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Abstract In this paper we wish to prove some results relating to the growth rates of composite
entire and meromorphic functions with their corresponding left and right factors on the basis of
their generalized order (o, §) and generalized type («, 8), wher «, 3 are continuous non-negative
functions defined on (—oo, +00).

1 Introduction, Definitions and Notations

Let us consider that the reader is familiar with the fundamental results and the standard
notations of the Nevanlinna theory of meromorphic functions which are available in [3, 5, 11].
We also use the standard notations and definitions of the theory of entire functions which are
available in [9] and therefore we do not explain those in details. Let f be an entire function
and M(r) = max{|f(z)| : |z| = r}. When f is meromorphic, the Nevanlinna’s characteristic
function Ty (r) (see [3, p.4]) plays the same role as M (r), which is defined as

Ty(r) = Ng(r) +my(r),
wherever the function N¢(r,a)(N¢(r,a)) known as counting function of a-points (distinct a-
points) of meromorphic f is defined as follows:

T

N¢(r,a) = /nf(t,a) ;nf(o’a)dt +nys(0,a)logr

0

s

(Nf(r, 0) = /nf(t,a) —tﬁj(O, a) dt +7;(0,a) log r),

0
in addition we represent by ns(r,a)(fs(r,a)) the number of a-points (distinct a-points) of f
in |z| < r and an oo -point is a pole of f. In many occasions N¢(r,00) and N f(r,00) are
symbolized by N;(r) and N ;(r) respectively.
On the other hand, the function m ¢ (r, o) alternatively indicated by m ¢ (r) known as the
proximity function of f is defined as:

27
my(r) = %/log+ |f(re'®)|dh, where
0

log" 2z = max(logz,0) forallz > 0.
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Also we may employ m(r, f—ia) by my(r, a).
For an entire function f, the Nevanlinna’s Characteristic function T (r) of f is defined
as

Ty(r) = mg(r).

For z € [0,00) and k € N where N is the set of all positive integers, we define itera-
tions of the exponential and logarithmic functions as exp"l 2 = exp(exp!*~! z) and log* 2 =
log(log[kfl] x), with convention that log[O] T =z, log[fl] z=expz,exp® x =z, andexpl~V z =
log . Further we assume that p and ¢ always denote positive integers. Now considering this, let

us recall that Juneja et al. [4] defined the (p, ¢)-th order and (p, ¢)-th lower order of an entire
function as follows:

Definition 1.1. [4] Let p > ¢. The (p, q)-th order o9 (f) and (p, q)-th lower order A9 () of
an entire function f are defined as:

[l ar, [p]
PO (f) = lim supM and AP0 (f) = 1imjnfM
r—+o00 log[q] r r—+oo log[‘” r

If f is a meromorphic function, then
p=1] p—1)
Q(qu) (f) = lim Supw and /\(pyq)(f) — liminfM.
r—4o00 10g[q] r r—~+00 log[Q] r

For any entire function f, using the inequality T (r) < log M(r) < 3T¢(2r) {cf. [31}.
one can easily verify that

(p] [p—1]
() = Timsup 2 M)y ploe” ()
T—+00 log[‘ﬂ r 7—+00 10g[q] r
[ [p—1]
and AP (F) = Timinf & Mr() _ iy jploe” Ti(),
r—-+00 log[Q] r r—-+00 log[‘I] r

when p > 2.

Extending the notion of (p, q)-th order, recently Shen et al. [6] introduced the new
concept of [p, ¢]-¢ order of entire and meromorphic function where p > ¢. Later on, combining
the definition of (p, ¢)-order and [p, q]-¢ order, Biswas (see, e.g., [2]) redefined the (p, ¢)-order
of an entire and meromorphic function without restriction p > gq.

However the above definition is very useful for measuring the growth of entire and
meromorphic functions. If p = [ and ¢ = 1 then we write oV (f) = oW (f) and A&V (f) =
MO (f) where o (f) and AW(f) are respectively known as generalized order and generalized
lower order of entire or meromorphic function f. For details about generalized order one may
see [8]. Moreover when p = 3 and ¢ = 1 then we write oV (f) = 3(f) and A&V (f) = X(f)
where 9(f) and \(f) are respectively known as hyper order and hyper lower order of entire or
meromorphic function f (see [10]). Also for p = 2 and ¢ = 1, we respectively denote 9(271)( )
and AV (f) by o(f) and A\(f) which are classical growth indicators such as order and lower
order of entire or meromorphic function f.

Now let L be a class of continuous non-negative on (—oco, +00) function « such that
a(z) = afxg) > 0 for z < x¢ with a(z) T 400 as & — +oo. For any o € L, we say
that o« € LY, if a((1 4+ o(1))z) = (1 + o(1))a(z) as  — +oo and a € LI, if a(exp((1 +
o(1))z)) = (1 +o(1))a(exp(x)) as  — +oo. Finally for any o € L, we also say that o € Ly, if
alexr) = (14 o(1))a(z) as z9g < x — +oo for each ¢ € (0,+00) and a € Ly, if a(exp(cz)) =
(1+o(1))a(exp(z)) as zg < x — oo for each ¢ € (0,+0c). Clearly, Ly C LY, L, C L and
L, C L;.Throughout the present paper we assume that 3, 51,5, € L; and a;,ap € Ly, unless
otherwise specifically stated.

Considering this, the value

ot Lf] = limsup 208 M1 (1)

S G ogr) (€ LAED)
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is called [7] generalized order («, 3) of an entire function f. For details about generalized order
(v, B) one may see [7]. During the past decades, several authors made close investigations on
the properties of entire functions related to generalized order («, 3) in some different direction.
For the purpose of further applications, Biswas et al. [1] introduced the definition of the general-
ized order («, 3) of entire and meromorphic function in the following way after giving a minor
modification to the original definition (e.g. see, [7]) which are as follows:

Definition 1.2. [1] The generalized order («, 3) denoted by ¢, g)[f] and generalized lower order
(v, B) denoted by A, g)[f] of an entire function f are defined as:

. alM«(r
O(a,B) fl = liriligw and
ANap)lf] = 11Ln+1g04(24(1;f)7‘)) wherea & L.

If f is a meromorphic function, then

a(exp(Ty(r)))

o = limsup———— 277 and
Q( ﬁ)[f] r~>+<x? ﬂ(’l")
— liminpexp(Tx (1)
Mag)lf] = lminf=—=27 2, where a € Ly.

Using the inequality T (r) < log My (r) < 3Ty (2r) {cf. [3]}, for an entire function f,
one may easily verify that

9(a,B) [f] = liriliip (]\4(];()7")) = ]iriligfow and
Meplf] = lrlglﬁgof (]M(J;()T)) = ljgljgjow, when o € L.

Definition 1.1 is a special case of Definition 1.2 for a(r) = log!® r and B(r) = log!¥' r.

Now in order to refine the growth scale namely the generalized order («, 3), we intro-
duce the definitions of another growth indicators, called generalized type («, 3) and generalized
lower type (o, 8) respectively of a meromorphic function which are as follows:

Definition 1.3. The generalized type (o, 3) denoted by o(, ) [f] and generalized lower type
(o, B) denoted by 7, 5 [f] of a meromorphic function f having finite positive generalized order
(@, B) (0 < ga,p)[f] < 00) are defined as :

i s EXR(ER(T (1)
O (a,B) [ﬂ - lr_>+o£ (exp(ﬁ(?“)))g“‘ 8)f]

It is obvious that 0 < &, g)[f] < 0(a,8)[f] < 0.

i i &P (exp(Ty (1))
e )= I enp(3(r)) o 1

Analogously, to determine the relative growth of two meromorphic functions having
same non zero finite generalized lower order («, 3), one can introduced the definition of gener-
alized weak type (o, 3) and generalized upper weak type (c, 3) of a meromorphic function f of
finite positive generalized lower order (a, 3), A(4,g)[f] in the following way:

Definition 1.4. The generalized upper weak type (o, ) denoted by 7, g)[f] and generalized
weak type (o, 3) denoted by 7, 8) [f] of a meromorphic function f having finite positive gener-
alized lower order (c, 3) (0 < A(4,8)[f] < 00) are defined as :

- _ limsu exp(a(exp(T ( ) and —limin exp(a (exp(Tf( N))
(s l/] 17"—>+o£) (exp(B(r))) o] d 7(a,5)/] IH+<>£ (exp(B(r))) el

It is obvious that 0 < 7, g) [f] < T(,B) [f] < oc.
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Now one may give the definitions of generalized hyper order («, 8) and generalized
hyper lower order («, 3) of entire and meromorphic functions in the following way:

Definition 1.5. The generalized hyper order («, 3) denoted by 9, 4)[f] and generalized hyper
lower order (c, 8) denoted by A, g)[f] of an entire function f are defined as:

a(log(M(r)))

0 = limsu and
2(a,5)[f] b T
Y _ g ca(log(M(r)))
Aa,B) [f] = ngligT where o € L.
If f is a meromorphic function, then
5 : a(Ty(r))
= limsup————= and
Qasplf] = limsup=grs
Aaplf] = lim infM, where o € L.

7—+00 /B(T)

Using the inequality T’ (r) < log M(r) < 3Ty(2r) {cf. [3]}, for an entire function f,
one may easily verify that

o ~ limsuptUoe(Ms(r)) o alTy(r)

Qaplfl = lim sup ) lim sup 30 d

b ~ timing@los(My(r)) L ca(Tr(r) L
)\(aﬁ) [f] o 17’*>+ocf B(T) 17’*>+o<f B(’r) he € L.

In this paper we intend to establish some results relating to the growth properties of com-
posite entire and meromorphic functions on the basis of generalized order («, 3) and generalized

type (o, 8).
2 Main Results
In this section we present the main results of the paper.
Theorem 2.1. Let f be a meromorphic function and g be an entire function such 0 < A, s, [fo

9] < 0y, 0 9] < 00and 0 < A, ) [f] < 0(as,8,)[f] < 00. Then

M < hm 1nf aq (eXp(Tfog (T)))
Q[T 7 T4 an(exp(Ty (8 (B1(r)))))

Masylf 09l 0@ 8)lf 09l }

)\(042752) [f] ' Q(az,ﬁQ) [f}

< max

{)\(alﬁl)[fog] Q(al,ﬁl)[fog]}
A(az,ﬁz)[f] ’ Q(az,ﬁz)[f]

< timsup— 1P Treg(r)) Qe sl 0 9]
T oo an(exp(Tr(By H(B1(r)))) T Aany ]

Proof.From the definition of ¢, ,)[f] and A4, 5,)[f © g], we have for arbitrary positive ¢ and
for all sufficiently large positive numbers of r that

a1(exp(Tyoq(r))) = (Aarp[f 0 9] = €)Bi(r) 2.1

< min{

and
aa(exp(Ty (85 (1)) < (0,0 [f] +€)B1(r) - (2:2)
Now from (2.1) and (2.2), it follows for all sufficiently large positive numbers of r that
an(exp(Trog(r)) - Parpylf o 91 =2)Bi(r)
ax(exp(Ty(By ' (Bi(r))) ~ (et plfl +E)BI(r)
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As e(> 0) is arbitrary, we obtain that

ar(exp(Tyog(r)) o Mawslf 0]

lim inf - > . (2.3)
r=teo ap (exp(Tr(By ' (B1(1) ~ Clan ]
Again we get for a sequence of positive numbers of r tending to infinity that
a1(exp(Trog(r))) < (Aay,p)[f 0 gl +2)Bi(r) (2.4)

and for all sufficiently large positive numbers of r that

aa(exp(Tr(By ' (51(1)))) = Naw,pn)[f] = €)B1(r) - (2.5)

Combining (2.4) and (2.5), we get for a sequence of positive numbers of r tending to infinity

ha
o ar(exp(Tyog () _ A plf © gl +€)Bi(r)
ar(exp(Tr(B, ' (Bi1(r) —  Naasnlfl =2)Bi(r)

Since (> 0) is arbitrary, it follows that

liminf 21 ©xP(Trog(M))  _ Aargnlf o]
rtee an(exp(Tr(By ' (B1(r)))) ~ Measpn /]

Also for a sequence of positive numbers of r tending to infinity that

ar(exp(T5 (8, ' (B1(r)))) < Nan ] +)Bi(r) - 2.7)

Now from (2.1) and (2.7), we obtain for a sequence of positive numbers of r tending to infinity

h
- o1(exp(Tyog(r))) - Nl 09 —€)Bi(r)
aa(exp(Ty (85 ' (B1(r)) ~ N[/l +2)Bi(r)

As e(> 0) is arbitrary, we get from above that

. (2.6)

limsup al(exp(TfOQ(r))) > )‘(Oél,ﬂl)[fog]
—1 - .
r—too aa(exp(Ty (B85 (B1(r)) — Aas, ]

Also we obtain for all sufficiently large positive numbers of r that

a1(exp(Trog(r))) < (Q(ar,p)lf 2 gl +)Bi(r) - (2.9

Now it follows from (2.5) and (2.9) for all sufficiently large positive numbers of r that

(2.8)

(@xp(Tyoy(1))  _ (annlf 051 + ) (r)
wa(exp(Ty (3, (B )~ el - BI)

Since ¢(> 0) is arbitrary, we obtain that

i sup P Trg(r) el 09)

T aaexp(Ty (B, (Br(r)) — Mems[] @10

Further from the definition of g(,,, s, f], we get for a sequence of positive numbers of r
tending to infinity that

aa(exp(Ty (85 (B1()))) = (e(aronlf] —€)Bi(r) - (2.11)

Now from (2.9) and (2.11), it follows for a sequence of positive numbers of 7 tending to infinity
that

ar(exp(Tyog () _ (2(ar,8)lf 091 +€)Bi(r)
aa(exp(Tr(By ' (B1(r)) ~  (Qar ) [l =€)Br(r)
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As e(> 0) is arbitrary, we obtain that

]]m 1nf Oé](exp(j}i)g(T))) S Q(alaﬁl)[-f Og] )
rree an(exp(Tr (By ' (B1(r)))) ~ Con,n /]
Again we obtain for a sequence of positive numbers of r tending to infinity that
a1(exp(Tfog(r))) = (0(ay,6)[f 0 9] —€)Bi(r) . (2.13)
So combining (2.2) and (2.13), we get for a sequence of positive numbers of r tending to infinity
that
ar(exp(Tyog(r)) o (el plf 09l = €)Bi(r)
ax(exp(Ty(8; ' (B1(r))) ~ (Qoa,pn[f] +2)B1(r)

Since £(> 0) is arbitrary, it follows that

(2.12)

Jim sup al(eXP(Tng( )))) S Qenpnlfog] 2.14)

rovtoo ao(exp(Ty (By ' (B1(1))) ~ Qe f]
Thus the theorem follows from (2.3), (2.6), (2.8), (2.10), (2.12) and (2.14). O
The following theorem can be proved in the line of Theorem 2.1 and so its proof is
omitted.

Theorem 2.2. Let f be a meromorphic function and g be an entire function such 0 < A, 3, [fo
gl < Q(al,[‘h)[f og] <ooand0 < )\(az,ﬁz)[g] < Q(azygz)[g] < 0. Then

)\(al,ﬁl)[f og] < liminf O‘l(exp(Tfog(T)))
Qaap)lg] T TR an(exp(Ty (5, ' (B1(r)))))

Ao )l © 9], Oen )l © 9] } < max { Ao sy lf © 917 O s lf 0 9] }
A(%ﬁz)[g] Q(az,ﬁz)[g] az B2) [g] Q(Oéz,ﬂz)[g]

< limsup al(exP(TfOQ( ) < Q(alﬁl)[fog}.
T rotoe aa(exp(Ty (B (Bi(1))) — Man,sl]

We may now state the following two theorems without proof based on Definition 1.5.

< min{

Theorem 2.3. Let f be a meromorphic function and g be an entire function such 0 < X(o, s,)[f ©
9] < 0oy )| f 0 9] < 00and 0 < X, p,)[f] < 0(ay,8,)[f] < 00. Then

Ao alf 0 9] < liminf Oél(Tng(r))

@(Otzﬁz) [f] rteo 0‘2(Tf (ﬁz (/61 (7“))))
Xanpnlf 9] o pylf 04l - Nangolf 9] O pylf 0]
X(0427[32) [f] , 5(042152)[11} } B maX{ X((%27!32)[f] ’ ?(0627[52) [f] }

< lim sup <Tf°g (T)) < E(ﬁlﬁl) [f © g} .
r—too 2 (Tr (B (B1(1)))) ~ Nan,go) L]

Theorem 2.4. Let f be a meromorphic function and g be an entire function such 0 < X(al B) [fo
9] < 0a pylf 0 9] <o00and 0 < \a, 5,)[9] < (a,,p,)[9] < 00. Then

gmin{

X(Ollvlal)[-f'og] < liminf Oél(Tfog( ))

D(ay,8,)19] r=to0 an (Ty (85 (B1(r))))
X(041#‘31)[f °© g] E(ahﬁl)[f og] < X(011,51)[f og] E(alaﬁl)[‘f © g]
X(az,@)[‘q] , E(azﬁz)[g] } B max{ X(ozz,ﬁz) [g] ’ 5(042752)[‘9] }

<tmap—Tlr) _ Bonllod
r—+00 Oéz(Tg(ﬁz (51(7‘)))) )\(02752)[9]

< min{
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The proofs of the following four theorems can be carried out as of the Theorem 2.1,
therefore we omit the details.

Theorem 2.5. Let f be a meromorphic function and g be an entire function such0 <o, 3, [fog]
g O—(al,ﬁl)[f © g] < 00, O < E(az,ﬁz) [f] S 0(az,ﬁ2) [f] < al’ld Q(al,ﬁl)[f © g] = Q(az,ﬁz) [f} Then

T(ay,0)lf 09l < liminf exp(al(eXP(Tfog(T))))
(an, ) f] r=+oc exp(aa (exp(Tr(B; ' (B1(r))))))
Tl f 09l o(a)lf 09l Tlanplf 9] O polf o9l
E(azﬂz)[f] ’ 0(&2152)[11} }Smax{ 6(027/32)“] ’ U(az,ﬁz)[f] }
< limsup exp(al(eXP(Tfog(T)))) < U(in,ﬁl)[fog}'
r—too exp(aa(exp(Ty (B85 (B1(r)))))) T () [f]

gmin{

Theorem 2.6. Let f be a meromorphic function and g be an entire function such 0 < 7., g, [fog]
g F(041,5])[f © g] < 00, 0 < T(az,,Bz) [f] S F(0127,32) [f] < and )\(Gt],ﬁl)[f © g} = )\(az,ﬁz) [f] Then

ol 28] e O e0(T1y(r)
Tlaam)f] 7 r=+o0 exp(aa(exp(Ty (8, (B1(r))))))
T(al,ﬁl)[fog] T(“lﬁl)[fOQ] max T(a, Bl)[f g] ?(al,ﬁl)[fog}
T(Gz,ﬂz)[ﬂ 7 ?(0(2,/32)[11} }S { T(2,82) [f] T (0, ﬁ?)[f] }
< iy STy Tyl o
r+oo exp(az(exp(Ty (B, 1 (B1(r)))) ~ Tlanpn /]

gmin{

)
i

Theorem 2.7. Let f be a meromorphic function and g be an entire function such0 <o, 3, [fog]
g U(al,ﬁl)[f © g] < 00, O < T(az,ﬁz) [f] S F(062762) [f] < al’ld Q(al,ﬁl)[f © g] = A(ag,ﬁz) [f] Then

Tosll 20 _ o olen(exp(Tye())
Tloa)[f] 7 r=ocexp(aa(exp(Ty (8, ' (61(r))))))
Taplf 09l @pnlfogly _  1F@slf ©9] oaenlf o d]
T(Otzﬂz)[f] ’ ?(Otzﬁz)[f] } = { T(azﬁz)[f] ’ ?(@2,62)[-]0] }
exp(al(exp(Tfog(T)))) < Tl ogl
1) ™ Taas ]

gmin{

< limsup
r—+oo exp(aa(exp(Ty (B (B

Theorem 2.8. Let f be a meromorphic function and g be an entire function such 0 < 7o, g, [fog]
g F(ozl,lf])[nf © g] < 00, 0 < E(ag,ﬁz) [f] S U(az,ﬁz) [f] < 0 and A(al,ﬁl)[f © g} = Q(az,ﬁz) [f] Then

T(ar 80 f © 9] < liminf eXP(on(eXP(Tfog(T))))
Tlar, ) lf] 7 7=Fo0 exp(an(exp(Tr (85 (B1(r))))))
. (Tanpylf o gl T(ay,s)lf o4dl Ttan8) f © 9] Tianp)lf 0 9]
< <
S T o]} S Ui T o)
< lim sup exp(a; (GXP(Tfog(T
r—+00 exp(az(exp(Tf(ﬂ2 (8

))) < (alvﬂl)[fog].

)
BN~ Tl

Analogously one may formulate the following four theorems without their proofs.

Theorem 2.9. Let f be a meromorphic function and g be an entire function such0 <@, g,)[fog]
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<08 0 9] <00, 0 <TF(a,6,)[9] < O(ay.8)]9] < 00 and o(a, p,)[f © 9] = 0(ay.,)[9]- Then

T(ar,p)lf 9] < liminf exp(al(eXP(Tfog(T))))
O (a0 [9] r=ee exp(aa(exp(Ty (8, ' (B1(r))))))
U(al,ﬂl)[fog] O-(alﬁl)[fog] max E(“lvﬂl)[fog] O’(ahﬁl)[fog}
6(042,52)[9] ’ U(az,ﬁz)[g] }S ) { O, ﬁz)[g] 7 O (v, ﬁz)[g} }
< lim sup CXP(Oél(eXP(Tfog(?")))) < (fl,m)[fog].
rtoo exp(az(exp(Ty (8, ' (51(r))))) ~—  T(anp)l9]

< min{

Theorem 2.10. Let f be a meromorphic function and g be an entire function such 0 < 7., g, [fo
9] < T(arpnlf 0 9] <00, 0 < 70, 50)[9] < Tan,8,) 9] < 00 and A, ,)[f © 9] = Aas,,)l9]- Then

ool 23] _ e ((ex0(Tyey(r)
T ll] e exp(an(exp(T, (5, ' (51())))))

T(alaﬁl)[fog] T(alaﬁl)[fog]} < max{ (ahBl)[f 9]7?(01’61)“09}}

gmin{

T 9] 7 T(aa,m) 9] Tan)ld) " Tanp)ld]
< fimsup eXp(al(eXP(Tfoq(T)))) < Taplf o 9]
r—+oo exp(an(exp(Ty(By ' (B1(r)))))) Tlan2)19]

Theorem 2.11. Let f be a meromorphic function and g be an entire function such0 <o, 5, [fo
9] < 0ayp)[f 0 9] < 00,0 < Tay,5,)[9] < T(an,8)]9) < 00 and 00, )| © 9] = Aoy ) [9]- Then

T plf 09l _ liminf SP@1(exp(Troq(r))))
Tlanplgl  — r+oeexp(as(exp(Ty (85 ' (Bi(r))))))
(oo lf 9] 0 p)f 09l (o) [f 09 Oay,p0)[f 0]
T(Oéz’ﬁz)[g] ’ F(042#'32)[9] } = max{ T(thﬁz)[g] 7 ?(az,ﬁz)[g] }
< limsup eXP(Oél(eXP(TjTg(T)))) < U(al,m[fog].
r—+o0 exp(aa(exp(Ty(B;, (B1(1)))))) T(on,2) 9]

< min{

Theorem 2.12. Let f be a meromorphic function and g be an entire function such 0 < 7(,, 5,)[f o
9] < T(an )l 09] < 00,0 <T(a, 5,)[9] < T(ay,p)[9] < 00 and X, g)[f © 9] = 0(ay,5,)[9]- Then

ol o0l o exploneplTz(r))
T(ana)lg] T~ Tt explaa(exp(Ty (5, (B1(r))))))
T(al,ﬁl)[fog] T(alaﬁl)[fog] max (al,ﬁl)[f g] ?(al,ﬁl)[fog}
E(azﬁz)[g] ’ J(azﬂz)[g] }S { 0 (2,B) [g] U(azﬂz)[g] }
< sy O Do) TilS 0]
rtoo exp(aa(exp(Ty(B; ' (B1(r)))) ~ T(azpnd]

gmin{

3 Conclusion

The main aim of this paper is to develop some results relating to the growth rates of composite
entire and meromorphic functions with their corresponding left and right factors on the basis
of their generalized order («a, 8) and generalized type («, 8), which have not studied previously
and the results obtained has a great significient in the filed of growth analysis of entire and
meromorphic functions. But still there remains some problems to be investigated for future
researchersin this field.
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