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Abstract In this note, we consider a complex sequence (U,,),, .y Which have a similar struc-
ture with Jacobsthal sequence and we nominate this sequence as a complex combined Jacobsthal-
Akin sequence or simply combined Jacobsthal-Akin sequence. After that we study a binomial
form (X,),cn Of (Un),cn and we call (X,,), . as binomial sequence. Finally we delineate a

matrix sequence (Z,),, . of the binomial sequence (X,,),, cx-

1 Introduction

Many more authors worked on the generalizations of Fibonacci sequences [1] by various angles
or patterns. Especially some of them employed matrix methods as well as introduced complex
plane concept for the study of generalizations of Fibonacci numbers.

Horadam [2] in 1963 introduced the concept of complex Fibonacci numbers. Jordan [3] in
1965 considered a Gaussian Fibonacci sequence (GF,,) and established some results between
Gaussian Fibonacci sequence and classical Fibonacci sequence. Gaussian Fibonacci numbers
are recursively defined by

GF,=GF,_1+GF,_», n>2 and GFy=1i, GF, = 1 (1.1)

Later on Berzsenyi [4], Harman [5] and Pethe [6] used different approaches of extensions of
Fibonacci numbers on the complex plane.
Now we give some literature where the authors studied the generalizations of Jacobsthal num-
bers and Jacobsthal-Lucas numbers (see [7]). Asci and Gurel [7] delineated and studied Gaussian
Jacobsthal and Gaussian Jacobsthal-Lucas numbers. These numbers are given, respectively, as

1

GJni1 =G, +2GJ—1, n>1 and GJy = 53 Gh=1 (1.2)
Gjn+1 = Gjn +2Gjp—1, n>1 and Gjo=2 — %, Gjr =1+ 2i. (1.3)

Again Asci ans Gurel [8] examined Gaussian Jacobsthal and Gaussian Jacobsthal-Lucas poly-
nomials.
In [10] defined a sequence (b,,),, Zo (Zy is the set of non-negative numbers) as the binomial

transform of the sequence (an),, <7, if

b =3 a (1.4)

and Wani et al. [11] obtained the binomial form of Fibonacci-Like sequence.. A trend has been

going on from several past years that many authors added parameters s and ¢ in the classical
Fibonacci, Jacobsthal sequences etc in the recurrence relation system of these sequences and
then designate these sequences as (s, t)-type sequences. Uygun [9] presented (s, t)-Jacobsthal
sequence (7, (s,t)) and (s, t)-Jacobsthal-Lucas sequence (¢, (s,t)) such that

Jn (S,t) = 8Jn—1 (S,t) + 2tjn—2 (Svt)a n>2 and jo (S,t) =0, (S,t) =1 (L.5)
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en (5,1) = 86n—1(s,t) +2tén_2(s,t), n>2 and & (s,t) =2, & (s,t) =s (1.6)

where s > 0,t# 0 and s> + 8¢ > 0.

Since 2008 several authors explored the recurrence relations of Fibonacci sequences, general-
ized Fibonacci sequences and other second order sequences into the sequences known as matrix
sequences that is, the sequences in which the terms of the sequences are in the form of matrices
and the elements of matrices are the terms of general sequences. In 2008 Civciv and and Turk-
men [12] presented (s, ¢)-Fibonacci sequence (F, (s,t)) and (s, t)-Fibonacci matrix sequence
(Fn (s,t)) and obtained various properties for these sequences. These sequences (F, (s,t)) and
(Fn (s,t)) are delineated by

Fri1(s,t) =sF, (s,t) +tF_1(s,t) n>1 and Fy(s,t) =0, F(s,t) =1 (1.7)

Fri1 (s,t) = sFy (s,t) +tFn_1(s,t), n>1 (1.8)

t

Again Civciv and Turkmen [13] delineated (s,t)-Lucas matrix sequence which is defined as
follows:

Foi1(s,t) = sF, (s,t) +tFu—1(s,t) n>1 and Fy(s,t) =0, Fi(s,t) =1 (1.9)

1 0 s 1
with]—'o(s,t):l ],fl(s,t):[ 1ands>07t7é0, s>+ 4t > 0.
0 1 0

Lot (s,t) = 8Ly (s,t) +tLp—1 (8,8), n>1 (1.10)

) s+ 2t
with Lo (s,t) = , Li(s,t) =
2t —s st
The main motive of this article to obtain the matrix sequence of the binomial form of the Com-

bined Jacobsthal-Akin sequence.

s
]ands>0,t#07 2+ 4t > 0.
2t

2 Combined Jacobsthal-Akin Sequence

Definition 2.1. [7] The Jacobsthal and Jacobsthal-Lucas sequences (J,,) and (jy) are respec-
tively given by the following recurrence relations:

Jp=Jp14+2Jp_2, n>2 and Jy=0, J =1 2.1
Jn=Jn-1+2jn2, n>2 and Jo=2, Jy =1 (2.2)
The nt" terms of both the sequences are mentioned by the ensuing relations:
a” — ﬂn
Ip = —— 23
=T 2.3)
Jn=a" 4" (2.4)

where o =2 and g = —1.

Definition 2.2. For s,t € Z* and i (= \/—1), the combined Jacobsthal-Akin sequence (U,,)
is recurrently defined by

neN

U,=1tUp_1 +2Up_2, n>2 (2.5)
with seeds Uy = s — 2t and Uy =i (s — t)
The first few terms of the the combined Jacobsthal-Akin sequence (U, ),, . are given by
Up=s-2t, Uy =i(s—t), Uy=5-3t, Us =i(3s = 5t), Uy = — (s + 1)

and so on.
Let 6 and ¥ be the two complex roots of the characteristic equation u> —iu — 2 = 0 of (U,). The
values of § and ¥ are determined by

Viei oo —(V1-i)

0=— 2

(2.6)
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Theorem 2.3. For n € Z, the n'"* term of the combined Jacobsthal-Akin sequence is delineated

as
9n+1 _ ﬁn-&-l " .
Proof. Its proof can be easily seen by using induction method. O
Now let
R 9n+1 _ 19n+1
Un = W (2'8)

is called Jacobsthal-Like sequence.
and

U,=0"+9" (2.9)

is called Jacobsthal-Lucas-Like sequence.

Clearly from the equations (2.8) and (2.9) Jacobsthal-Akin sequence (U,,) is the combination of
two sequences such as jacobsthal-Like sequence (2.8) and Jacobsthal-Lucas-Like sequence (2.9)
and so the sequence (U,,) is called combined Jacobsthal-Akin sequence.

3 Binomial Form of Combined Jacobsthal-Akin sequence (W,,)

In the present section first of all we express combined Jacobsthal-Akin sequence (U,,) in terms
of binomial form (X,,) and we call (X,,) as binomial sequence. After that we obtain a recur-
rence relation for (X,,). Furthermore we obtain binomial forms or binomial sequences of the
Jacobsthal-Like and Jacobsthal-Lucas-Like sequences.

Definition 3.1. For n € Zy, the binomial form of the combined Jacobsthal-Like sequence (U,,)
is defined by

n

X, =Y (7) of (3.1)

1=0
Lemma 3.2. For n € Zy, the following property holds for (X,,):

Xnt1 = Z (T;) (Ui +Uppr) (3.2)

=0

n+1 n n
Proof. Its proof can be easily obtained by using the relation = + O
l l -1

Theorem 3.3. (Recurrence relation for (U,)) For s,t € Z" and i (=+/—1), the binomial
recurrence relation (X,,) of the combined Jacobsthal-Akin sequence (U,,) is given by

Xpo1 = 2+0) X+ (1 —di) X1, n>1 (3.3)
with Xo=s—2t and X, = (s —2t) +i(s—t)
Proof. Since

Xnr1 = i <7> (Ul + Ul+1)

=0

" (n
=U+Ui+) (z) (U +Uip)

=1
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" (n
=Uy+ U, +Z (l) (Ul+iUl+2Ul_]) By Eqn. (2.5)
=1

—Uo+U1+Z< ) (10 U+ 20,4

_ (n>Ul+ZZ<>U11+Uo+U1

n n n n
U+ +i)Up+2)> z Ui — (144) Uy + Uy

I—H
=1
+ U
" [(n " (n
=+ | JU+2) | ) U =il + Ui
=0 l =1 l
" (n
=(1+) X +2) z U1 — iUy + Uy By Eqn. (3.1)
=1

By replacing n by n — 1, we get

—[n—1
=(1419) nl+2z< )Uzl—iU(H-Ul

n—1 n—1 n—l n—1
Zan_l-i-Z l Ul+22 l U1 — iUy + Uy
=0

=1

—Up + U4

(3.4)
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n=l /1 " (n
Zan—l—Z< l >U1+2Z<Z>Uz—1—iU0+U1
=1

=0

n n
=Xy 1 — Xn_1 +2Z U_i —iUy+ U, By Eqn. (3.1)
=1

" (n
_(i—l)Xn1+22<l>Ull—iUo+U1
=1
Thus
"o (n
Xn=(i—1)Xn 1 =2 z Uiy — iUy + Uy
=1

Hence from the equation (3.4), we get

Xnt1 = (1 —|—Z) X, +X, — (Z — I)Xn_]
=Q2+i)Xn+(1-14) Xy

as required. O

First few terms of the binomial sequence (X,,) defined in equation (3.3) are as under
Xo=(s—-2t), Xy =(s=2t)+i(s—1t), Xo=2s—6t) +1i(2s —2t), X3 = (45— 13¢) +
i(6s—9t), X4 = (6s —25t) + i (16s — 27t) and so on.

Clearly v> — (2 +4)v — (1 — i) = 0 is the characteristic equation of (X,,) . Suppose that v and
0 be its two roots and are given as

_(2+i)+\/(2+i)2+4(1—i)

7= 2

_VT+i+2

T2

_ \ﬁ+z+1

2
=0+1 (3.5)
Similarly
§=0+1 (3.6)

Some noticeable points about v and § are
Y+6=2+4, W=i—1=—(1—-i) and y =30 =7 (3.7)

Now to obtain the binomial forms or binomial sequences of the Jacobsthal-Like ([7”> and

Jacobsthal-Lucas-Like (U ,,) sequences we should prove the following result:

Theorem 3.4. For n € Zy, the n'" term of (X,,) is given by

B ,ynJrl _5n+1 ,yn_(;n N N
Xn_s< — 5|t (3.8)
24 1

Proof. Let us consider a square matrix X =

] and u be the eigenvalue of X. Then
1 0

by Cayley Hamilton theorem the characteristic equation of X is given by the equation:

’X—uf‘:o
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24i—u 1—1
=0

1 u
w — 2+i)u—(1-4)=0
Let v and ¢ be the characteristic roots as well as eigenvalues of the matrix X. The eigenvectors

gl 0 v 0
corresponding to v and § are [ 1 and [ 1 respectively. Let V} = [ ]be the matrix of
1 1 11

the eigenvectors. Since your matrix V| =

0 L . 4|1 =0
, the its inverse is (y — ) and
1 -1

V, = 1 is the diagonal matrix. Then by the process of diagonalization of matrices, we
achieve
X" = V’[vanv—lfl
( 5)_1_7 S [y 0][1 —
= ’Y —
|1 1110 o] -1 ¢
( 6)71 ',yn—&-l _ 6n+1 _6,yn+1 _*_,y(sn-i-l
= (v -
,yn —_ " _5,Yn + ’)/6”
. Xn+l X
Since = X" , we have
Xn Xo
Xn+1 ( 6)_1 ',yn+l _ 6n+1 _6,yn+l + 75n+l Xl
pr— "Y —
n | Y =" =0y 4 yo" Xo
( 6) . -X1’7n+1 _X15n+1 _ X()(s,yn-k—l +X(),y§n+1‘|
= ’y—
X" — X10™ — Xody™ + Xoyo™
Thus
o= X" - X10" — Xody" + Xoyo"
1
= m [(Xl — 5X0)’)/n + (’)/Xo - X])J”}
Let
1
Xn=—— (V3 + Vi)
where

Vs = (X1 — 6X0)y"

s(1+¢)—t(2+i)—5(s—2t)}

—

= (is+ s — it — 2t — s + 25t)y"
=1s7" + sy — soy" — ity — 2ty"™ + 26ty"
=i+ 5" —s2+i—y)Y" —ity" = 2y" + 2t (2 4+ i — )"
By Eqn. (3.7)
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=iy 4 sy — 259" — isy™ 4+ sy T — ity™ — 2" + 44" + 2ty — 2"
— —S’}/n + S,ynH 4 it’yn + 2t,yn _ 2t’}/n+1
=y — sy + 19" (240 — 27)

_ S’}/n+1 _ S’Yn + t,yn (’Y 45— 27) By Eqn. 3.7)
=sy" — sy —ty" (v = 0)
Similarly
V= —s6"" 456" — 6" (v — 6)
Therefore
1
X, = [sv”“ — 5" =ty (v = 6) — 88" 4 56" — 16" (v — 5)}
)
_ 1 n+1 n+1 n n n n
*7_5[57 — 80" — sy + 50" —ty" (v —6) — t6 (7—5)}
B ,YnJrl _ 5n+l ,}/n —_§n N N
_5< o -~ t(v +5)
Hence the result. o

Again we know that the recurrence relation for (X,,) is a second order homogeneous linear
recurrence relation. Then the general solution or n‘" term of the binomial sequence (X,,) is also
given according to

X, = Ay™ + Bs" (3.9)

where A and B are constants and the values of A and B are as
X —60X Xo— X d
27070 apd B=120" 2 g ¢ (3.10)

A:
70 7= (v-9)’

where d is the fixed quantity dependent only on X, and X.
Now we express the binomial sequence (X,,) in terms of two sequences (M,,) and (N,,), where

,yn_(sn
M, =
n 7_5
M; — §M, yMoy — M,
=AY"+ B0, Al=——, A= —7—
17 + 5o, 1 ’Y—CS ’ 2 7_5 (311)
-1
= A1A; = 3
v —9)
and
Ny =" 4"
Ny — 6N No — N (3.12)
:B]'Yn+326n7 B]:ﬁ, BZZ%éB1B2:1

Clearly M,,+1 — M,, is the binomial form or binomial sequence of the Jacobsthal-Like sequence
<(7n> and (N, ) is the binomial form or binomial sequence of the Jacobsthal-Lucas-Like se-

quence (U ).

4 Matrix Sequence of the Binomial Sequence (X,,)

In this section we define a matrix sequence (Z,) by using binomial sequence (X,,) and so called

(Z,) as binomial matrix sequence. In addition to this we give some results related to sequences
(Xn), (Mp), (Ny) and (Z,).
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Definition 4.1. For i (: vV 71), the binomial matrix sequence (Z,),, . is defined by the follow-
ing equation:

Zn1=Q2+9) Zn+ (1 —i) Zy—1, n>1 “.1)
4430 3—i 8+9i 7—i
with Zy = and Z; =
2440 1—i 443 3—

Some few initial few terms of the the binomial matrix sequence (Z,,), . are given by

4435 3—4 8+91 7—1i 14 +25: 17+
Z(): 7Z1 = y -
247 1—14 4437 3—4 8+ 9i T —1i
20+ 65 39+ 114
14425 17+
and so on.

As we know that the elements of the binomial matrix sequence (Z,,) are in the form of of matrices
and the entries of these matrices are the elements of binomial sequence (X,,). Now in the next
theorem we give the n'" term of the binomial matrix sequence (Z,,) in terms of the binomial
sequence (X,,).

Theorem 4.2. For n € Zo, the n'"* term of the matrix sequence (Z,,) is given by

XoXnta — X1 Xngz (1 —1) (XoXn43 — X1 Xn42)

Zp=d! 4.2)

XoXn+3 — Xi1Xns2 (1 —14) (XoXns2 — X1 Xp11)

244 1—i

1 0

Proof. Let Z = be a square matrix correspond to the binomial matrix sequence

Zn+l

1
. Then by similar manner from the proof of the Theorem
Zn

Zy

(Z,,) and assuredly =7Z"

(3.4), we write

Iy = 716" — Zody" + Zoyo™

Zn
)

1 n n
= m {(Z] - (SZQ)’}/ + (’)’Z() - 21)5 ]
1 8+9i T7—1i 443 3—4 443 3—4
Y=0|\4+3i 3—i 244 1—i 244 1—i
8+9i T-—1
- o" 4.3)
44+3; 3—4
AB(yfé) 8+91 7—1 4435 3—14 4437 3—14
4+35 3—4 241 1—1 241 1—1
8+91 7—1
- o By Eqn. (3.10)
44+3i 3—4

d

az a4
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Here
a1 = (8+9i)7" — (4 +3i)07™ + (4 + 3i)7v6" — (8 + 9i) 6"
=8y 4+ N - (2+i—7) =3 "i(2+i—7)+45"(2+i—7)
+36"i(2+1i—) — 85" — 96"
= 34" — A" Ay 3l 35 g — 457t — 35m — 367
— " [(4+ 3i)y+ (3 — i)} —gn [(4 +3i)5+ (3 - i)}
Since

443i=2+i) +(1—i)=(y+0) + (1) and
3—i=(241)(1-1i)=—(y+0)(~9)
Hence, we get

a ="+ = (19)7 = (1+8) (39)| = 9" [(2+8)°5 = (20)8 = (7+9) (29)]

_ ,Yn+3 _ 5n+3

Therefore
AB(y - ) B AB(y = 6)y"" — AB(y — )"
a 7 d
A(vXo — X)) — B(v X, — 6Xo)omT3
_ ALK - Xi)y — (X1 — 0%Xo) By Eqn. (3.10)
B Xo (A,Yn+4 + Bé‘n+4) - X, (A,yn+3 + B5n+3)
N d
X Xpia — X1 X3
o d
Now

ap = (7 fz')’y” — (3 fz')&y” + (3 fi)'yén — (7 fz‘)(?”
=Ty =iy =3"(2+i—7) +"i(2+i—7) +36"(2+i—6) —6"i(2+i—0)
— 78" 4 6™
=" [-2i+~v(3—i)] +6"[2i —6(3 —1)]
Since
~2i=(1—-i)(1—i) = (v6)(+6) and
3—i=(2+4)(1—14)=—(v+6)(~9)

This implies that
a2 = (1=i)y" [=98 +(y+6)| + (1= 1)6" [ — (7 +9) ]
= (1-4) (7n+2 _ 5n+2)
Therefore

AB('y — (5)
d

AB(y = 6)y"*? — AB(y — 6)6"*?
d

(1— ) A(vXo — X1)y"*? — B(vX1 — 6Xo)6"+?
=(1—1
d

azz(l—i)
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By Eqn. (3.10)

Xo(A’yn+3 + B5n+3) - X, (A,yn+2 + B§n+2)

=(1-1) y
_ (1 B Z) XOXn+3 ; Xan+2
Similarly
AB(y — ) s — XoXni3 — X1 X2 and
d d
AB(’Y_(S) . XOXn 2_X]Xn 1
A= 1 T s
Thus, we get

XoXn+a — X1 Xnsz (1 —4) (XoXns3 — X1 Xp12)

Zy=d"
XOXn+3 7X1Xn+2 (1 *Z‘) (XOXnJrZ 7X1XYL+1)
|
Lemma 4.3. For n € Zg, we have
XoXn+1 — X1 X,
M, = =0l 2l 4.4)
d
Theorem 4.4. For n € Z, the following result holds
M, 1 —14i)M,
7 _ l w3 (1—1) +2] “5)
Mo (1 —=i) My
Proof. The proof of this theorem is clearly visible from the equations (4.2) and (4.4). O

Theorem 4.5. For n € Zg, we have
o | NoNpts — NiXpg3 (1 —14)(NoNpt3 — NiNpt2
Zp=(y-08)"" ' (179 (Mol #) (4.6)
NoNpi3 — NiNpio (1 =14)(NoNpi2 — NiNpt1)

Proof. By using Equation (4.3) from the proof of Theorem (4.2), we have

1 8+91 7—1 4437 3—1 443 3—4
Zn=—= "= "+ 76"
Y=0|\4+3i 3—i 2440 1—i 2440 1—i
8+9i T—1
_ 5
443i 3—4
_ 1 ayp az
y—=9 asz a4
Since
a1:7n+3_6n+3
We have

ay (’7 _ 5) (’Yn+3 _ 5n+3)

7=9 (v-9)’
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B 3132 (,Y _ 5) (’)/n+3 _ 5n+3)

By Eqn. (3.12)

(v-9)’
_ B, B, (’}/ _ (S)'Yn+3 — BB, ('Y _ 5)5n+3
(v—0)°
_ n+3 _ n+3
_ B (YNo — M)y BZZ(Nl 0No)6 By Eqn. (3.12)
(v—9)
Ny (Bw”+4 + Bzé’”“) - N (Bw"+3 + 325’”3)
(v-0)°
_ N()Nn+4 - Nan+3
(v-9)’
Again
0 A (=9 (- om)
j(s = (1 — Z) 2
v (v—9)
BB —5 n+2 _ 6n+2
= (1) 1Ba(v = 0) (v 5 ) By Eqn. (3.12)
(v—9)
, B]BQ(’Y o 5),yn+2 _ BIBZ('Y _ 5)5n+2
= (1) ;
(v—9)
By (vNo — N )42 — By (Ny — 6N, )67 +2
— (1) 1(vNo — Ni)y ;( 1= No)d By Eqn. (3.12)
(v—9)
( )NO<Bl,yn+3 + 325n+3> _ Nl (Bl,yn-&-Z +Bz§n+2)
=(1-1
(v—0)*
_ (1 B ’L) N()Nn+3 - NéNn+2
(v—9)
Equivalently
a3 _ NoNpy3 — N1 Npyo and
v (v—0)°
ay X NoNn+2 - Nan+1
= (1 — Z) 2
y—0 (v—9)

Hence, we achieve

2 NONn+47Nan+3 (1 71‘) (NONn+37Nan+2)

Zn=(v=0)"
NoNpi3 — NiNpio (1 =14)(NoNyi2 — NiNpt1)
o
Corollary 4.6. For n € Zy, the ensuing results hold
XoXn2 — X1 Xp1 = dMy 4.7

2
NoNpi2 — NiNpy1 = (v = 0) My (4.8)
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Corollary 4.7. Let n > 0, the following properties hold

Xo(Xnta + Xni2) — X1 (Xns3 + Xns1) = dNppo 4.9)

NO (N7L+4 + Nn+2) - Nl (Nn+3 + Nn+]) = (’Y - 6)2Nn+2 (410)

Proof. By equating corresponding terms of matrices from the Equations (4.2) and (4.5), we have

XoXnya — X1 X3 =dM, 3
XoXnt2 — X1 Xpv1 = dMppy

Adding together both the equations, we get

Xo(Xnsa + Xpi2) = X1(Xns3 + Xnt)
= d(Mp+3 + Mpy)

_ %(WTHH _gn3 gt 5n+l> By Eqn. (3.11)
_ Wié [7n+1(72 +1) = (52 + 1)}
-5 [ (= 0) + 072 (y - )] By Eqn. (3.7)
= dN,.» By Eqn. (3.12)
Hence the result. o

Conclusion

In this paper we studied the matrix sequence of the binomial form of second order Jacobsthal-
Like sequence. In addition to this we obtained some basic results about the said matrix sequence.
As an extension of this article, future work will examine the matrix sequence of the binomial
form of other second order sequences or higher order sequences.
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