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Abstract Complex neutrosophic Lie subalgebras and complex neutrosophic ideals of Lie al-
gebras are defined in this paper. Each component in complex neutrosophic Lie algebra has mag-
nitude and phase terms. Some characteristics of complex neutrosophic Lie subalgebras (ideals)
and some of their operations like intersection and Cartesian product are also discussed. More-
over, the relationship between complex neutrosophic Lie subalgebras (ideals) and neutrosophic
Lie subalgebras (ideals) is investigated. Finally, the image and the inverse image of complex
neutrosophic Lie subalgebra under Lie algebra homomorphisms are defined and the properties of
complex neutrosophic Lie subalgebras and complex neutrosophic ideals under homomorphisms
of Lie algebras are studied.

1 Introduction

L. Zadeh’s [18] fuzzy sets and fuzzy logic have been implemented in vague, unclear situations of
real world problems. Atanassov’s Intuitionistic fuzzy set [3] have been developed from fuzzy set
by including one more component called non-membership function into fuzzy set. His theory
gained an extensive recognition as a very valuable tool in area of science, Technology, Engi-
neering, Medicine, etc. Smarandache [14] further extended Atanassov’s theory and he named
it as neutrosophic theory, in which he included a third component called indeterminacy into
Atanassov’s theory. Smarandache’s neutrosophic theory deals with imprecision, indeterminacy,
and inconsistent data. Later, Ali and Smarandache [1] developed novel complex neutrosophic
sets and this theory extends the range of components from unit interval to the unit disc in com-
plex plane. Each of its components has amplitude values and phase values. Simultaneously,
complex neutrosophic set has been appLied in science and engineering field. Lie algebras are
a special case of general linear algebra and was named after being developed by Sophus Lie
(1842-1899). Lie groups classifies the smooth subgroups. After the development of this theory,
it was appLied in mathematics and physics. Lie subalgebras and their properties were developed
and investigated further in [2, 6, 12, 13, 15].

This paper is concerned about complex neutrosophic sets in Lie algebras and it is constructed
as follows: After an Introduction, in Section 2, we present some definitions that are used through-
out the paper. In Section 3, we extend neutrosophic Lie algebra by including some components
into complex neutrosophic Lie algebra and further we extend each component range from unit
interval to unit disc in complex plane. Additionally, we introduce complex neutrosophic Lie
subalgebras (ideals) and investigate their properties such as their intersection and their Cartesian
product. Finally, in Section 4, we study complex neutrosophic Lie subalgebras (ideals) under
homomorphism of Lie algebras.

2 Preliminaries

We include some descriptions, comments and findings in this section, that are important and are
used all over the paper regularly.

A description of complex neutrosophic structure was introduced by M. Ali and F. Smarandache
[1] and is as follows.
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Definition 2.1. [1] An object G defined on a universe of discourse 4l is called complex neutro-
sophic set (CNS), if it can be expressed as & = {({, (M(¢),T(¢),F(C))) : ¢ € U}. The values
M(¢),T(¢),F(¢) and their number can be in the complex plane all inside the unit circle, and
so is in the following form, 9(¢) = p(¢)e?9,3(¢) = ¢(€)e?*,F(C) = r(¢)e?*©) where
(), q(¢),7(¢) and p(¢),v(¢),w(¢) are respectively the amplitude terms and the phase terms,

1(€),v(¢),w(¢) € [0,1], with =0 < p(¢) +q(¢) +7(¢) < 37 and u(¢), v(¢), w(¢) are real valued
with j = v/—1. The scaling factors y, v and w € [0, 27].

Definition 2.2. A vector space £ over a field & (equal to R or ®) on which £ x £ — £ denoted
by (o, 8) — [«, B] is defined as a Lie algebra, if the following axioms are satisfied:

(i) [a, B] is bilinear,
(ii) [o, ) =0forall a € £,
(i) ([, B].7] + [18,7], @] + [[7, al, 8] = 0 for all o, B,y € £, (Jacobi identity).

£ is used to denote a Lie algebra(LA). It is noted that the multiplication in a Lie algebra is not
associative, i.e., it is not true in general that [[«, 8],7] = [a, [3,7]]. But it is anti commutative,

ie. [a, 8] = —[B,ql.
A subspace $) of £ that is closed under [',’] is a Lie subalgebra. We define a subspace & of £ as
a Lie ideal of £, if & is with the property [&, £] C &. Clearly, any Lie ideal is a Lie subalgebra.

3 Complex Neutrosophic Lie Algebra

In this section, we introduce new concepts related to complex neutrosophic sets. In particular,
we define and study complex neutrosophic Lie subalgebras as well as complex neutrosophic Lie
ideals of Lie algebra.

Definition 3.1. A complex neutrosophic triplet set € = (91,7, F) on £ is said to be a complex
neutrosophic Lie subalgebra if it satisfies the following conditions:

(i) Me(atpB) > A(Me(a),Me(B)), Te(a+) < V(Te(a), Te(B)), Te(at+B) < V(Fe(a), Fe(B)),
(i) Me(Ca) > Me(a), Te(Ca) < Te(a), Fe(a) < Fe(a),
(i) Me ([, B]) > AM{Me (), Me(B)}, Te([a, B]) < V{Te(a), Te(B)}, Fe([a, B]) < V{Te(a),Fe(B)},

where,

5)]ej[w<a)w¢( )]
V re(B)]elwel@vee(B)]
foralla,f € Land ¢ € F

Definition 3.2. A complex neutrosophic triplet set € = (91,7, F) on £ is said to be a complex
neutrosophic Lie subalgebra if it satisfies the following conditions:

(i) Me(atp) > A(Me(a), Me(B)), Te(at5) < V(Te(a),Te(B)), Se(a+B) < V(Te(a),Te()).
(i) Me(Ca) > Me(a), Te(Ca) < Te(a), Fe(Ca) < Fe(a),
(i) Me ([ov, B]) = AM{Me (), Me(B)}, Te(lo, B]) < V{Te(a), Te(B)}, Fe (o, B]) < V{Te(@),Fe(B)}

where,

A(Me (), Me(8)) = [pe(@) A pe(B))edliel@me@)]
V(Je(a),Te(B) = [ge(a) V ge(B)]ellve(@Vre(d)]
V(Fe(a),Fe(B)) = [re(a) Vre(B)|elel@Vveed)

foralla, 5 € Land ¢ € F.

Remark 3.3.If € is a complex neutrosophic subalgebra of £ then it may not be a complex
neutrosophic ideal of £. (See Example 3.4.)
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Example 3.4. The set of all 3-dimensional real vectors R? = {(a, 8,7)|a, 3,7 € R} forms a
Lie algebra over § = R and with the usual cross product x. We define the set € = (9,7, F),
where M, 7, F : R? — £2 (&2 is the unit disc), by

08¢ F . ifa=B8=~v=0
Me(a) =< 05675 ifa#0,=7=0

0, otherwise

0,ifa=pB=~v=0
Je(a) =< 0.6/, ifa#0,=7=0
O7ej2Tﬂ,0therwise

0,ifa=8=7y=0
Te(a) =0.6e7% ifa #0,6=~v=0

o .
07e’ 5, otherwise

Then it is clear that ¢ is a complex neutrosophic subalgebra of £ = R3. But it is not a
complex neutrosophic Lie ideal since Me = ([(1,0,0),(1,1,1)]) = Me(0,-1,1) = 0 #
J¢(1,0,0).3¢ = ([(1,0,0), (1,1,1)]) = Te(0,—1,1) = 1 £ T¢(1,0,0), and Fe = ([(1,0,0),
(17 1, 1)]) = 8’6(07 -1, 1) =1 ﬁ SC(LO, O)

Remark 3.5. Every complex neutrosophic Lie ideal is a complex neutrosophic Lie subalgebra.

Theorem 3.6. Let £ be a neutrosophic Lie algebra and € = (9, J, §) be a complex neutrosophic
set on it. Then € = (M, T, §) is a complex neutrosophic Lie subalgebra £ if and only if the non-
empty complex neutrosophic upper s-level cut(NCU s-Ic)

HUop(s) = {a € £M(a) > s}
and the non-empty complex neutrosophic lower t-level cut(NCL t-Ic)
Vs(t) = {a e £T(a) < t}, Vz(t) = {a € LIF(a) < t}

are Lie subalgebras of £, for all 5, t lies in the complex unit disk in the plane.

Proof: Let € = (M, T,F) be a complex neutrosophic Lie subalgebra on £ and s,t lies in the
complex unit disk in the plane, be such that sy (s) # 0. Let o, 8 € £ be such that o € LUy (s)
and 8 € Usy (s). It follows that

Me(a+ B) > A(Me(a),Me(B)) > 5,
Me(Car) > Me(a) > 5,
Me([o, B]) = A(Me(a), Me(B)) > 5,

and hence , o + 8 € Hon(s), Ca € Uon(s) and [o, B] € Lon(s), Thus, Uon(s) forms a Lie
subalgebra of £. For the case of U5 (t), and Uz (t) the proof is similar.
Conversely, suppose that 3oy (s5) # 0 is a Lie subalgebra of £ for every s € [0,1]e7™ 01, Assume
that Me (o + B) < A(Me(a), Me(B)), for some o, B € L. Now taking s, := ${Me (o + B) +
A Me (), Me(B))}-

Then we have that Me(a + ) < 5o < Me(A(Me(w)B))}. and hence o + 5 ¢ Me(s),
a € Me(s) and B € Me(s). However, this is clearly a contradiction. Therefore Me (o + B) >
ANMe(a), Me(B))
forall o, B € £. Similarly we can show that Mg (Cco) > Me (),
Me ([, B]) > A(Me (), Me(B)), hence Loy (s) is a complex neutrosophic Lie subalgebra of £
For the case of U5(t), and V() the proof is similar. O

Theorem 3.7. Let € = (M, T, F) be a complex neutrosophic subset of £. Then the following
statements are equivalent:

(i) € is a complex neutrosophic ideal of £,
(ii) The complex neutrosophic upper s-level cut gy (s) is an ideal of £ for every s € Im(My).

(iii) The complex neutrosophic lower t-level cuts 05(t) and Uz (t) are ideals of £ for every
te Im(J¢) and t € Im(Fe) respectively.



238 M. Parimala, F. Smarandache, M. Al Tahan and C. Ozel

Theorem 3.8. Let €, = (9M,,7,,F.) and &€, = (M,,7,,F.) be two neutrosophic complex
Lie subalgebras over £, then the intersection €; = €, N ¢, = (M,,T5,§;) is a complex
neutrosophic Lie subalgebra over £.
Proof. For each o, 5 € £ and ( € F.

mgj (Oé + ,8) = /\{9)?@1 (a + ﬁ), mgz (Ol + /8)
> MA{Me, (@), Me, (B)}, M{Me, (@), M
= MA{Me, (@), Me, (@)}, AN{Me, (8), M
= NMMe, (a), Me, (B)}
Je, (a4 B) = V{Je, (a +6),T¢, (a
< \/{\/{j@l (O‘)?j¢1 (/6)}7 \/{j@)_ (a)aj€z (/8
= \/{v{j¢l (a>7j€2 (a)}7\/{j€1 (ﬁ)vj B
= V{Je,(a),Te,(8)}
Se,(a+p) = \/{SQ (044‘5) Se, (a+
<V{V{3Q (@), Se, (B)}, V{Te. (@), Fe.(8)}}
= V{V{Te, (@), e, (o)}, V{Sc (8),Fe.(B)}}
_\/{Sc (@), e, (B)}
Me, (Ca) = ADMe, (Ca), Me, (Ca)} > /\{9736 (), Me,
Je, (Ca) = V{T¢, (Ca),Te, (Ca)} < V{Te, (a
Se, (Ca) —V{Se (Ca), e, (Ca)} < V{Fe, (04)7& (o)}

<,
<,

Se, (@)
¢, ([, B]) = AM{Me, ([a, B]), Me, ([, B]) }
> /\{A{E)JQ (@), Me, (B)}, M{Me, (04) Me, (8)}}
= MA{Me, (@), Me, (o)}, M{Me, (8), Me. (8)}}

= A[le, (o) Me, ()}

Theorem 3.9. Let {€;|i € A} be a collection of complex neutrosophic subalgebras of £ such
that €; is homogenous with € for all j, € € A. Then (;ca € = (Mn, s Tnicatir Snicae,) IS a
complex neutrosophic subalgebra of £, where ‘ ‘

mieA ci = (mﬂieAQ ) jmieAQ:i ) gni€A¢i> = ((/\iEAp@‘)ej/\ieAuci ; (\/iEAQCi )eJViEAVCi ;

(\/ieATGi )ejViech‘i )

We omit the proof as it is similar to the proof of Theorem 3.8. O

Theorem 3.10. Let €, = (9M,,7,,F,) and €, = (M,,T,,F.) be two neutrosophic complex
Lie subalgebras over £, then the cartesian product €; = €, x €, = (M;,T5,§;) = (M, x
M,, T, X T,,81 X §.) is a complex neutrosophic Lie subalgebra over £ x £.

Proof. For each o = (a1, ), 8= (61,02) € £x Land { € F. Then

Me, (a+B) = (Me, x Me, )(a+ ) = (Me, x Me, )((a1,2) + (81, 62)) =
MMe, (a1 + B1), Me, (a2 + B2) }
> MAMe, (1), Me, (B1)}, M{Me, (a2), Me, (52)}}
= MA{Me, (1), Me, (2) }, M{Me, (B1), Me, (B2)}}
= AMMe, x Me, (a1,02), Me, x Me, (81, 52)}
= MM, x Me, (a), Me, x Me, (B)}
Je,(a+8) = (Te, xTe,)(a+ ) = Te, xTe,)((a1,02) + (b1, 52)) =
V{J¢, (1 + B1),Te, (2 + B2)}
< V{V{Jc, (a1),Te, (B1)}, V{Te. (a2), Te. (B2)}}
= V{V{Je, (a1),Te, (@)}, V{Te, (B1),Te. (B2) }}
= V{(J¢, x J¢,)(a1,02),(Te, x Te,)(B1,52)}
=V{(Tc, xTJe.)(@), (Te, x T)e.(B)}
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V{Se, (a1 ), S, (2 + B2)}
< V{V{Se, (a1),8e, (B1)}, V{Se. (a2), Fe. (82)}}
= V{V{Te, (1), Te, (@)}, V{Se, (B1), e, (B2) }}
= V{(Fe, xTe,) (a1, @), (Fe, xFe,)(B1,52)}
= V{(§e, x Te.)(@), (Fe, x Fe.(B)}
Me, (Ca) = (Me, x Me,)(Ca) = (M, x Me,)(C(ar,02)) = A{Me, (CO(é 1), Me, (Caz))}

Se,(a+B) = (Je, x SGZ)W‘F% = (Fe, xTe,)((ar,a2) + (1, 52)) =
+ b1
1

> MMe, (1), Me, (a2))} = (Me, x Me, ) (a1, 02) = a)
Je, (C0) = (Je, x Te.)(Ca) = (Te, * Te) (a1, 02)) = V{Te, (Con). Te, (Ca))}
< V{Te, (1), Te, (@)} = (Je, x T, ) (a1, 02) = Te, (a)
Fe, (C0) = Fe, x Fe.)(C) = (Fe, x Fe.)(C(ar,02)) = V{Te, (Con). Fe. (Ca2))}
< V{Se, (a1),Fe, (@)} = Be, x Te,)(ar,a2) = Fe, (@)
B

Me, ([, B]) = (Me, x Me,)([a, B]) = (Me, x Me, )([(a1,a2), (81, 52)]) =
AMMe, ([oa, B1]), Me, ([ez, Ba]) }
> MA{Me, (1), Me, (B1)}, MMe, (2), Me, (B2)}}
= MA{Me, (1), Me, (2) }, M{Me, (B1), Me, (B2) }}
= M (Mg, x Me, )([Omaﬂ)» (Me, x Me, )([B1, 42])}
= MM, x Me, ) (), (Me, x Me, )(8)}
Je, ([, 8]) = (Te, x Te,)([a, B]) = (Te, x Te,)([(a1,02), (B1, B2)]) =

V{Je, ([0417/31]),36 ([, B2])}
< V{V{TJc, (1),Te, (B1)}, V{Te. (2), e, (B2)}}
= V{V{J¢, (a1),Te, (@)}, V{Te, (B1),Te, (B2) }}
= V{(Te, xJe, )([0417012})»(3@ x Je, )([51, 2))}
=V{(Je, xTe,)(@),(Te, xTe,)(B)}
S, ([a,8]) = Fe, x Fe.) ([, B]) ¢, X Fe.)([(ar, @), (B, B2)]) =

= (Je
V{Se, ([041’5 1), e, ([, B2])}
< V{V{Fe, (a1),Te, (B1)}, V{Se. (@), Fe. (B2)}}
ZV{V{5¢1(01)73¢ ()}, V{Fe, (81),Fe. (B2)}}
= V{(Fe, x Fe.) (a1, a2)), (e, x Fe.)([Br, Ba))}
= V{(Se, x Te.)(@), (Fe, x Fe.)(B)}

This shows that €, x €, is a complex neutrosophic Lie subalgebra of £ x £. O

4 On complex neutrosophic Lie algebra homomorphisms

In this section, we investigate the properties of complex neutrosophic Lie subalgebras and com-
plex neutrosophic ideals under homomorphisms of Lie algebras.

Definition 4.1. Let £, and £, be two Lie algebras over a field §. Then a linear transformation
f: £, — £, is called a Lie homomorphism if (e, 8]) = [f(a), f(8)] holds for all o, 3 € £,.

For the Lie algebras £, and £,, it can be easily observed that if f : £, — £, is a Lie
homomorphism and € = (9,7, §) is a complex neutrosophic Lie subalgebra of £,, then the
complex neutrosophic set f~!(€) of £, is also a neutrosophic Lie subalgebra, where

1 (M) (@) = Me(f(a)) = pe(f(a)e @), -1 (Te)(a) = Te(f(a)) = de(f(a))e” ()
7! (§e)(@) = Fe(f(@)) = ve(f(a))e/ )

Theorem 4.2. Let £ : £ — £ be a Lie algebra homomorphism. If € = (MM, 73, F) is a com-

plex neutrosophic Lie subalgebra of £ with a membership, indeterminacy and non-membership

functions are Me(B) = pe(B)e?eP), T (B) = qe(B)e?”cP), and Fe(B) = te(B)eiwe?),

respectively , then the complex neutrosophic set €' (&) is also a complex neutrosophic Lie sub-

algebra of £.

Proof. First, we need to show that§ 1(€) is homogeneous. Note that if o € £, then Me—1(¢) () =
o)

Me () = Pc(f( ))edrel&@) = (peé(ar))edte®@) Jey ) (o) = Te(¢()) = qe(é(a ))6
(qeé(a))er”e &), and Fe- ( ) = Feléla) = te(é(a))ercE@) = (ref(a))erweE
Now, if a1, 0 € £ with (Pef)(m) < (peé)(aa), that is pe(E(ar)) < pe(é(a2)), (qe€)(a
(ge&) (), thatis qe(E(en)) > qe(E(an)), (teé) () > (veé)(aa), that is ve(E(ar)) > ve (&(

e(§(a) =
),

1) >
o

2))s



240 M. Parimala, F. Smarandache, M. Al Tahan and C. Ozel

then from the homogeneity of €, we have (&) () < (peé)(n), thatis pe(§(on)) < pe(é(a2)),
(ve&)(an) > (veb)(an), that is ve(§(ar)) > ve(é(m)), (we)(an) > (wef)(ar), that is
we(é(ar)) > we(é(an)). Thus shows £€-1(€) is homogenous. Let ay,cn € £ and ( € F.
Then

)

> A{fme(f(al))

= /\{fmgfl(c)(a]) 1

Je1e) (a1 +az) = Te(€(ar + az))
= Je(é(ar) +

< AMTe(é(ar)),T

.3
—\/{JE ( 1),J

= \/{36—_1( (Oél) {S’E_l(g)(a X
- (e)(Ca) = Me(£(Ca)) = 91(’%((5(04))

> Me(é(a)) = mg*l(e) @)
~1(e) () = Te(€(C)) = Te(CE(a))
< TJe(€(@) = Te-1(¢)(@)
Fe1(0)(Ca) = 3@(5@04)) 3@@5( )
< Fe(a)) = Te-1(e) (), (€ is linear).
Me-1(e) ([0417042]) e(é(far, a)))
—fme([ (a1),&(a2)])
> AMMe(§(ar)), Me(§(a2))}
= MMe-1e) (1), Me 1) (2) },

5 1
35*!(@)([0117012]) = Je(&([o, a]))
= Je([§(on), §(a
< V{Te((an)), Jc(
- \/{jg— ( ),j —
35*‘(@)([0‘17042]) Se (
= Fe([( )S(az)]
< V{Te(é(a)), Se(€(2))}
= V{Se-1(e)(a1),Fe-1(e)(@2)}, (€ is homomorphism). O

Theorem 4.3. Let £ : £ — £/ be a Lie algebra homomorphism. If € = (9,3, F) is a complex
neutrosophic ideal of £' with a membership, indeterminacy and non-membership functions are

Me(B) = pe(B)e? B, T¢(B) = qe(B)e?VeP), and Fe(B) = te(B)e?eP), respectively , then
the complex neutrosophic set €~1(€) is also a complex fuzzy ideal of L.
Proof. The proof is similar to that of Theorem 4.2.

Theorem 4.4. Let £ : £ — 2’ be a surjective Lie algebra homomorphism. If € = (mt 3,%8),
where Me(a) = pe(a)eltel@) Je(a) = qe(a)e’e(@), and Fe(a) = te(a)e?“e @), for any
o € £ is a complex neutrosophzc Lie subalgebra of £, then £(€) is also a complex neutrosophic
Lie subalgebra of £'.

Proof. We prove that £(€) is homogenous. Suppose 3 € £'. Then

Smé(c)(ﬂ) = SUpaeg—l(@){fm@(a)} = SUPqee—! {pg(a)ejm a)}
=3Upo¢e§*1(5){p¢(5)}€j(sup°‘€§7](B){HC(B)} — p€£ ( )6 ihee(e) (ﬁ)
I¢(0)(B) = infaee-1(p){Te(@)} = infoce-1(p) {Clc( Jedvel@)}
=infoce1(5){Ge(B) & Pacem 10 e B — g o (B)eivese ),
Sé(@)(ﬁ) — infaeffl(@){gg(a)} = infae&*‘(ﬁ){tﬁ( )e]wc Dé)}
=mfoé€£71(m{te(ﬁ)}ej(supaegfl(B){we(ﬁ)} = ter(e )(B)e]wcg )(8).

Now let B, 3> € £ with pee(e)(B1) < Peg(e)(B2) and peg(e)(B2) < peeg(e (51) Then there

exist a a; € £-V({B1}), such that Pee(e (52) < pe(ar). Therefore If a € £ 1({Ba}), then
pe(a) < pe(ar), and so, from the homogeneity of €, we obtain pg(a) < pe(ay). Thus,
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supaee-1(){Pe(@)} < pel(ar) and so, pee(e)(B2) < Peee)(B1), which is a contradiction.
Similarly we can prove for indeterminacy and non-membership functions. This shows £(€) is
homogenous.

Since € is a complex neutrosophic subalgebra, € = {(a, (Fe(a),1 — Te(a), Me(a)))|a € £}
is a neutrosophic subalgebra of £, and so the images of the components are neutrosophic subal-
gebra of £'. Hence, for By, 5, € £ and ( € F, we have

(i) My c)g 1+ 62) = AMe(e) (B1), Me(e) (B2)),

¢@(CB1) = "My (Br),
Me (o) ([61, B2]) > /\(fmg )(B1), Me(e) (B2))
(ii) Jg ¢ (B1 + B2) < V(Tg(e)(B1), Te(e) (B2)),
@(¢ 1) < V(e (51),
£(€) ([ 1, 52]) < V( :"5 1(B1), Te(e) (B2))
(iii) 35 o) (B1 + B2) < V(Te(e)(B1), Se(e) (B2),
35 o) (CB1) < Ve (B1),

¢ ([B1,B2]) < V(Tee) (B1): Be(e) (B2))

Now our result follows from the homogeneity of £(€). O

Theorem 4.5. Let £ : £ — £’ be a surjective Lie algebra homomorphism. If € = (9)? 73,%8),

where Me(a) = pe(a)elte@) Je(a) = qe(a)e?Ve), and Fe(a) = te(a)elel@) for any
a € £, is a complex neutrosophic ideal of £, then £(€) is also a complex neutrosophic ideal of
g..

Theorem 4.6. Let £ : £ — £ be a surjective Lie homomorphism. If €, = (9M,,7,,F.) and
¢, = (M,,T,,§.) are complex neutrosophic ideals of £ such that €, is homogeneous of €,,
then £(€, + €,) = £(€,) +£(C,).

Proof. For 8 € £/, we have

(i) Me(e,)re(e)(B) = sups—¢(a){Me, +e, (a)}
=Supﬁ é(a {Supa ato{Me, ( ) A Mg, (b)}}
= SUPg—g(a)+e(6) 1Me, (@) AMe, (b)}
= Supp= m+u{5qu £(a {gﬁﬁ( )}/\supm £(a {imQ ( )}}
= supg=mru{NMe(e,)(Mm )Afmg( ()}
=DM l>+5<¢z)(5)‘

(ii) Je(e )+s(¢;>(ﬁ) infa—ga{Je, +e. (@)}

= infs_g(a {mfa aro{Je, ( )V Je, (b)}}
infa—¢(a)yremyiJe, (a) Ve, (b)}
=infp- m+n{mfm —e(){Te, (@)} Vinfu_e@{Je. (0)}}
:anﬁ m+n{J§ ( )\/JE(Cl)( )}
=7£<¢1>+£<¢z>(5)

(iii) Se(e,)ree,)(B) = infp_ga{Se, +e, (@)}
:mf/a:g(a){i”fa a+b{3¢1( )V Se, (b))}
= infa_g(a)re(0)18e, (a) VFe, (b)}
:anﬁ m+n{2”fm =¢(a {3€ ( )}\/Zﬂfm =¢(a {3¢ ( )}}
= infa—min{Se(e,)(m )VS& (€)M}
=Sg(¢l)+§<cz)(5)- D
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