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Abstract Let G and H be two graph and P(G, z) and P(H, z) are their chromatic polyno-
mial, respectively. The two graphs G and H are said to be chromatic equivalent denoted by
G ~ H if P(G,z) = P(H,z). A graph G is called chromatically unique graph if no other graph
has the chromatic polynomial as the graph G. In this paper, the chromatic uniqueness of a new
family of 6-bridge graph 0(r,r,r,s,t,u), where 2 < r < s < ¢ < u is investigated.

1 Introduction

The graphs considered are finite and undirected graphs. For such a graph G, denote the chromatic
polynomial of G. Let G and H be two graph and P(G,z) and P(H,z) are their chromatic
polynomial, respectively. The two graphs G and H are said to be chromatic equivalent denoted
by G ~ H if P(G,z) = P(H,z). A graph G is called chromatically unique graph if no other
graph has the chromatic polynomial as the graph G. For each integer £ > 2, let ), be the
multigraph with two vertices and k edges. Any subdivision of 6y, is called the multi-bridge graph
or k bridge graph. We denote 0(y1,y2,93,---,yk), where y1,42,...,yx € Nand y; < gy <

- < yi be a graph obtained by replacing the edges 6 by paths of length yi, vy, y3, ..., Yk,
respectively, and the girth of a graph is the length of its shortest cycle.

2 Chromaticity Of k-bridge graphs

The study on the chromaticity of k-bridge graph have been studied by many researchers. A
2-bridge graph is simply a cycle graph is x-unique. A 3-bridge graph of the form 6(1,y;,y2)
is called the theta graph. Chao and Whitehead [2] proved that every theta graph is y-unique.
Loerinc [17] extended the above result to all 3-bridge graphs are y-unique. Chen et al. [22] and
Xu et al. [3] solved the chromaticity of 4 bridge graph. The study on the chromaticity of 5-bridge
graph has been done by the several researchers in [1, 9, 11, 12, 13, 18]. A very useful survey of
the result about the chromatic uniqueness and chromatically equivalent graphs can be found in
[4]. Chromaticity for k-bridge hypergraphs was studied by Bokhary et al. in [19, 20, 21]

Theorem 2.1. (Xu et al. [22] ) For k > 2, the graph 0y (h) is x unique.

Theorem 2.2. (Dong etal. [5] ) If2 <y <y < -+ < yr < y1 + y» where k > 3, then the
graph 9(y1,v2, - - -, yx ) is x-unique.

Theorem 2.3. (Dong et al. [5] ) For any k, y1,42, ...,y € N,

k k
QUOWI, Y2, - Yk), ) = JcH(x” -1)- H(:ry — ) 2.1
i=1

= i=1

Theorem 2.4. (Dong et al. [5] ) For any graph G and H,
1. If H ~ G, then Q(H,x)= Q(G,x).
2. If O(H,x)= Q(G,x) and v(H)= v(G), then H ~ G.
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Theorem 2.5. (Dong et al. [5] ) Suppose that 0(y1,y2, ..., yx) ~ 0(y1,Y2, ..., yx) where k > 3,
2<y <y < <ypand2 <z <xy <--- <y, theny; = x; forall i= 1,2,3,...k.

Theorem 2.6. (Dong et al. [5] ) Let H ~ 0(y1,y2, - - .,yx) where k > 3 and y; > 2 for all i, then
one of them is true:

LH=Z0y1,v2,- - Uk)

2. He g(0(z1,22,...,2%),Cayrys- -, Cop,y),where 3 < t < k—1and z; > 2, for all
i=1,2,3,..k.

Theorem 2.7. (Dong et al. [5] ) Let k,t, x|, x3,...,xx € N where3 <t <k—1andx; > 2 for
alli=1,2,3,... k. If H € g.(0(x1, 22, ..., %), Cy,. 41, .., Cp.., ), then

k t k
QH,z) =z [Jz" = 1) - [[(@" —2) ] @ —1). (2.2)
i=1 i=1 i=t+1
Theorem 2.8. (Koh & Teo [15]) If G ~ H, then
1. v(G)= v(H),
2. ¢(G)= e(H),
3. 8(G)=g(H),

4. G and H have the same number of shortest cycle.

where v(G), v(H), e(G), e(H), g(G) and g(H) denote the number of vertices, the number of edges
and the girth of G and H, respectively.

The chromaticity on several families of 6-bridge graph has been done by several authors
which are given below.

Lemma 2.9. [ /4] A 6-bridge graph 0(y1,y2, - . . , Ys) is X unique if the positive integer y1, ya, . . . , Yo
assume exactly two distinct values.

Lemma 2.10. [6] The graph 6-bridge 6(3,3,3, s, s,t), where r < s < t, is x-unique.
Lemma 2.11. [8] The 6-bridge graph 0(r,r,r, s, s,t), where r < s < t, is x-unique.
Lemma 2.12. [7] The 6-bridge graph 6(3,3,3, s,t,u), where 3 < s < t, is y-unique.
Lemma 2.13. [9] The 6-bridge graph 0(r,r, s, s,t,t), where r < s < t, is x-unique.
Lemma 2.14. [10] The 6-bridge graph 0(r,r, s, s, s,t), where r < s < t, is x-unique.

In this paper, we have extended this study to a new family of 6-bridge graph 6(r,r,r, s, ¢, u)
where 2 < r < s <t < u and showed that this family of 6-bridge graph is chromatically unique.

3 Chromatically unique 6-bridge graph 6(r, r,r, s, t, u)
In this section we present our main result on the chromaticity of 6- bridge graph.
Theorem 3.1. The 6-bridge graph 0(r,r,r,s,t,u) where r < s <t < u is chromatically unique.

Proof. Let G be the 6-bridge graph of the form 6(r,r,r,s,t,u) and 2 < r < s < t < u. By
Theorem 2.2, G is x unique if u < 2r. Suppose r > 2 and H ~ G, we shall solve Q(G) = Q(H)
to get all the solutions. Let the lowest remaining power and the highest remaining power be
denoted by Lr.p and h.r.p, respectively. By Theorem 2.8, g(G) = g(H) = 2r and H has the
same number of shortest cycles as G. Thus, we have

3r+s+t+u=x;+x2+ 23+ 24+ x5+ T6. 3.1

By Theorem 2.6 and 2.7, there are three cases to consider, that are

H € go(0(x1,22,23), Coyy1, Casi1, Cagy1), Where 2 <z < 25 < 23 and 2 < x4, 5, 76, OF
H € ge(0(z1, 22,23, 24), Cysi1, Cugp1), Where 2 <z < 2 < 23 < 24 and 2 < s, x¢, OF
H € ge(0(x1, 2, 3,4, x5), Cgy1), Where 2 < ) < a5 < 23 < 24 < 25 and 2 < .
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CaseA

H € g.(0(z1,22,23), Coyr1, Cugi1, Crgr1), Where 2 <z < zp < w3 and 2 < x4, x5, 26. As
G = 0(r,r,r,s,t,u) and H € g.(0(z1,22,23), Cpyt1, Cusi1, Caer1), then by Theorem 2.7, we
have

QG) =z(z" — 13 (2* = 1)(zt = 1) (2% = 1) — (2" — 2)3(2° — 2) (2 — 2)(z* — ).

QU ) =z(z™ — 1)(@™ — 1)(@™ — 1)(a™ — 1)(a® — 1)(a" — 1) = (a™ —z)(2™ — z) (@™ -
z)(z% — 1)(x® — 1)(z% — 1).

By using Equation 3, Q(G) = Q(H) yields

QI(G) :x3r+s+1+x3r+t+l+x3r+u+l+xs+t+l+xs+u+l+xt+u+l+3x2r+s+t+1+3x2r+s+u+l+
3x27'+t+u+]_|_3:E27'+1+3x7'+s+t+u+l+3wr+s+]+3x7'+t+1_|_3x7'+u+1+$37'+3+ms+t+u+3+x8+5+
:EH»S +xu+5 +3x2r+s+3+3x2r+t+3+3x2r+u+3+3xr+s+t+3+3xr+s+u+3+3$s+t+u+3+3xr+5_

(1.37'-#—1 +1.s+t+u+1 _,’_xs-i-l +xt+1 +xu+1 +3x2r+s+l —|—3£U2T+t+1 +3x2r+u+1 +3xr+s+t+1 +
3xr+s+u+l +3xr+t+u+l +3xr+l +x3r+s+2 +x3r+t+2+x3r+u+2+xs+t+4+xs+u+4+xs+t+4+

xt+u+4+3I2r+s+t+2+3x2r+s+u+2+3x2r+t+u+2+3xr+s+t+u+2+3xr+s+4+3xr+t+4+3xr+u+4+
3m2r+4 + {,E6).

QI(H) — xm1+mz+mz+z4+m5+x$1+xz+x3+m4+zﬁ+le+zz+r3+x4+l_i_le+m2+z3+m5+16+xml+z2+$3+x5+1+
x$1+$2+$3+w6+1 + xwl-‘raiz-‘rﬂls + x$1+934+$5+$6+1 + $$1+$4+15+2 + xw|+$4+ﬂis+2 + l.w|+£v5+$6+2 +
xﬂc1+3¢4+1+xﬁc1+xs+l+xﬂc|+$6+l+x331+2+xﬂcz+x4+:c5+:c6+l+x;c2+:c4+x5+2+xx2+x4+a:6+2+xx2+x4+l+
xm2+x5+z5+2+xzz+zs+l +xz2+m6+1 +xm2+2+xm3+x4+15+15+1 +Izg+z4+m5+2+xm3+x4+z(,+2 +
xl3+w4+1 +x$3+ls+%+2 +x$3+25+1 + x13+$6+1 + x$3+2 +xl4+zvs+$5+3 +x24+LE5+1 +ww4+wﬁ+1 +
xx4+3 + xm5+mg+l + x:cs+3 + xzﬁ+3 _ (xm1+mg+z3+z4+a:5+l + xml+m2+mg+z4+z6+l + xz1+zz+m3+m4 +
x$1+932+133+$5+$6+1+x$1+$2+13+$5+x$1+$2+w3+w6+mw|+wz+$3+1+xI1+$4+w5+w(,+2+x931+$4+$5+1+
xx1+af4+x6+l + xac1+x5+af6+l + xw1+x4+2 + x:c1+x5+2 + xa:1+x6+2 + xacﬁl + xac2+x4+ac5+x6+2 +
xm2+x4+15+1+xm2+x4+15+1+xm2+x4+2+xm2+m5+m(,+2+xm2+m5+2+ng+zé+2+zzz+l_'_xa:3+x4+15+z5+2+
xz3+x4+x5+l+xm3+9:4+16+1+xm3+w4+2+xw3+$5+2(,+1+xw3+z5+2+x23+w6+2+xz3+1+xw4+w5+x5+l+

mr4+m5+3 + xm4+mﬁ+3 + quss4+1 + xz5+z6+3 + xx5+1 + x16+l + x3).

By comparing the L.r.p of Q;(G) and the Lr.p of Q(H), we get r = 2. Thus, g(G) = g(H) =
2r = 4. Since G has 3 cycles of length four, therefore H also has three cycles of length 4.
Without loss of generality, we have four cases to consider,

1. 24 =25 =26 =3, 0r

2. .134:3?5:3,.%67&3,01'

3. Ty = 3,1‘5 7& 3,.%(, 75 3,01‘

4, T4 753,.');‘5 75 3,5(:6 # 3.

Casel :

T4 = T5 = Tg = 3.

Note that, for r = 2, the Lr.p in Q;(G) is —32* and L.r.p in Q(H) is —2>. Thus, we have either
I :x2:2,0rx1 :x3:2,0r9c2:x3 =2.

Casel.1 :

If 21 = 2, = 2 then H has four cycles of length 4, a contradiction.

Casel.2 :

If x1 = x3 = 2 then so is z; = 2. This implies that, H has six cycles of length 4, a contradiction.

Casel.3 :

If 25 = 23 = 2 then 21 = 2. This implies that, H has six cycles of length 4, a contradiction.
Case2 :

T4 = T5 :37336 753

Since the girth of H is 4 therefore z¢ > 4. Given that H has three cycles of length 4, so
1 + xp = 4, implies that 1 = x, = 2. Thus, Equation 3 becomes s + ¢ + u = x3 + x4 + 4. By
using this, we have

QZ(G) = 4517 —|—4(Et+7 +4mu+7 +xs+t+1+xs+u+1+xt+u+1+6xs+t+5 —|—6x5+u+5+61’t+u+5+
3.’L‘S+3 + 3xt+3 + 3xu+3 + $s+5 + .Z‘t+5 + $u+5 + .1‘9 + 2.1‘7 + 31,5 _ (xs+t+u+l + strl + xt+1 +
Iu+l+3xs+5+3xt+5 _’_3xu+5 +3xs+t+3 +3xs+u+3+3xt+u+3 +Is+8 +xt+8+xu+8+xs+t+4+
xs+u+4 4 mt+u+4 4 3xs+t+6 + 3xs+u+6 + 3mt+u+6 + 3£L'S+6 + 3xt+6 + 3xu+6 + 3:L‘8 + {,136)
QZ(H) — 3xm3+8 + 3mm3+10 + 3xz3+4 + 3xm3+2 + 3xz6+9 + 3x16+7 + 3m16+3 + 3xm3+a¢6+5 +
x:r3+935+1 + 21.10 + 6{E6 _ (3xx3+7 + 3xz3+5 + ng—}—ll + x:l/’}-‘rl + 21.306+10 + 6xa:(,+6 + xa:(,-&-l +
3x;c3+ac6+4 +xx3+x6+2 +3x9 + 33.:7)'

Considering the l.r.p in Q2(G) and the Lrp in Q2(H), we have s = ¢ = u = 4. Thus,
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G =~ (2,2,2,4,4,4) and is x-unique by Lemma 2.9.

Cased :

T4 = 3,1‘5 75 3,1‘6 75 3.

Since the girth of H is 4, therefore x5 > 4 and x¢ > 4. It is given that H has three cycles of
length 4, so x1 + 2, = 4, x1 + 3 = 4, implying that z; = 2, = x3 = 2. But, in this case H has
four cycles of length 4, a contradiction.

Case4 :

T4 # 3,25 #F 3,26 7 3

Since the girth of H is 4, therefore x4, x5, x6 > 4. It is given that H has three cycles of length 4,
sox) +xp =4, ) + 23 =4 and z; + z3 = 4 implying that x; = 2, = x3 = 2. Thus, Equation
3 becomes s +t + v = x4 + x5 + z¢. By using this, we have

QS(G) - 4x5+7 +4$t+7 +4xu+7 +xs+t+1 +xs+u+1 +xt+u+1 +6$S+t+5 +61.s+u+5 +6xt+u+5 +
3.’L‘S+3 + 3$t+3 + 3xu+3 + ms+5 + l‘t+5 + mu+5 + $9 + 21,7 + 31,5 _ (xs+t+u+l + strl + xt+1 +
xu+1 +3xs+5 +3xt+5 _’_3xu+5 +3xs+t+3 _’_3xs+u+3 +3xt+u+3 +xs+8 +xt+8 +xu+8 +xs+t+4 +
xs+u+4 + mt+u+4 + 3xs+t+6 + 3:L,s+u+6 + 3mt+u+6 + 3ws+6 + 3{)3‘t+6 + 3xu+6 + 33}8 + 1.6).
Q%(H) — $m4+m5+6 + xl‘4+1‘6+6 + 1,$5+16+6 + xz4+7 + JUz5+7 + xz6+7 + 3mm4+15+4 + 3mm4+m6+4 +
3xw5+w5+4+4xa:4+3 +41.w5+3 +4xm6+3 +xw4+w5+l+xw4+w6+l+xw5+m6+1+x6+3x4_(xx4+x5+7+
xac4+ﬂc6+7 + xac5+:c6+7 + xx4+6 + xa:5+6 + x:c6+6 +4xac4+x5+3 + 4xac4+;c6+3 + 4xzc5+:c6+3 + 3x;c4+4 +
3x15+4 + 3Iz(,+4 _|_:L.a:4+l +Iz5+l +Iz5+l +l’7 —|—I3).

By comparing the L.r.p in Q3(G) and Q3(H), we have s =2, 0ort =2, or u = 2.

If s =2,then G = 6(2,2,2,2,t,u) and is y-unique.

If t =2, then G =2 6(2,2,2,2,2,u) and is x-unique by Lemma 2.9.

If u =2, then G = 6(2,2,2,2,2,2) and is x-unique by Theorem 2.1.

CaseH :

In this case, H € g.(0(x1,22,23,24), Cysi1, Cuer1), Where 2 < z; < 25 < 23 < x4 and
2 < zs,xe. Since, G = 0(r,r,r,s,t,u) and H € g.(0(x1, 2, 23, 24), Cys11, Cye+1), therefore by
Theorem 2.2, we have

Q4(G)=x(a" — 1)*(2* = 1) (2’ = 1)(a" = 1) = (2" —2)*(2* — z) (2’ — ) (2" — x)
Qu(H)=a(2™ — 1)@ — 1)(@™ = (2™ — 1)(2% — 1)(a% — 1) — (2% — 2) (2" — 2) (2™ -
z) (% — x) (2% — 1) (2% — 1)

By using Equation 3, we have

QS(G) — pirtstl _'_1.37‘+t+1 +1.3r+u+1 +$S+t+1 +xs+u+l +xt+u+l +3x2r+s+t+1 +3x2r+s+u+l +

3x2r+t+u+]_|_3$27"+1+3xr+s+t+u+l+3xr+s+l_|_3x7'+t+1+3xr+u+l+x3r+3+xs+t+u+3+xs+5+
IH»S +xu+5 +3x2r+s+3+3x2r+t+3+3x2r+u+3+3xr+s+t+3+3xr+s+u+3+3xs+t+u+3+3xr+57

(1.37‘4—1 + pstitutl + prean! + pttl + putl + 3p2rtstl + 3p2rtt+l + 3p2rtutl + 3prtstitl +
3$r+s+u+l +3xr+t+u+l +3xr+l +x3r+s+2 +x3r+t+2+x3r+u+2+xs+t+4+xs+u+4+xs+t+4+
xt+u+4+3x2r+s+t+2_,’_3x2r+s+u+2+3x2r+t+u+2+3xr+s+t+u+2+3xr+s+4+3xr+t+4+3xr+u+4+
3x2r+4 + ,7,‘6).

QS(H) — xm1+x2+mg+x4+m5 +xz1+m2+m3+x4+m6 +zx1+mz+x3+z4+l+zx1+mz+x5+z6+l+$x1+mz+x5+2+
x$l+I2+$6+2+xwl+I2+l+xwl+$3+$5+$6+1+$5D1+I3+$5+2+x$1+$3+$6+2+x$1+$3+1+$$1+$4+5E5+I6+1+
xrl+m4+m5+2+x$1+m4+m6+2+x$1+m4+1+$11+m5+m6+3+xm+m5+1+xm1+x6+l+$m1+3+xm2+m3+m5+m6+l+
xm2+13+15+2+xz2+13+m6+2+xmz+x3+l+xmz+z4+z5+z6+l+xx2+:1:4+a:5+2+xm2+z4+z()+2+ng+x4+l+
gratastaetd | pratastl 4 paotaetl 4 pzat3 4 pastastastaetl 4 pastaatast 4 ogestaataet?
$m3+m4+1 +xm3+m5+m6+2 +xm3+z5+l + xz3+m6+l + l,z3+3 +xm4+r5+z5+3 _'_xac4+ac5+l +$m4+a:6+l +
prat3 + pTstzetl + st + pretd _ (xa:1+912+13+w4+w5+1 + prrtratrstritost] 4 grrtzatastas 4
prrtratrtestaet2 + priteates+l + priteatretl + priteat2 + gt testret2 + pritaestaes+l +
xa:1+zg+r(,+l++$z1+x3+2+zz1+z4+zs+m(,+2+$zl+z4+m5+l+$w1+z4+m6+1+$11+15+m6+1+$zl+z4+2+
prites+3 + pritret3 + T+l + pratestestaet2 + pratrtes+l + pratrstaet] + prates+2 +
xmz+m4+ms+z6+2+mm2+m4+15+1 +$m2+m4+mﬁ+l +xmz+m4+2+xzz+m5+x5+l+xzz+m5+3 +$m2+16+3+
pratl + pT3tratostoet2 + pr3tTatos+l + grataataetl 4 pr3tTat2 + pr3testret] + pratos+3 +
pratret3 +x:c3+l+l,x4+x5+a:6+l +x;c4+:c5+3+xx4+a:6+3 +x”4+1+x’”5+’”6+4+xx5“+xm6+l+x4).
since 2 < r < s <t < u, therefore by comparing the L.r.p in Q5(G) and the L.r.p in Qs(H), we
have r =2, orr = 3.

Casel :

If » = 2, then g(G) = g(H) = 2r = 4. Since, G has three cycles of length 4, therefore H also
has three cycles of length 4. Without loss of generality, we have the following three cases:
1.355:1'6:3,01'



CHROMATICALLY UNIQUE 6-BRIDGE GRAPHS 6(r, 7,7, s, t,u) 195

2. xTr5 = 3,I6 7& 3, or

3, xIs 75 3,:66 75 3.

Casel.1l :

T5 = Ty = 3.

Since, H has three cycles of length 4 therefore x; 4+ xz; = 4 implying that x; = 2, = 2.

Note that, for 7 = 2, the L.r.p in Q;(G) is —32* and L.rp in Q;(H) is —x>. Thus, either z3 = 2
or xy = 2.

If 23 = 2 then H has five cycles of length 4, a contradiction.

If 24 = 2, then 3 = 2 implying that H has eight cycles of length 4, a contradiction.

Casel.2 :

Trs = 3, Te 7é 3.

Since the girth of H is 4 therefore ¢ > 4. It is given that H has three cycles of length 4, so
1+ 2, =4, 21+ 23 = 4 implying that z; = 2, = 23 = 2. But, then H has four cycles of
length 4, a contradiction.

Casel.3 :

x5 75 3, Te6 7é 3.

Since the girth of H is 4 therefore x5, x¢ > 4. It is given that H has three cycles of length 4, so
1+ axy=4,x1+x3=4and (x; + x4 =4 or zp + x3 = 4) implying that z; = 2, = 23 = 2.
We have two cases to consider.

Casel.3.1:

If 1 + x4 = 4 then 1 = x; = 2 implying that ; = 2, = 23 = x4 = 2. But, then H has six
cycles of length 4, a contradiction.

Casel.3.2 :

If x5 + 23 = 4 then x; = x, = x3 = 2. In this case, Equation 3 becomes s+t +u = x4+ x5+ x¢
and we obtain the following after simplification,

QG(G) — 4xs+7 +4xt+7 +4xu+7 +$S+t+l +xs+u+l +xt+u+1 +6xs+t+5 +6$S+u+5 +6xt+u+5 +
31.5+3 + 3.’Et+3 + 3xu+3 + 1’5+5 + (L'H_S + $u+5 + 1'9 + 2£E7 _ (xs—H + 1’t+1 + xu-‘rl + 31.5-&-5 +
3xt+5 + 3xu+5 + 3xs+t+3 + 3$s+u+3 + 3xt+u+3 + ms+8 + J}t+8 + xu+8 + xs+t+4 + xs+u+4 +
It+u+4 + 3xs+t+6 + 3$s+u+6 + 3xt+u+6 + 3QZS+6 + 3zt+6 + 3xu+6 + 3:178)

QG(H) — xw4+w5+6+m14+w6+6+3xw4+I5+4+3x14+$6+4+$$4+7 +6x$5+w6+5 +3$w5+6+3x$6+6+
4$z4+3 +3xms+3 +3x16+3 +xr4+m5+l +xm4+zﬁ+l +x15+z6+l +xx5+4+xz6+4+3$5 _ (xr4+x5+7 +
pratret] +xx4+6+3xis+ws+6+6l.w5+5+6l-306+5 +4xm4+I5+3 +4$z4+wo+3+3xm5+xﬁ+3 +31’I4+4+
xa:5+m6+4 +maﬁ4+1 +$x5+] _I_xxf,Jr] —|—2J}6 —|—$4)

By comparing the L.r.p in Q¢(G) and the Lr.p in Q¢(H), we have s = 3, or t = 3, or u = 3.

If s = 3, then

Q7(G) - 3xt+7 + 3xu+7 +xt+4 +xu+4 +xt+u+l + Sxt+8 + qu+8 + 6xt+u+5 + 3xt+3 + 3xu+3 +
41,10 + SUQ + 2(E7 + 3:C6 _ (xt+1 + qurl + zxtJrS + qu+5 + 6xt+6 + 6$u+6 + 31.t+u+3 _'_xt+u+4 +
3xt+u+6+3xt+9 —|-3.7Ju+9 —I—.%‘“ _|_3$9 +5.T8)

Q7(H) :xx4+m5+6+xx4+m6+6_|_3Ix4+x5+4+3xx4+16+4_|_$z4+7+6xzs+m6+5+3xx5+6+3x15+6+
4wm4+3+3ww5+3+3x:v(,+3+xz4+15+1_|_$ac4+a:5+1+xw5+x6+l+xw5+4++ww(,+4+3x5_(xw4+w5+7_,’_
xm4+m6+7+$m4+6+3$m5+m6+6+61‘m5+5 +6$z5+5 +4xm4+m5+3 +4xm4+r6+3 +3xm5+m6+3+3$m4+4+
xl’5+%+4 +:CZ4+1 +1,15+1 +xzb+l _,’_2‘%6)

By comparing the l.r.p in Q7(G) and the L.r.p in Q7(H), we have z4 = z5 = ¢ = 4. Replace
these values in Q7(G) and Q7(H ), we get

QS(G) = 3tt7 + 3put? +1.t+4 +xu+4 +xt+u+l +5$t+8 +5xu+8 + 6pttuts + 3tt3 + 3put3 +
4.%‘10 + 1‘9 + 21‘7 + 31‘6 _ (xt+l erqul + 2xt+5 + 2xu+5 + 6xt+6 + 6xu+6 + 3mt+u+3 +xt+u+4 +
Sxt+u+6 +3xt+9 +3xu+9 +’Ill +3ZL‘9 +5x8)

Qs(H) =613 + 5219 + 5212 + 1027 — (22 + 21 + 92° + 102" + 28 + 22°).

But, Qs(G) # Qs(H), a contradiction. Similarly, we can get contradiction for the case when
t=3and u = 3.

Case2 :

If » = 3, then g(G) = g(H) = 2r = 6. Since, G has three cycles of length 6 therefore H also
has three cycles of length 6. Without loss of generality, we have three cases to consider:

1. Tr5 = T = 5 or

2. x5 =526 #5Sor

3. x5 75 5, Te6 73 5

Case2.1 :
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5 = T = 5

It follows that z; + x, = 6. Thus, we have either x1 =2, 2p =4 orax; =, =3

Case2.1.1:

xr = 2, Iy = 4

It follows from Equation 3 that s + ¢t + u =23+ 24+ 7. Since 3 < s <t <wand4 < z3 < 24
therefore by canceling the equal terms of Qg(H) and Qs(G), we can get a term —z° in Qg(H)
but not in Qs(G), a contradiction.

Case2.1.2:

Xy =y = 3

It follows from Equation 3 that s 4+t + u = z3 + x4 + 7 and we have

QQ(G) - xs+l() + xtJrl() 4 qurl() + $s+t+l + xs+u+l + xt+u+l + 3xs+t+7 + 3$s+u+7 + 3xt+u+7 +
LUS+4 + (Et+4 + xu+4 + xs-‘rt-&-u + .’£5+5 + xt+5 + .’Eu+5 + —‘,—3(E8+9 + 3xt+9 + 3xu+9 + 3xs+t+6 +
3.’L‘S+u+6+3$t+u+6+$12+$8 +2J}7 _ (strtJrqul +x5+l +mt+l +xu+l +6l‘s+7 +6xt+7+6mu+7+
4xs+t+4+4xs+u+4+4xt+u+4+xs+l1+xt+ll+xu+ll+3xs+t+8+3xs+u+8+3xt+u+8+4x10+16).
Qg(H) =3x$3+w4+7+$w3+$4+]+xa:3+l3 +$$3+3+4.’L’$3+10+$w4+]3—|—(E$4+3+4.’I}$4+]0—|—2$$3+14+
2xz3+4+2xm4+4 +2xz4+14+2$x3+6+2xz4+6+m17+2x16+2x13 +6$9 _ (3xm3+m4+6+2xm3+15 4
41.w3+9 + zxwﬁ—s + xz4+15 + 41.w4+9 + zxw4+5 + 2$x3+8 + zxa:4+8 + xw3+a:4+2 + xw;-ﬁ-ll + ng-&-l +
Pl popratl 418 4 3214 4 31 4 2212 4+ 28). By comparing the L.r.p in Qo(G) and the L.r.p
in Qo(H), we have 23 =5 or 24 = 5.

Case2.1.2.1:

If 23 = 5 then we obtain the following after simplification,

Ql()(G) - 1.S+10 +£L’t+10 +xu+10 +.’E8+t+1 +xs+u+l +$t+u+l + 3$S+t+7 +3xs+u+7 +3mt+u+7 +
xs+4 + xt+4 + xu+4 + strtJru + l,s+5 + xt+5 + xu+5 + +3xs+9 + 3$t+9 + 3xu+9 + 3xs+t+6 +
3xs+u+6+3zt+u+6 +I12—|—x8 _._21,77 (Is+t+u+l +Is+l +xt+1 +mu+1 +6xs+7+6xt+7+6xu+7+
43;‘S+t+4 +4xs+u+4+4xt+u+4 +£L‘S+11 +£Ut+11 +xu+11 +3xs+t+8 +3xs+u+8 +3xt+u+8 +4(E10).
QIO(H) - Zxr4+l4+xx4+l3 +3xz4+12 +4xm4+10+3xz4+6+2mm4+4+xm4+3 +2l‘19+1‘17 +I16+
41’15+8$9—(21’I4+15+2$w4+8+4$$4+11+41’w4+9+$m4+7+x$4+1+21’I4+52$20+7$14—|—21’12+(E11).
But, Q10(G) # Q10(H), a contradiction.

Case2.1.2.2:

If x4 = 5 then we have either x3 = 3 or 23 = 4 or z3 = 5.

Case2.1.2.2(a) :

If 23 = 3 then H has five cycles of length 6, a contradiction.

Case2.1.2.2(b) :

If 73 = 4 then by simplifying Qo(H ), we get —z° as L.r.p in Q2(H ). Which implies that either
s=4ort=4oru=4.

o If s = 4 then Equation 3 becomes ¢t + v = 12. Since 3 < 4 < t < u, we have following
possibilities:

(i) Ift =4 and v = 8 then G =2 0(3,3,3,4,4,8) and is y-unique by Lemma 2.10.

(i) If t = 5,u = 7 then

Q11(G) =220 + 528 + 328 + 427 + 227 — (62" + 22" + 221 + 215 + 3220 + 2210 4 29).
Qi (H)= 52" 4+ 42" + 328 + 328 + 62° + 3210 + 22" + 2217 + 27 — (4215 + 227 + 2220 +
2210 + 4211 4+ 4212 4 216 4 218 4 319 4 28,

Q11 (G) # Q11(H), a contradiction.

(iii) If t = w = 6 then again we get Q11 (G) # Q11(H), a contradiction.

e If ¢ = 4 then Equation 3 becomes s + u = 12. Since 3 < s < 4 < u, we have following
possibilities:

(i) if s =3 and u = 9 then G 22 (3, 3,3,3,4,9) and is x-unique by Lemma 2.10.

(ii) If s =4 and uw = 8 then G =2 0(3,3,3,4,4,8) and is y-unique by Lemma 2.10.

o If u = 4 then Equation 3 becomes s + ¢ = 12. But 3 < s <t < 4, a contradiction.
Case2.1.2.2(c) :

If 23 = 5 then Equation 3 becomes s + ¢ + «u = 17 and we get,

le (G) - l.erlO +J3t+10 +$u+10 +xs+t+l _}_strqul +xt+u+l + 3xs+t+7 +3$s+u+7 +3xt+u+7 +
xs+4 + xt+4 + xu+4 + pstttu + xs+5 + $t+5 + xu+5 + +3xs+9 + 3xt+9 + 31,u+9 + 3xs+t+6 +
3xs+u+6 + 3xt+u+6 + .7;]2 + 21,7 _ (l.s+t+u+l + strl + $t+1 + CL.u+1 + 6xs+7 + 6$t+7 + 6xu+7 +
41‘S+t+4 +4$s+u+4 +4xt+u+4 +Is+ll _'_l,t+11 +zu+11 +3xs+t+8 +3xs+u+8 4 3xt+u+8)'
Qu2(H) =427 + 82" + 42" + 1027 + 22! + 28 — (3210 +- 4220 + 112" + 20 4 3212 + 321%).
By comparing the L.r.p in Q12(G) and the lL.r.p in Q12(H), we get s =50ort =50ru =15
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(i) If s = S then G = 6(3,3,3,5,t,u) and is xy-unique by Lemma 2.12.

(i1) If ¢ = 5 then either s =3 or s =4 or s = 5.

(a) If s =3 then G = 6(3,3,3,3,5,u) and is x-unique by Lemma 2.12.

(b) If s = 4 then G = 60(3,3,3,4,5,u) and is y-unique by Lemma 2.12.

(¢)If s =5then G =2 6(3,3,3,5,5,u) and is x-unique by Lemma 2.10.

(iii) If w = 5 then we have the following possibilities, either s = ¢t = 3 or s = 3,f = 4 or
s=t=4ors=t=>5:

() If s=t=3then G 22 6(3,3,3,3,3,5) and is y-unique by Lemma 2.9.
(b)If s =3,t =4 then G = 60(3,3,3,3,4,5) and is x-unique by Lemma 2.10.
(©)If s=t=4then G 26(3,3,3,4,4,5) and is y-unique by Lemma 2.10.
(d)Ifs=t=5then G = 6(3,3,3,5,5,5) and is x-unique by Lemma 2.9.
Case2.2 :

xrs = 5, Te 7é 5

In this case z; + xp; = 6 and x| + x3 = 6 implying that z; = x3. Hence, we have either
Ty =2,z =x3=40rx) =20 =23 = 3.

Case2.2.1 : If 1 = 2,2, = 3 = 4 then Equation 3 becomes s+t +u = x, +x3+6. By replac-
ing these values in Qo(G) and Qy(H ) and canceling the equal terms, we obtain Qo(G) # Qo(H),
a contradiction.

Case2.2.2 : If x; = x, = x3 = 3 then H has four cycles of length 6, a contradiction.

Case2.3 :

rs # 5,26 # 5

Since the girth of H is 6 therefore x5, x¢ > 6. It is given that H has three cycles of length 6, so
r1+x =6z +23 =6and (x; + 4 = 6 or x5 + x3 = 6). Therefore, we have two cases to
consider.

Case2.3.1 :

If 1 + x4 = 6 then by considering x; + 2, = 6 we get z; + 23 = 6 and then x, = 23 = 4.
Hence, either z;y =2 oray = a3 = a4 =4 orx = xp = 23 = x4 = 3.

Case2.3.1.1 :

If z; = 2 then 3 = x4 = 4 and by canceling the equal terms, we obtain Qy(G) # Qo(H), a
contradiction.

Case2.3.1.2:

If 2y = 2y = 23 = x4 = 3 then H has six cycles of length 6, a contradiction.

Case2.3.2:

If 5 + 23 = 6 then by considering x; + z; = 6 we get x; + x3 = 6 and then x; = x, = x3.
Thus Equation 3 becomes 9 + s + ¢ + u = x4 + 25 + x6. Replace these values in Q5(G) and
Qs(H) and compare the L.r.p of both, we get either s =3 or¢t =3 oru =3

If s =3 then G = 6(3,3,3,3,¢,u) and is y-unique.

If t = 3 then G = 6(3,3,3,3,3,u) and is y-unique by Lemma 2.9.

If u = 3 then G = 6(3, 3,3, 3,3,3) and is x-unique by Theorem 2.1.

Case C :

H € ge(e(xl,xg,x3,x4,x5), CQ;G_H), where 2 < 21 < 2p < 23 < 24 < x5 and 2 < x4 As
G=0(r,r,r,s,t,u) and H € g.(0(x1, x2, 23, 24, 25), Cper1), We have

Qui3(@)=z(z" —1)3(z* — (2t — (2" — 1) — (2" — 2)*(2° — 2)(z* — 2) (2% — 2)
Qus(H)=z(z* — 1)(z* — 1)(z™ — 1) (2™ — 1)(z™ — 1)(z% — 1) — (2™ — z) (2™ — z)(a™ —
z) (% — x) (2% — x)(z% — 1).

By using Equation 3, we get

Q14(G) — x3r+s+1 +x37‘+t+1 +x3r+u+1 +zs+t+1 +xs+u+l +zt+u+1 +3x2r+s+t+1 +3I2r+s+u+l +
3x27'+t+u+] +3x27'+1 +3x7'+s+t+u+l +3w7'+s+] +3.’L‘T+t+1 +3m7'+u+1 _|_l.3r+3 +ms+t+u+3 —|—$S+5+
$t+5 +xu+5 +3x2r+s+3 +3x2r+t+3 +3x2r+u+3 +3xr+s+t+3 +3xr+s+u+3 +3xs+t+u+3 +3mr+5 _

(1.37'-#—1 +xs+t+u+l +£L'S+1 +£Et+1 +xu+1 +3£B2T+S+1 +3x2r+t+1 +3x2r+u+1 +3xr+s+t+1 +
3xr+s+u+l +3xr+t+u+l +3xr+1 +x3r+s+2 +x3r+t+2+x3r+u+2+xs+t+4+xs+u+4+xs+t+4+

xt+u+4+3z2r+s+t+2+3I2T+s+u+2+3x2r+t+u+2+3xr+s+t+u+2+3xr+s+4+3Ir+t+4+3xr+u+4+
3.,1/,27“-"-4 _|_ $6).

Ql4(H> = xm1+m2+zz+z4+m5 + xm1+zz+z3+m6+l + xa:1+m2+m3+2 + xm1+zz+z4+m6+l + ijl+m2+m4+2 +
x$1+$2+1?5+$6+1 + x$1+$2+935+2 + x$|+$2+$6+3 + 1.w1+wz+1 + xai1+133+$4+$5+1 + II1+I3+$4+2 +
xx1+af3+x5+:c(,+l + xx1+323+x5+2 + xw1+x3+x6+3 + x;c1+:c3+l + xa:1+ac4+:c5+x6+l + xa:1+ac4+:c5+2 +
II1+Z4+£E5+3 + xr1+m4+l + 1.11+CE5+16+3 + II1+I5+1 + x11+1’6+1 + II1+4 + +II2+Z3+I4+16+1 +
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xm2+x3+z4+2 + :Ex2+933+x5+15+1 + :Cx2+a:3+x5+2 + x12+l’3+1’6+3 + :1:,1132+CE3+1 + x932+x4+15+16+1 +
xw2+ﬂﬂ4+azs+2+xw2+ﬂﬂ4+azﬁ+3+xwz+x4+1+$wz+w5+ws+3+$wz+ws+l+$wz+w6+1+xwz+4+xw3+x4+ws+zs+l+
mI3+$4+$5+2+x13+$4+$5+3_’_$:E3+Z4+l+xm3+$5+rg+3+x13+r5+1+xz3+r6+l+xr3+4+xz4+fc5+m6+3+
xm4+$5+l+mr4+w()+l+xw4+4+xm5+xﬁ+l+1.15+4+1,I6+57(x(E1+1‘2+I3+$4+:135+1+xI1+I2+I3+CE(}+2+
xx1+afz+x3+1 _|_l.x1+acz+x4+xf,+2_|_xxl+w2+x4+1 +mx1+xz+x5+x6+2+$x1+x2+x5+1 +$x|+xz+xﬁ+] +
xx1+x2+3++mm1+m3+z4+zg+l +xI1+I3+E4+1 +xz1+m3+m5+x6+2+x11+m3+m5+1 +zx1+13+16+1 +
+mwl+w3+3+$$1+w4+zs+we+2_|_x:v1+a:4+a:5+1+xw|+w4+ﬂﬂs+1+xwl+ws+w6+l+xx1+z4+3+xz1+w5+3+
x$1+m6+4+$zl+l++xfr2+flf3+m4+m6+2+xl‘2+fl‘3+ﬂ’)4+l+xm2+m3+.’I)5+.’EG+2+$1‘2+.’I)3+I5+l+x1'2+.’1)3+m6+1+
xm2+13+3 ++xI2+I4+I5+16+2+x$2+al4+11?5+1 +xx2+m4+x5+$5+2+xz2+x4+m5+1 +x12+1‘4+15+1 +
grat@atd | pratastaetl 4 pratast3 4 pantwetd 4 paotl 4 gasteatestaet? | gesteatestl
II3+$4+15+1+1,:E3+I4+3 +xI3+I5+15+1+x$3+I5+3 +mx3+mg+4+$13+l+xm4+x5+x6+l+xz4+zs+3+

pratwetd +x$4+1 _|_x935+16+4 +1-905+1 +xwo+1 +£C5).

The L.r.p in Q14(G) is z" ! and the L.r.p in Q14(H) is 5 implying that » = 4. Since r > 2, we
have three cases to consider either 1) »r =2 or2)r =3 or3) r = 4.

Casel :

If r = 2 then g(G) = g(H) = 2r = 4. Since G has three cycles of length 4, therefore H has
three cycles of length 4. Without loss of generality, we have two cases to consider, either (i)
xe = 3 or (ii). x¢ # 3

Casel.l:

If ¢ = 3 then either 1 + z» = 4 or x; + 23 = 4. Thus 2y = 2, = z3 = 2. But, H has four
cycles of length 4, a contradiction.

Casel.2 :

If 26 # 3. Since the girth of H is 4 therefore x¢ > 4. It is given that H has three cycles of length
4,01 +xp =4 ,21+23 =4and (x; + x4 = 4 or x5 + x3 = 4). Therefore, we have two
cases to consider.

Casel.2.1:

Ifz) +x4 =4

Since x; + xy = 4, 1 + x3 = 4, therefore 1 = xp = 23 = x4 = 2. But H has six cycles of
length 4, a contradiction.

Casel.2.2 :

if xp + 23 = 4.

Since x| + x5 = 4, x1 + x3 = 4, therefore 1 = x, = x3 = 2. In this case Equation 3 becomes
s+t+u=x4+ x5 + 6 and we get

QIS(G) — 4l,s+7 _,’_41,t+7 +4zu+7+xs+t+l +xs+u+1 +xt+u+l +61‘S+t+5 +61‘S+u+5 +6xt+u+5 +
31.s+3 + 3(Et+3 + 31.u+3 +xs+5 —|—£Ct+5 +xu+5 +x9 +2{E7 + (ES _ (1‘5+1 +5L‘t+1 +mu+1 + 3(E8+5 +
3$t+5 + 3xu+5 + 3xs+t+3 + 3xs+u+3 + 3$t+u+3 + x5+8 + $t+8 + xu+8 + xs+t+4 + xs+u+4 +
xt+u+4 + 3xs+t+6 + 3xs+u+6 + 3xt+u+6 + 3$S+6 + 3xt+6 _'_3xu+6 + 31.8 +:C6).

QIS(H) — mw4+ﬂ75+6+3$$4+$5+4_|_6x965+$6+5+6x£4+1‘6+5+4$$6+7+3$$5+3+3$$6+3_|_333$4+3_|_
xac4+ac5+1 + pratTet] 4 xm5+z6+l + l,ac5+4 + CCm(,JrS + 3x6 4 Im4+4 +4xz4+15+m6+3 _ (xm4+935+7 +
2m14+w6+6+6xw4+5+3$a:5+a:5+6+6xm5+5+3xw6+6+3x:v(,+5+4xw4+x5+3+4x$4+16+3+3xw5+w6+3+
x$5+1‘6+4 +m1‘4+1 +x-’1’f5+1 +x-’1€6+1 + 3xr4+m5+.’1€6+4 +xm6+8 +4$7)

By comparing the Lr.p in Q15(G) and the L.r.p in Q5(H ), we have either s =4 or¢t = 4 oru = 4.
Casel.2.2.1:

If s = 4 then Lr.p of Qi5(H) is 32° implying that x4 = x5 = z¢ = 5. But in this case after
simplification we get Q5(G) # Q15(H), a contradiction.

Casel.2.2.2:

If t = 4 then we get

QIG(G) — .%'S+7 + 6£Cs+9 + 3:L‘S+3 + xu+7 + 6.7;u+9 + 3xu+3 + $s+u+] + 5ws+u+5 + 4$s+u+7 +
4$11 + 53:7 _ (strl + xs+5 + 2JL‘S+8 + strl() + $s+6 + xu+1 + mu+5 + qu+8 + xu+l() + mu+6 +
31’S+u+3 + 3xs+u+6 _'_1.12 + 3$10 +$9 + 31.8)

Q16 (H) - xac4+3:5+6 + $x4+:c5+l + x;c4+:c6+l + x:c5+9c6+1 + 3xac4+:c5+4 + 6mx4+x6+5 + 6xx5+a:6+5 +
4xz4+m5+m6+3 + 41,1/'6“1’7 + 3Iz4+6 + 3Ix5+6 + 3xa:6+3 + mz4+4 + 1.15+4 + 1’8 + 4586 _ (II4+I5+7 +
x%-&-S+3xw4+ﬂcﬁ+6+3st+w6+6+3mx4+x5+3+4xw4+1‘6+3+3mws+x5+3+3mw4+w6+3 +x14+w5+z‘6+1+
6$z4+5 +6xm5+5 +2x16+5 +xx4+m6+4 +xm5+zﬁ+4 +xz6+l +xz4+l +Im5+l +4Z‘7)

By comparing the L.r.p in Q16(G) and the l.r.p in Q16(H ), we have either s = 2 or s = 3 or
s=4,where2 <s<4<u.

If s =2then G =2 6(2,2,2,2,4,u) and is x-unique.



CHROMATICALLY UNIQUE 6-BRIDGE GRAPHS 6(r, 7,7, s, t,u) 199

If s =4 then G =2 6(2,2,2,4,4,u) and is x-unique by Lemma 2.11.

If s = 3 then compare the Lr.p in Q16(G) which is —2* to the L.r.p in Qi6(H), we get either
Ty = 3or xTrs = 3.

If z4 = 3 then Equation 3 becomes 4 + u = x5 + x¢. Since 4 < w and 3 < x5, we obtain
Q16(G) # Q16(H), a contradiction.

If x5 = 3 then Equation 3 becomes 4 + u = x4 + x¢. Since 4 < w and 2 < z4 < 3, we obtain
Q16(G) # Q16(H), a contradiction.

Case2 :

If r = 3, then ¢(G) = g(H) = 2r = 6. Since G has three cycles of length 6, therefore H
has three cycles of length 6. Without loss of generality, we have two cases to consider either 1.
T =5or2. 1‘6755.

Case2.1 :

If z¢ = 5 then 2y + 2, = 6 and x; + 23 = 6 implying that , = 3. Thus we have
T :2712:$3 :401‘331 =Ty =T3 =13.

Case2.1.1:

if xy = 2,2, = x3 = 4 then Equation 3 becomes s + ¢t + u = x4 + x5 + 6. But, in this case we
get after simplification that Q14(G) # Q14(H), a contradiction.

Case2.1.2:

If 21 = x5 = 23 = 3 then H has four cycles of length 6, a contradiction.

Case2.2 :

If z¢ # 5. Since the girth of H is 6, therefore xg > 6. it is given that H has three cycles of length
6,801 +22 =6,z +23 =6and (x; + x4 = 6 or 25 + x3 = 6). Therefore, we have two cases
to consider.

Case2.2.1 :

ifx) + x4 =6.

since x; + x, = 6 therefore 21 + 3 = 6 and then x, = 3 = x4. Hence we have either 1 = 2
andx2:x3:x4:4orx1 :$2=$3:£C4=3.

Case2.2.1.1:

If zy = 2and 2, = 23 = x4 = 4 then by canceling the equal terms, we obtain Q14(G) # Q14(H),
a contradiction.

Case2.2.1.2:

If 2y = 2y = 23 = x4 = 3 then H has six cycles of length 6, a contradiction.

Case2.2.2 :

If x; + x3 = 6. Since x| + xo = 6 therefore x| + x3 = 6 and then x| = x, = x3.

It follows from Equation 3 that s 4+ ¢ + © = x4 = x5 = ¢ and we have

Q17 (G) - l.erlO +J3t+10 +$u+10 +xs+t+l _}_strqul +xt+u+l + 3xs+t+7 +3$s+u+7 +3xt+u+7 +
31’S+4 + 3xt+4 + 31,u+4 + pstttu +xs+5 +xt+5 +xu+5 + +3xs+9 + 31.t+9 + 3xu+9 + 3xs+t+6 +
3xs+u+6 + 3xt+u+6 + .%‘]2 + 3:(78 _ (xs+1 + xt+1 + $u+1 + 6$S+7 + 6$t+7 + 6xu+7 _|_4$s+t+4 +
4l.s+u+4 +4xt+u+4 +Is+ll +xt+ll +xu+ll + 3Is+t+8 +3xs+u+8 _’_3It+u+8 +4:1710).
Q17(H) :wm4+w5+9+3$w4+z6+7+3$w4+8+3x15+16+7_‘_3x$5+8_’_3xaﬂ6+9+3xw4+x5+5+3xw4+x6+6+
3x15+16+6 +4xm4+4+4xm5+4+3x$6+4+x£4+?£5+l‘6+3 +$$4+r5+1+$$4+l‘6+1+$$5+m6+1+$f£6+5+
xm6+10+l‘11+3£U7—I—7(:Iix4+x5+10+xx4+m°+7+3ZE15+I°+8+3xm4+6+3xx5+6+1‘m6+11—0—3(£I4+15+4+
me4+w6+8 + 3xl4+7 + 3xw5+7 + 6xw6+7 + xw4+w5+3 _|_4w1'4+1'<,+4 _|_4$w5+w6+4 + $w4+1 +w$5+1 +
%ot 4 329 + 29).

By comparing the Lr.p in Q17(G) and the l.r.p in Q7(H), we have either s =4 ort = 4 oru = 4.
Case2.2.2.1:

If s = 4 then after simplifying we have Q17(G) # Q17(H), a contradiction.

Case2.2.2.2:

If t = 4 then either s = 3 or s = 4.

If s =3 then G = 6(3,3,3,3,4,u) and is x-unique.
If s = 4 then G = 6(3,3,3,4,4,u) and is y-unique by Lemma 2.10.
Case2.2.2.3 :

Ifu=4thens=t=3o0ors=t=4o0ors=3,t=4

If s =t =3then G = 6(3,3,3,3,3,4) and is x-unique by Lemma 2.9.
If s =3,¢t =4 then G = 6(3,3,3,3,4,4) and is y-unique by Lemma 2.9.
If s = 4 then G = 6(3,3,3,4,4,4) and is x-unique by Lemma 2.9.
Case3 :
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If r = 4 then g(G) = g(H) = 2r = 8. Since G has three cycles of length 8, therefore H has
three cycles of length 8. Without loss of generality, we have two cases to consider, either 1.
£6I7OI’2. 1‘6757

Case3.1:

If xg =7.

Since 1 + o = 8 and x| + 3 = 8, therefore x» = x3. Thus, we have either x; = 2 and
zp=a23=60orx;=3andz, =23 =Sorz; =a =23 =4

Case3.1.1 :

If z; = 2 and z, = x3 = 6. in this case Equation 3 becomes s + ¢t + u = x4 + x5 + 9.

Since 4 < s < t < w, after simplification we get the term —a2 in Q4 but not in Quu(H), a
contradiction.

Case3.1.2 :

Ifl‘l =3 andxz = T3 = 5.

Since 4 < s < t < u, after simplification we get the term —z* in Q4 but not in Qua(H), a
contradiction.

Case3.1.3 :

If z; = x5 = 23 = 4 then H has four cycles of length 8, a contradiction.

Case3.2 :

T 75 7.

Since the girth of H is 8, therefore z¢ > 8. It is given that H has three cycles of length 8, so
1+ 2 =8,2 +x3 =8and (xy + x4 = 8 or x» + x3 = 8). Therefore, we have two cases to
consider.

Case3.2.1:

Ifz; 4+ x4 =8.

Since x; + z, = 8 therefore x; + 3 = 8 and then z, = 3 = x4. Hence, we have either x; = 2
andxzzxg :334:601‘.131 :3,332:.233 :50rx1 =Ty =T3 :1‘4:4.

Case3.2.1.1:

If 71 = 2 and 73 = x4 = 6 then Q14(G) # Q14(H) because L.r.p in Q14 is —z° and the Lr.p in
Q14(H) is —23, a contradiction.

Case3.2.1.2:

If 71 = 3 and 75 = 3 = 5 then Q14(G) # Q14(H) because L.r.p in Q14 is —z° and the Lr.p in
Q14(H) is —z*, a contradiction.

Case3.2.1.2:

If 2y = 2 = x3 = x4 = 4 then H has six cycles of length 6, a contradiction.

Case3.2.2 :

Ty + a3 = 8.

Since x; + z, = 8 therefore we obtain x; = x, = x3 and hence x| = 2, = x3 = 4. In this case
Equation 3 becomes s + ¢ + u = z4 + x5 4+ x¢ and we obtain

QIS(G) :Is+13+xt+l3+xu+13+4Is+5+4xt+5+4xu+5+3xs+11+3xt+ll+3xu+ll+xs+t+u+3+
xs-&-t-&-l + l.s+u+1 + xt-&-u-&-l + 3xs+t+9 + 3ms+u+9 + 3xt+u+9 + 3xs+t+7 + 3xs+u+7 + 3xt+u+7 +
6l‘9 + JIIS _ (xs+t+u+l + strl + xt+l + xu+l + 3$s+9 + Smt+9 + 3xu+9 + 3xs+t+5 + 3$s+u+5 +
3xt+u+5 + 3xs+14 + 3xt+14 + 3xu+14 + +:L’S+t+4 + :L,s+u+4 + xt+u+4 + 3:L.s+t+10 + 3xs+u+10 +
3xt+u+]0 + _|_3l.s+8 + 3xt+8 + 3xu+8 + 5613 + 3.%‘]2 + 1‘6).

QIS(H) - xm4+m5+12 + sz4+m6+9 + 3$m4+5 + 3xm5+m6+9 + 3$r5+10 + 31.16+11 + 31,$4+I5+6 +
31.w4+z(,+7+3xa:5+5 +3x15+w(,+7 +1’14+4+$I5+4+4£Ew(’+5 +:L.ac4+w5+:v(,+3 +xw4+w5+l+mw4+w6+l+
xx5+x6+l+3xm4+10+xz6+13+3x9+x14+3x8+_(xac4+ac5+l3+x.'c5+x6+4+3xac5+$6+10+3x3:4+9+
3x15+9 + 3:L.cr(,+9 + 31x4+z5+5 + Sxx4+z(,+5 + 3xm4+7 + 3xx5+7 + 3Iz6+8 + xz4+m5+3 +xx4+xﬁ+4 +
wa4+w(,+10 _|_xa:(,+l4 +mw4+x5+:cﬁ+] + 3$JE5+(II{,+5 _|_x1:4+] _|_$w5+] +x$6+] + 31‘11 +CL‘13 +(ES)
By comparing the Lr.p in Q15(G) and the L.r.p in Q3(H ), we have either s =4 or¢t = 4 oru = 4.
If s = 4 then G = 0(4,4,4,4,t,u) and is x-unique.

If t = 4 then G = 0(4,4,4,4,4,u) and is y-unique by Lemma 2.9.

If u = 4 then G = 0(4,4,4,4,4,4) and is x-unique by Theorem 2.1.

This completes the proof of theorem. O
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4 Conclusion

The coloring of graphs and hypergraphs is one of the most studied and interesting topic in graph
theory. G proper coloring of the graph is a mapping from the vertex set of the graph to the set of
k-colors such that every adjacent vertices have different labeling. The chromatic polynomial of
graph is the number of all proper coloring of graph. The chromatically equivalent graph is the
family of graphs which have same chromatic polynomial. A graph is said to be chromatically
unique if no other graph shares its chromatic polynomial. The chromaticity of graph is the
study of chromatically equivalent and chromatically unique graphs. The chromaticity of k-bridge
graph was initiated by Dong et al. [5] and since then many result about the chromaticity of
k-bridge graphs are obtained. In this paper, this study has been extended and the chromatic
uniqueness of a new family of 6-bridge graph 6(r,r, 7, s,t,u), where 2 < r < s <t < u s
investigated.
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