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Abstract It is well known that all the irreducible projective characters of a finite group G
can be obtained from the ordinary irreducible characters of a so-called representation group
R = M(G).G of G, where M (G) denotes the Schur multiplier of G. Using this theory, a routine
written in the computational algebra system GAP is presented to compute the irreducible pro-
jective characters IrrProj(G, ;) with associated factor sets «; for all of the maximal subgroups
of the sporadic simple Mathieu groups M>3 and Mp4. In fact, this routine can be applied to any
finite group G provided the ordinary irreducible characters of a representation group R of G can
be found.

1 Introduction

The GAP routine developed by the current author in [13] computes all the sets of irreducible
projective characters IrrProj(G, o), i=1,2,...,m, of a finite group G with factor sets «; from
a so-called representation group R = M (G).G of G, where M (G) denotes the Schur multiplier
of the group G and m the number of cohomology classes [«;] in M (G). The said GAP routine
is a result of the work in [14], [15], [16], [17] and [18] by the current author. The current paper
is part of a series of papers to compute all the irreducible projective characters IrrProj(G, ;)
of each maximal subgroup of the sporadic simple Mathieu groups M, My, Ma, Mz, Moy
and their automorphism groups. The ones for Mj;, Mj,, My, and their automorphism groups
were computed in [12] and [13]. In this paper, all the sets IrrProj(G, «;) of irreducible projective
characters for each maximal subgroup of M>3 and M4 are computed using the methods in [12]
and [13], except for the ones whose sets IrrProj(G, «;) already appeared in the ATLAS [3] or
GAP library [6]. It is noteworthy to mention that as the group G increases in size, the calcu-
lations involving a representation group (Schur cover) of G in GAP might become unfeasible,
and therefore it can becomes extremely difficult to compute the sets IrrProj(G, «;) of G. Since
the orders of the maximal subgroups of M3 and My, are relatively large compare to the ones of
the other Mathieu groups, we have to make use first of a MAGMA routine (see [1]) to convert
the finitely presented Schur covers of these groups into permutations groups and then use the
aforementioned GAP routine to compute the sets IrrProj(G, «;) for the maximal subgroups of
Mp3 and Mp4. Note that M3 and Mpy have trivial Schur multipliers. In addition, readers who
are interested can read up on the relevance of the projective representations of the centralizers
Chp,, (g) of elements g in My, in the Generalised Mathieu Moonshine [5].

In Section 2, a brief theoretical background is given on how to obtain all the irreducible
projective presentations of a finite group G from the ordinary irreducible representations of a
representation group R of G. A brief discussion on the GAP routine, which was used to com-
pute the irreducible projective characters of the maximal subgroups of M3 and M4, will follows
in Section 3. In Section 4, all the information concerning the sets IrtProj(G, «;) for each maxi-
mal subgroup G of M3 and M4 are tabulated. Computations are done in GAP [6] and MAGMA
[2] and notations in both GAP and the ATLAS are followed.
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2 Preliminary Results on Projective Characters

In this section, definitions of concepts pertaining to our study are given which will lead up to
a theoretical construction of finding all the irreducible projective characters of a finite group G
from the ordinary irreducible characters of a central extension C' of G. In this regard, the outline
given in [11] is followed closely. For a more detailed treatment on ordinary and projective char-
acter theory readers are referred to [7], [8], [9], [10] and [19].

Definition 2.1. A projective representation of a group G of degree n over the complex numbers
Cis amap P:G — GL(n,C), such that

(i) P(1)=1,,and
(ii) P(x)P(y) = a(z,y)P(zy) for z,y € G and a(z,y) € C*.

The map a:G x G — C* is called a factor set (or 2-cocycle) a of G and satisfies the re-
lation a(zy, z)a(z,y) = a(z,yz)a(y,z) because of the associativity of multiplication in G
and GL(n,C). Then P is called a projective representation with factor set a and &, defined as
&(g) = Trace(P(g)) for all g € G, is called a projective character of G with factor set . An
irreducible projective representation P of a group G is essentially defined in a similar way then
an ordinary irreducible representation of G.

Definition 2.2. Two projective representations P, and P, of G of degree n with factor sets o
and «, respectively are said to be projectively equivalent if there exist a mapping ¢ : G — C*
and a matrix T € GL(n, C) such that Py (z)=¢(g)T ' P»(g)T, Vx € G.

For such P; and P in Definition 2.2 it follows that as(z,y) = ¢(z)d(y)(¢(xy)) Loy (z,y),
Vz,y € G and it defines an equivalence relation where the equivalence class of the factor set
is denoted by [«;]. The set of all equivalence classes of factor sets of G forms a finite abelian
group and is called the Schur multiplier M (G) (also known as the second cohomology group
H?(G,C*) of G). Also, in each cohomology class [a] of M (G) there is a so-called special factor
set « (see discussion below or [7]) such that the projective characters IrrProj(G, o) associated
with it are constant on the classes of G, in other words they are class functions. If the order of
the class [a] in M(G) is k, then the special factor set « takes values in powers of a kth-root of
unity.

Now a theoretical account of how to obtain the irreducible projective representations of a
group G with factor set o from the ordinary irreducible representations of a central extension
C = A.G of G, will follows.

Definition 2.3. A group C' = A.G is a central extension for G if there exists a homomorphism 7
from C onto G such that A = ker(r) < Z(C) N C". In addition, if A = M(Q), then we call the
central extension C' a representation group R of G.

Let C' = A.G be a central extension of the group G with A = ker(r). Let X = {z4]g € G}
be a set of coset representatives of A in C, such that 7(z,) = ¢ (one-to-one correspondence of
elements of X with the elements of G). Therefore, C = | e Azg. Then, for all g,h € G,
let a(g, h) be the unique element in A such that z,2, = a(g, h)zgs. Since the product opera-
tion to combine two elements in C' and G is associative, then it follows that a(g, h)a(gh, k) =
a(g, hk)a(h, k) forall g, h, k € G. Now, let A be a linear character of the abelian group A and put
a(g,h) = Xa(g, h)) for all g, h € G, then it follows from the relation in the previous sentence
that « is a factor set of GG (the so-called special factor set mentioned above). Now, let T" be an or-
dinary irreducible representation of C' of degree n and let P(g) = T'(x,) for all g € G, then P is
an irreducible projective representation of G with factor set o, i.e., P(g) P(h) = A(a(g, h))P(gh)
for all g, h € G. Hence we can formulate the following definition:
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Definition 2.4. A projective representation P of G constructed from an ordinary irreducible rep-
resentation 7" of C' in the above manner is said to be linearized by the ordinary representation 7'
(or lifted to C). Furthermore, P is irreducible if and only if 7" is irreducible.

Each irreducible projective representation of G with corresponding factor set o can be lin-
earized by an ordinary irreducible representation of a representation group R of G. So the
problem of constructing all irreducible projective characters of a finite group G reduces to that
of finding the ordinary irreducible characters of a representation group R of G.

Definition 2.5. A covering group D for G will be a quotient D = R/ B of a representation group
R = M(G).G of G by a subgroup B of M (G). If M(G)/B has order n we refer to the covering
group as a n-fold cover of G.

The projective characters of G associated with each equivalence class [«] of factors sets
in M(G) are found in the representation group R whereas in a n-fold cover D of G only the
projective characters coming from the n equivalence classes covered by D will be represented

[7].

Definition 2.6. An element x € G is said to be a-regular if a(z, g) = a(g, z) for all g € Cg(x).
Furthermore, it is well known that g € G is a-regular if and only if £(g) # O for some & €
IrrProj(G, «) or equivalently that g is a-irregular if and only if £(g) = 0 for all £ € IrrProj(G, o).

Now, if z € G is a-regular, then we called the conjugacy class [z] of G which contains z an
a-regular class. The number |IrrProj(G, «)| of irreducible projective characters with factor set «
equals the number of a-regular classes of a group G. Projective characters also satisfy the usual
orthogonality relations and have analogues to ordinary characters.

3 A GAP routine to compute IrrProj(G, ;)

The GAP routine which was developed in [13] has its origin in Proposition 3.1 below. Since our
groups under consideration are relatively large, the said GAP routine will be slightly adjusted in
the sense that we will convert the finitely presented Schur cover (representation group) of G first
to a permutation group by using appropriate commands in GAP or use the MAGMA routine in
[1] before the GAP routine is applied.

Proposition 3.1. Let R = M (G).G be a representation group of a finite group G, where M(G)
denotes the Schur multiplier of G. Then the number of irreducible characters x; € Irr(R) of R
which lies over a linear character \ of M (G) is less or equal to |Irr(G)|.

Proof. (see [14], [15] or [20]). O

The quantity erlrr< R) %ﬁ)b (see proof of Proposition 3.1) determines the number

of irreducible characters x; € Irr(R) of R which lies over a linear character A € Irr(M(G))
(in other words A € Irr(M(G)) is an irreducible constituent of x; | (g) Which implies that
< Xj +m(@), A ># 0). Using this fact (see the line of the GAP routine starting with "n"), all the
sets IrrProj(G, o), i = 1,2, ..., |Irr(M(G)], of G can be computed. Furthermore, it is shown in

% < |Irr(@)| and the inequality

becomes strict if there is a non-identity element z € M (G) \ ker(\) which is a commutator in
R. Hence the number |IrrProj(G, ;)| of irreducible projective characters of G with factor set
«a; is always less or equal to the number |Irr(G)| of ordinary irreducible characters of G. The
last line of the GAP routine ("N") gives |Irr(M (G))| blocks coming from a representation group
R (denoted as "Source(f)" in the below routine), where each block will contains one of the sets
IrrProj(G, i), i = 1,2, ..., [Irr(M (G)|. Whereas the output "Display(ct)" will display each indi-
vidual irreducible projective character table of G with factor set «; in GAP.

the proof of Proposition 3.1 that the quantity erlrr( R)

If a finite group G has a relatively small order then the GAP routine below can computes
easily all the distinct sets IrrProj(G, «;) of G from a suitable representation group R (Schur
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cover) of G as it was in the case of the groups in [13]. But if the group G becomes too
large then GAP does not has sufficient enough functions to compute the Schur cover of G
and its ordinary irreducible characters. Then additional techniques in computing these sets
IrrProj(G, «v;) are required. This was the case with most of the maximal subgroups of My,
and Aut(Mp,) in [12] and with all of the maximal subgroups of M,4 which were dealt with in
the current paper. So, to overcome this constraint, we compute the representation group R of
"Perm:= G" using the GAP command "S:=SchurCover(Perm)" and then use the GAP commands
"iso:=IsomorphismPermGroup(S)" and "x:=Image(iso)" to convert R into a permutation group
"x". Then to find the normal subgroup "z" of the group "x" such that "x/z = G", the com-
mand "Nor:=Filtered(NormalSubgroups(x),h1—>Size(h1)=Size(x)/Size(Perm))" is used. Fur-
thermore, the command "f:=NaturalHomomorphismByNormalSubgroup(x,z)" is employed and
then we can follow the rest of the GAP routine below from the input line "I1:=ImagesSource(f)"
to compute the sets IrrProj(G, a;) of G successfully. The MAGMA routine in [1] was used to
convert the Schur covers of most of the maximal subgroups of M,3 and M»4 under consideration
in this paper into a permutation group before applying the below GAP routine.

gap> Perm:= G;; (Permutation group with generators found in [22] or can be generated in GAP.)
gap> f:= EpimorphismSchurCover(Perm);;

gap> z:= Kernel(f);;

gap> x:= Source(f);;

gap> I1:=ImagesSource(f);; (Quotient group I1 = G)
gap> t:=Irr(I1);;

gap> 2t:=Irr(x);;

gap> F:=FusionConjugacyClassesOp(f);

gap> map:=ProjectionMap(F);

gap> N:=[];

gap> foriin [1..Size(Irr(z))] do

> n:=Filtered(Irr(x),chi—>not IsZero(ScalarProduct(RestrictedClassFunction(chi,z),Irr(z)[i])));
> s:=List(n,x—>x{map});

> Add(N,s);
>Cen:=SizesCentralizers(CharacterTable(I1));
>Cl:=OrdersClassRepresentatives(CharacterTable(I1));
> ct:=function()local ct ;ct:=rec();
>ct.SizesCentralizers:=Cen;;
>ct.OrdersClassRepresentatives:=Cl;;

> ct.Irr:=NJi];;
>ct.UnderlyingCharacteristic:=0;ct.Id:="G";

> ConvertToLibraryCharacterTableNC(ct);

>return ct;end;ct:=ct();
>SetInfoLevel(InfoCharacterTable,2);

>Display(ct);

>od;

gap>N;

4 The sets IrrProj(G, ;) for the maximal subgroups of M); and M),

In this section, the sets IrrProj(G, a;) (see Tables 2 to 6) are only computed for the maximal
subgroups 2*: A7, 24:(3x As):2 of My3 and the ones 2*: Ag, 2°:(3.S5) and 2°:(L3(2) xS3) of Myq.
The GAP routine discussed in Section 3 is used for this purpose. The irreducible projective char-
acters for the rest of the maximal subgroups of M3 and M4 (see Table 1) can be found amongst
the ATLAS, GAP library, [12] or [13]. Note that the ordinary irreducible characters Irr(G) of the
group G appear always in the first block of Tables 2 to 6. The information about the structure of
the Schur multiplier M (G) and the number |IrrProj(G, «;)| of irreducible projective characters
of a maximal subgroup G of M,; and M,y associated with each cohomology class [o;] in M (G)
is listed in Table 1.
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Most of the groups for which the sets IrrProj(G, ;) were computed in this section have
Schur multipliers of order 2 except for the maximal subgroup 2*: 47 of Mp;. The Schur mul-
tiplier M (G) of the group 2*:A47 is cyclic of order six. Let a, be a generator for the Schur
multiplier M (G) = 6 of 2*:A;. Then the group 2*: A7 will have 5 sets IrrProj(2*: A7, o;) with
non-trivial factor sets an, a3 = a3, ay = a3, as = a3 and a = o) of order 6, 3, 2, 3 and
6, respectively. The trivial factor set oy = of = 1 is associated with the ordinary irreducible
characters Irr(24: A7) of 24:4;. Since o = a, ' = @3, the entries of the set IrrProj(2*: A7, )
of 2%: A5 in the fourth block of Table 3 are just the complex conjugates of the entries of the set
IrrProj(24: A7, ozg). Therefore, only one set IrrProj(2*: A7, a;) of 2*: A7 with factor set of order
six is found in Table 3 since IrrProj(2*: 47, a3) can be easily deduced from it. Similarly, the sets
IrrProj(2*: A7, o3) and IrrProj(2*: A7, o) with factor sets of order 3 are just complex conjugates
of each and hence we will only find one set IrrProj(2*: A7, 3) of irreducible projective characters
of order 3 in the third block of Table 3. The set IrrProj(2*: 47, a3) with factor set of order 2 is
found in the the second block of Table 3. Hence only three disctinct sets IrrProj(24: 47, a;) with
non-trivial factor sets occur for the group 2*:A;.

It is interesting to note that the maximal subgroup M; = 2*: Ag of M4 has a Schur multiplier
of order 2 and therefore a representation group 2.(2%: Ag) =2 23 Ag exists which is isomorphic to
a non-split extension of the shape G| = 23 Ag. The current author in [16] computed the Fischer-
Clifford matrices and associated ordinary character table of a non-split extension G, = 23 Ag
of the same shape as GG but they are not isomorphic to each other although G| and G, have the
same number of conjugacy classes. In fact the group G is a 2-fold cover group for the maximal
subgroup M, = 2% Ag of the smallest sporadic Conway simple group C'o;. And interesting
enough the two groups M| and M, share the same irreducible projective character table with
factor set of order two. The irreducible projective character table of A, with factor set of order
two was also computed in [1] and it coincides with the one in Table 4. In conclusion, it was
mentioned in [21] that the sets IrrProj(G, «;) of G are only defined universally up to sign and
it is possible that one can obtain different signs if the sets IrrProj(G, ;) are re-calculated using
a different representation group R = M (G).G. But these signs are calculated consistently with
a “special factor set ”” and so the inner product and conjugacy results of [7] apply to the sets
IrrProj(G, o).

Table 1. M(G) and |IrrProj(G, ;)| of maximal subgroups G of M,; and My,

Maximal subgroups of M>3 |G| [Ma3:G| M (G)| |TrrProj(G, )|
M, 443520 =27.32.5.7.11 23 12 | [12,11,8,11,10,7]
L3(4):2, 40320 = 27.32.5.7 253 4 [14,13,11,11]
24 A, 40320 = 27.3%2.5.7 253 6 |[15,12,13,13,10,10]
Ag 20160 = 2%.32.5.7 506 2 [14,9]
M, 7920 = 2*.3%2.5.11 1288 1 [10]
2*:(3x As):2 5760 = 27.3%2.5 1771 | 2 [17,12]
23:11 253 =11.23 40320 | 1 [13]
Maximal subgroups of Mo |G| [Mau:G]|M(G)| |TrrProj(G, o)
M 10200960 = 27.3%2.5.7.11.23| 24 1 [17]
M2 887040 = 28.32.5.7.11 276 2 [21,16]
2% Ag 322560 = 2'°.32.5.7 759 2 (25,14
M2 190080 = 27.3%.5.11 1288 | 2 [21,13]
26:(3.56) 138240 = 2'.3% 5 1771 | 2 [33,18]
L3(4):5; 120960 = 27.3%.5.7 2024 | 1 [20]
20:(L3(2) % S3) 64512 = 2'°.32.7 3795 | 2 [33,24]
L(23) 6072 = 2°.3.11.23 40320 | 2 [14,13]
Ly(7) 168 = 2°.3.7 1457280 2 [6,5]
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Table 2. IrrProj(G,«;) for 2*:(3 x As):2, a; = a5 = 1
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Table 4. IrrProj(G,a;) for 2*:Ag, a1 = a3 =1
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Table 5. IrrProj(G,a;) for 2°:(3.5), a; = o3

g[d[F-°-c -—cccc--~occcco, -~~~ -—coc--ccoccocolmmooccocoocccooooocoma
kW...l.I,.0.I..010000.4.1000000.[],.1]..00410000000EEOOOOOOOOOOOOOOE“{
glgl-~coccce--sscca-~qumocccccggo oo omMocoST s T T NA ST T QM ©0o oo
slgl-~-cocceo~---Fccca~qrsccc0cco~-ccc0co-000S|T T T NA~O s T~~~ —c00
glo|m " e e IRAT TP T N TO0 000000000 SSO0O0OOO T T T ~oApSoooSS o
glo|lm o000 ap T T - -0 0000000000000 OOOS T T T T T T mop Ao oo oo
%a.U...l.l.I...I..|..|..|,.I,..l100004001000000000000000OOOOCCOOOOOOOOOOOO
Flol- -7 7770 --ccoccaccqs s -~—~—cccccoo~—TolccococococoocooooCcoo
Flg|-~ 77T F70ca--ccoccacocqammenMooCcocCoognNmmOc oo o0OCc0OCoOcoO0Oo0CoC
wodw.l.I,..I...l|.I..OO.I.I,.OOOOOOOO.I.I,..I..IOOOOOOOII..I..I.OOOOOOOOOOOOOBBOOO
slgl- s s -—-5cc-scccccqaue s -—-coccoccAago T -——S|ccocococcococooooC
Aw.cﬁ.I.I,..I...l.l.I..OO.I.40000027,.0],11],.0000&20],.11]..000000000000000000
ﬂm].I,.l.dl_.nj]001,,327..0000007,756007,_200090_133000000000000000000
k3

FQIm" 7 TN TN AagoOO0000 - - 00O OO QMmN MOoOooo000000000002SSS
%huuu.].I,.«s.g.l,.«ﬁ.I.OOJ,327..000000]],.33007,.20001]..5,\.J000000000000000000
glal- s ascccoc-—-cqgocccmmmmooNpooCo0oS|T s NASOANQSOCOCS0Y D Qg
gy~ - s scccoc-—-cqocce s s soc-—-coccocoSs s NASCAqQeOCOCOOq — —
&7..I.I,..l0.I..OOOOO140004]000001]..00],100000OOAAUOOOOOOAAUOOOO
sl = = o = - - - - -

gla - ~o—-ocococoo ~ oo o ~cocococo-~oo rococococlcocqgococcocococgooo0o
2lgl- -7 scacccoc-—-cqgommooc oo Mmoo N oo oS g - -0 qQqANSOemMnooooC
glgl--7eascacccoc-~-cqosscccccrsococ-~coccoSag-~—SocqAacoaT oo ooo
glgl----=-=-=-=--= NGO -cc-~cO0O0OO0CcOCOCOCOcO0OO0OO00O0O|lc0o00000CO00000000O O
slgl-~-~-~-~-~- N ~—~—ggYodgaG—-—~NnNoOSoCYAaTN,L o —“lCocO0cOcOocCOoOC0O000000 O
&

M% 111111 7,_7,_.I17,.3.4027,.7,.7,.1133004.7,.7,.7,.43344000000000000000000
k% llllll 7,_7,_.l.l7,.7..407.7_7_23311007,_7,_2244.1..33000000000000000000
slel--—-~-~-~- M-~ TO AN OO AN mMOOCCCoNmMmaacoococc0ccoC000000co o
2 0
%M.l.I,..l3I......,00.{,,.33_2000440336383“(@64406353000000000000000000
2

flgl-" -~ r9ecgemaaoccocccec~c~cccaqgqooco~~c—-~lccoccocococoooocooo
glgl- 7~ roeccnmaacc syt o nmnmwwooTTOgmMomOoocccoooocco0S0ooo oo
2
%m]15555339900660.10050000000000000004444666%2200000000
S 0 ol

DID|= —m v v OO DO OO PO OO nNnN N T OO O oYy BNttt AN S ST T O OO
a3 SegexewRg IIeeRgororon T2/ IIIIIRBRERRSR
2

Slalm oo n e SR NN SN N NP X CC S SN TTFTAACS Y F RO R AN
N
2

slel——wmmwmmoco oo NN ROo M ANOSOS OSSR NL[TTITTANOCSTITANN BRSSO
=g SEH2EEERYYYRRNRRRRRERAA S TSR IIRRREERRS
]

2

B

Olc oo grwes w202 qdld 8R8AR8s80ocongrwesowa2odoTngny
gCGxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx

1 p-v3

-l
- 2

6i,D

2v2i,C

3i,B=

A=-



Abraham Love Prins

314

(L3(2) X S3>, 1

Table 6. IrrProj(G,o;) for 2°
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