 0 29 )’
23 0 ’ 25 0 ’ 27 0 7 29 0 , and so |[PH]| =
0 7 0 9 0 19 0 21 () 31
393216. Now PH C G < GL(2, Z3,) and by Proposition 2.1, |GL(2,Z3,)| = 393216, which
implies that G = GL(2,Z3;). o

Lemma 2.20. The elements a = L0 , b = 01 , c = 05 and d =
35 35 1 0 1 0

( (1) 305 ) are Jordan regular units in M (2, Zs).

Proof. The proof is clear once we observe that a = eu + ue, b = €'b+ be/, ¢ = e¢'c + ce’

11 1
and d = €'d + de’, where e = < 00 ) , e = ( 0 8 ) are idempotents in M (2, Zs¢) and

u= ;z 116 ) is a unit in M (2, Zsg). O

Theorem 2.21. Presentation of GL(2,Zse) is

GL(2,Z3) = (a, b, ¢, d | a®,b%,c'?, d*, (ab)?, (ac)®, (bd)?, ac’ac'®, bc?bc!®, dc*d3c!?, (ad?)?,
(bd?)?, (ad)?abcbach(da)*b(cabea)?, > dcac(baca)’(abe)?acbacabeabad, — ded(cab)?cbeabea,
cd?>c"'d?, 3 (be)? (ac)?abebed(ca)3d?, abedbe! da)

where a = Lo , b= 01 ,Cc = 05 and d = 035 are Jordan
35 35 1 0 1 0 1 0

regular units.
Proof. Let G be a group having the above presentation. Since a,b,c,d € GL(2,Z36), s0 G <

GL(2,Z3). Let x = dab = (1) 1 andy =d ! = ( 305 (1) > Then z,y € G, o(z) =

36 and o(y) = 4 and H = (x,y) < SL(2,Z36). Let L be the group consisting of all lower

1 0
triangular matrices in SL(2, Zss). By Proposition 2.5, |L| = 432. Letu = zy~ 'z = ( L1 )

Then H; = (u) has order 36. Letv = 27y~ '2™> = ( Z 301 > and w = (ya—*ya*)? =

17 0
0 17

mom{ (o 1) (o) (a0 ) L TGt ) (7))

and so |H1H2| =432. Now H;, Hy < L, therefore HiH, = L < H < SL(Z Z36)

Let! =y 'ad = (1) 385 ), m =z oy layryayr 2y = < ii i ) and K = (I, m).

Then |K| = 192. K consists of following matrices:

. Now o(v) = 36, o(w) = 2 and vw = wv. So H, = (v, w), has order 72. Also
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1 0 0 1 0 17 1 4 1 8 1 12

+ ,+ ,+ , ,E , £

(01) (35 28> <19 8) (417) <28 9) (32 25)

N 1 18 - 1 22 - 1 26 - 1 30 ’ 2 3 ’
18 1 22 17 10 9 14 25 5 26
2 21

N - 3 4 - 3 14 ’ 3 22 3 32 ’
23 26 8 23 34 15 26 23 16 15
4 1 4 11 4 13 4 17 4 19

+ , o+ , =+ , =+ , =+ ,

(15 4) <5 32) <35 24) (3 4) (33 4)

L 4 29 - 4 31 - 4 35 , 5 8 N 5 10 ,
23 32 17 24 21 4 12 5 6 5

N 5 14 - 5 16 - 5 26 - 5 28 N 5 32 ’
10 21 4 13 30 5 24 5 28 21

N 5 34 - 6 5 - 6 13 - 6 23 n 6 31 ’
22 13 19 22 11 30 1 22 29 30

N 7 6 - 7 24 - 8 1 - 8 5 n 8 9 ,
22 19 4 19 35 0 23 28 27 8

L 8 15 _— 8 19 - 8 23 - 8 27 N 8 33 ’
13 20 17 0 5 28 9 31 20

N 9 8 - 9 10 - 9 N 9 28 N 10 3 7
28 17 26 1 10 8 1 5 34

N 10 9 - 10 13 - 10 N 21 - 10 27 ’
27 10 31 26 19 34 9 10
1

N 0 31 - 10 35 - 11 - 30 - 12 5 ’
13 26 1 18 32 35 35 7 24

N 12 13 - 12 23 - 12 31 - 2 - 13 4 ’
35 32 25 24 17 32 5 8 33

N 13 8 - 13 10 - 13 20 _— 13 22 - 13 26 ’
12 13 6 13 32 5 26 33 30 13

N 13 28 - 14 1 - 14 5 - 14 7 - 14 17 ’
24 13 15 14 19 30 13 22 14

N 14 19 - 14 23 - 14 25 - 35 - 15 4
33 14 1 30 31 22 14 20 3

N 15 14 - 15 22 - 15 32 - 15 - 16 33 ’
10 31 2 3 28 31 28 31 28

N 17 0 - 17 6 - 17 N N 18 ’
0 17 22 29 26 17
|

N 7 24 N 17 28 - 17 32 . 17
4 29 8§ 9 32 1 35 10 26

1 1
Also LN K = {i(o ?),:t( 07 107>}ands0|LK|:2O736. Now LK C H <

SL(2,73) and by Corollary 2.4, [SL(2,Zss)| = 31104. Thus |[H| > L|SL(2,Zss)|, which
implies that H = SL(2,Z3s).

7
Let p = d~ ' = < (5) 101 ), g =cldle? = ( 0 103 ), r = cld e ldeb =



172 Meena Sahai, Parvesh Kumari and R. K. Sharma

0 23 0 19
Hence P = (p,q,r,s) has order 144. P consists of the diagonal matrices having diagonal ele-

ments in U (Zsg). Also PN H = 10 , > 0 , 70 , 10 ,
0 1 0 29 0 31 0 23
13 0 17 0 19 0 23 0 25 0 29 0
0 25 )’ 0 17 )’ 0 19 )’ 0o 11 )’ 0 13 )’ 0 5 )’

( 3H0 ) and s = d~!'c% = ( 170 ) Then o(p) = o(q) = o(r) = 6 and o(s) = 2.

1
( 30 (7) ) 305 305 } and so |PH| = 373248. Now PH C G < GL(2,Z3s) and by
Corollary 2.2, |GL(2,Z36)| = 373248. Therefore G = GL(2, Zs). o
Lemma 2.22. The elements a = ! 0 , b= 01 and ¢ = 03 are Jordan
37 37 1 0 1 0

regular units in M (2, Zsg).

Proof. The proof is clear once we observe that a = eu + ue, b = €’b + be’ and ¢ = €’c + ce’,

1 1 1 0 . . 20 17 \ .
where ¢ = ,e = are idempotents in M (2,Zsg) and v = is
0 0 0 0 37 1
a unit in M (2, Zsg). O
Theorem 2.23. Presentation of GL(2,Z33) is
GL(12,Z3%) = { a, b, c| a* b, S ctac**a, bc**b, a(beabe)*ac*®bacba(ch)?,

(cb)®cab(cb)?c? (ac)?b(ca)bea, (abe)* (ach)*abeac?’b, (bea)?(c(bea)?) ' ebe abeb(cba)?c(be)a),

1 0 0 1 0 3
where a = , b= and c = are Jordan regular units.
37 37 1 0 1 0

Proof. Let G be a group having the above presentation. Since a,b,c € GL(2,Z33), so G <

GL. Zss). Lotz = (h)feab = (o ) and y = (cb)®c = ( 0 37

1 0

o(z) = 38 and o(y) = 4. Thus H = (x,y) < SL(2,Zs3). Let L be the group consisting of all
lower triangular matrices in SL(2,Zsg). By Proposition 2.5, |L| = 684. Let H; = (u), where

1
u—xyx—( ?).Then|H1—38.Letv—aﬁ3yx]3—<? 103

). Then z,y € G,

1
|Hy| = 18. Also Hy N Hy = 1, so |H Hy| = 684. Now H;, H, < L and hence H1H, = L <
H < SL(2,Z3s).

) and H, = (v). Then

Letk = 23 = ((l) ?)andK: (k). Then |K| = 38. Also LN K = 1. Thus |[LK| =

25992. Now LK C H < SL(2,Z3s) and by Corollary 2.4, |SL(2,Z33)| = 41040. But then
|H| > 1SL(2,Zs3)|, which implies that H = SL(2, Zsg).

Letp = bc = (1) 2 . Then o(p) = 18 andp ¢ H. If P = (p), then |PH| = 738720 as
PNH=1.Now PH C G < GL(2,Z33) and by Corollary 2.3, |GL(2,Zsg)| = 738720, which
implies that G = GL(2,Zsg). O

Lemma 2.24. The elements a = IO b= 01 ,C= 03 and d = 26 1
1 1 1 0 1 0 33 0

are Jordan regular units in M (2, Zao).

Proof. The proof is clear once we observe that a = eju;+uje, b = epus+usen, ¢ = epuz+uszen,

1 1
d = eyug + ugey where e = < 8 1 ) e = < 0 8 ) are idempotents in M (2, Z49) and

1 39 (
up = sup =b,u3 =c,u4 =

1 0

;g (1) ) are units in M (2, Zag). i
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Theorem 2.25. Presentation of GL(2, Zao) is

GL(2,Z4) = (a,b,c,d | a®,b%, B, d**, (cd)?, Fac®a®, b, *dc®d?, (bd)?(cba)?, cd*c’d?,
a*bca®c’b, (a 3b02d2)6o 3bd(abd) ad?b, ba3bc7a39c aZlbctlgl)ct3gc7cl23(ba)zc7d237 (abed)?,
a’'d**a 3d2ba390bcal23 d>, bazba%gdz(fcacal21 a*ddc’ac’, (bd?)?*c’a*ca®, a*®dbacd®a®d*bc’d,
d>a?d*?acta’bacd? 2dlsb a'3cbabc’, (da)*d*beaba’c 7 a’’c(d?a)?c, (da*d*bab)’, (bed)*,
bdba38cbdabd23ada38dba39c7ba39d, ba39d2acd23a39bac7a39d23adZdeb(a3907ad23)2, (abe)*,
bd%a® d>bd* ad, abd’ a® d*a® dbad®', bd*bea® cd' a?  a?bd’ bd*?a*° ¢’ d*? a0 cd??, (abd)® (acd)*,
a*c’ba*®dba® cabda®d*ac’abe,  a'®bedCa'dcba*8d?a(bc’)?,  da*bacd®adad??ca'®d' b,
ba*®d??a*® dbeda®d* (ab)zc7a39d23(ad23)3, (azdz)zo, ac’ad®ada* cbab(a*bd?)*d*, dca’ cbdba,
d??*babd**ba*c(ba)*cadba®, (a*8c)?(da)?*cbad*abd*c, a**d*' ca®dc’bd**badad**a*d,
da’d*bea’’ cd’a 3d23a39c3bcd23a da*? d?ba?d*babd* ac’ abd236 d>ac’bada® cba’ (d?a?)?,
cadba™® (dc)*abdba® ¢ 39dzbdzz7 bd’ cbd® ad*a*¥da®c, ada2dzbdbcbalbazbca”d22 B2,
beadba® cabd?*baba’® A da*be, a*® (dca)?d*?a® (da)2b07baba3gca39b bclbazbcbdazclzabdnbawcaz7
beaba® dbac’d*a**ba’’ , d(abd)?(cad)’ (cdb)®dc’d*a* | abeda*beda®bed® a’bed’ cda® cdbab),

where a = o , b = 01 , c = 03 and d = 26 1 are Jordan
11 10 10 33 0
regular units.
Proof. Let G be a group having the above presentation. Since a,b,c,d € GL(2,Z4), s0 G <
11 0
GL(2,Z4). Letx = bab = 0 1 ) andy = aba~'ba = ( | 309 ) Thenz,y € G, o(z) =

40 and o(y) = 4. Thus H = (z,y) < SL(2,Z49). Let L be the group consisting of all lower tri-
angular matrices in SL(2, Z4). By Proposition 2.5, | L| = 640. Let H; = (u), where u = zyz =

( 1 (1) > Then |H;| = 40. Now y~'22y2Sysr—byz? = ( (?; ;7 , zyxbyadyr2ya? =
11
(7) 203 ) (yatya®)? = ( 3 8 >,yw‘3(yﬂc2)2yw‘3yw7 = ( 0 101 >,:c‘2yx6yw“’yw2y
13 0 17 0 1 0
—< 0 37 > xzy_lx‘zyx3ya:6ya:—< 0 33 ) yrryxyatya!! —< 09 19 >
y~ 'ty yatys!! = ( 201 201 s atyrPyatyadyr = 203 2) o2y~ a0y ~Oyaly =

2 2 1
( 07 (3)) a3 (ya? 2y = ( 09 209 ) y~latyadyatya® = < 30 301 )

33 0 37 0 39 0
zy~l2yrdyrya? = ( o 17 > yr~yatys~Oya® = ( 0 13 ) v = ( 0 39>

1
and y* = 01 ) All these matrices form a subgroup Hj in SL(2,Z4y) and |Hy| = 16.
Then ‘Hle‘ = 640 as H] N H2 = 1. Now HI,HQ < L, SO H1H2 =1L < H < SL(Z,Z40).
1 3
Letk = 23 = 0 1 and K = (k). Then |K| = 40. Clearly L N K = 1 and so

|LK| = 25600. Now LK C H < SL(2,Z4) and by Corollary 2.4, |SL(2,Z4)| = 46080, so
|H| > 1[SL(2, Z4p)|, which implies that H = SL(2, Zy).

Let r = ca™2bdc = 3 0 , s =dc lab(a"'b)? = 130 Jt=a lbaba e tbe
19 0 33

= 270 ¢ 207 %pd = 10 ,m = ba~'d 'bdbaba® = 190 and
0 37 0 27 0 19

c'a=2bdb = . Now o(r) = o(s) = o(t) = o(l) = 4, whereas o(m) = o(n) =

Oll

2. So P = (r,s,t,l,m,n) has order 256. P consists of the diagonal matrices having diagonal
elements in U(Z4g). Thus |PH| = 737280 as PN H = H,. Now PH C G < GL(2,Z49) and

VRS
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by Corollary 2.2, |GL(2, Zay)| = 737280. Thus G = GL(2, Z4p). ]

Lemma 2.26. The elements a = o b = 01 , ¢ = 0 1 and d =
41 41 1 0 1 0

0 41
( L o ) are Jordan regular units in M (2, Z4,).

Proof. The proof is clear once we observe that a = eu + ue, b = €'b + be’, ¢ = €'c + ce/,

1 1 1 0
d = e'd + de’, where e = ( 00 ), e = ( 00 ) are idempotents in M (2,Z4,) and

u= i? 119 ) isaunitin M (2, Zy4;). ]

Theorem 2.27. Presentation of GL(2,Z4;) is

GL(2,Z4) = (a,b,c,d | a*,b*,c'2,d*, (bd)?, actac'®, bc*bc'®, dc*d3c'0, (ad?)?, (bd?)?, cd*cM d?,
cabcacbacdb(adc)3dc abcbadabe(da)?b, (ac)?(b(ad)?)?cache! d*a(cba)?dac, dabc®abdcab(ac)?,
abe!tad?a(eb)3 cabadabd(ca)*cd, ¢ (ad)'°dcada, bedbe!' d?),

where a = L0 , b= 01 ,c= 0 11 and d = 0 41 are Jordan
41 41 1 0 1 0 1 0

regular units.

Proof. Let G be a group having the above presentation. Since a,b,c,d € GL(2,Z43), s0 G <
11 0 1

GL(2,Z4). Let x = dab = ( 0 1 andy =d ' = Al o ) Then z,y € G, o(z) = 42

and o(y) = 4. So H = (z,y) < SL(2,Z4). Let L be the group consisting of all lower
triangular matrices in SL(2,Z4,). By Proposition 2.5, |L| = 504. Let H; = (u), where u =

10 50
ry e = ( 1 1 ) Then |H,| = 42. Let v = 2~ 'yz?yr2yryz3yzdyz = ( 1 17 )

13 0
and w = yrdyrtyrdyx!® = o 13 ) Now o(v) = 6, o(w) = 2 and vw = wv. Hence
H, = (v,w) has 12 elements. Also H; N H, = 1, therefore |H,H,| = 504. Now H,H, < L
andso HH1H, =L < HK SL(Z,Z;Q).
Let D be the derived subgroup of SL(2, Zs). Then D = (I, m, n), where | = z*y~ o 2yadys—2

11 2 41 1
= ( ) >, m = zyrtyry = ( 73 ), n = x % layr2yabyr = ( ? )

35 16 9 4 19 16
. 1 0 5 0
and |D| = 8064. Since [,m,n € H,so D < H. Also LND = N 17 )
1 1

11 0 13 0 17 0 19 0 23 0 25 0

i 23 ) i 13 ) i 5) i 31 ) i 11 ) i 37 )
2,9 0 , 3,1 0 , 37 0 , 4,1 0 . Here i € {0,6,12,18,24,30,36}.
7 29 i 19 i 25 i 41

Thus |LD| = 48384. Now LD C H < SL(2,Z4,) and by Corollary 2.4, |SL(2, Z4,)| = 48384.
Thus H = SL(Z, Z42).

17 1
Letp =cd'c? = > 0 ,q=c*db= 0 ,r=cd ledc? = 30
0 11 0 25 0 31

19 0
0 23
der 144. P consists of the diagonal matrices having diagonal elements in U(Z4;). Also PN H =

ot GGn) G ) (50 ) (5)- (0 5)

and s = ¢ 2db = . Now o(p) = o(q) = o(r) = o(s) = 6. So P = (p, ¢, r, s) has or-
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23 0 25 0 29 0 31 0 37 0 41 O

0 11 )’ 0 37 /)°\ 0o 29 /'L 0 19 )’ 0 25 )’ 0 41 ’
Thus |[PH| = 580608. Now PH C G < GL(2,Z4,) and by Corollary 2.2, |GL(2,Z4;)
580608, which implies that G = GL(2,Z42).

O
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