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Abstract: In this geometric analysis, we examine the characteristics of Legendrian submani-
folds in Kenmotsu space forms conceding the r-almost Newton-Yamabe soliton with a potential
function ¢ : M™ — R . Also, we discuss the r-almost Newton-Yamabe solitons immersed
into a Kenmotsu space form. Furthermore, we establish the conditions for Legendrian submani-
folds of Kenmostu space form to be minimal and totally geodesic under Newton transformation
. Finally, we exhibit that an 1-almost Newton-Yamabe soliton on Legendrian submanifolds of
Kenmotsu space form immersed in a locally symmetric Einstein manifold.

1 Introduction

Geometric flows are most prolific tools to explain the geometric structures in Riemannian geom-
etry. A special class of soultions on which the metric evolves by dilations and diffeomorphisms
plays a vital part in the study of singularities of the flows as they apper as possible singularity
models. They are often called soliton solutions.

The knowledge of Yamabe flow, which was popularized by Hamilton in his prime research
work [13], as a tool for constructing metrics of constant scalar curvature on a Riemannian man-
ifold (M™, g), n > 3.The Yamabe flow is an evolution equation for metrics on a Riemannian
manifolds as given by

%g(t) =—pg, 9(0) = go, (1.1

where p is the scalar curvature corresponding to Riemannian metric g and ¢ is time, which is
used to deform a metric by smoothing out its singularities [21].

A Yamabe soliton is a spacial solution of the Yamabe flow that moves by one parameter
family of diffeomorphism generated by fixed vector field X on M™ with a constant A satisfying
the following equation

1

2
where Lxg is the Lie derivative of the metric ¢g. In 2011, Pigola and his coauthors [16] adding
the condition for parameter A in (1.2) to be a real smooth function on M™. In this more general
framework we refer to equation (1.2) as being the fundamental equation of an almost Yamabe
solion. If A > 0, A < 0 or A = 0, then the (M™, g) is called Yamabe shrinker, Yamabe expander
or Yamabe steady soliton respectively.

In the particular situation when the vector field X is the gradient of a smooth function
¥ : M™ — R, the manifold will be called a gradient almost Yamabe soliton. The function  is
called the potential function of the gradient almost Yamabe soliton. In this case equation (1.2)
becomes

Lxg=(p—Ng, (1.2)

Hessp = (p— Mg, (1.3)

where Hess stands for the Hessian of the potential function . The almost gradient Yamabe
soliton equation (1.3) links geometric information about the curvature of the manifold through
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the scalar curvature tensor and the geometry of the level sets of the potential function by means
of their second fundamental form. Hence, study almost gradient Yamabe solitons under some
curvature conditions is an interesting topic.

On the contrary, Barros and his coauthors [2] discussed the isometric immersions of an al-
most Ricci soliton (M", g, X, ) in to Riemannian manifold M™*?. In particular , when M™*P
has non-positive sectional curvature, they proved that an almost Ricci soliton is a Ricci soliton
and the vector field has integrable norm on M™, then M" can not be minimal. Moreover, in [24]
Wylie proved that if (M™, g, X, ) is a shrinking Ricci soliton, with X having bounded norm on
M™, then M™ must be compact. In particular when M"™ P is a space form of non-positive sec-
tional curvature, then such immersions can not be minimal. In 2018, Cunabh et al, [8] introduced
the study of the immersed almost Ricci soliton under Newton transformation P, with second
order differential operators L,. and introduced the new notion r-almost Newton-Ricci soliton, for
some 0 < r < n. If there exist a smooth function ¢ : M"™ — R such that the following equation
holds

Ric+ P, o Hessp = MAg, (1.4)
where A is a smooth function on M™ and P, o Hessi stands for the tensor given by
P.oHessy(X,Y)=g(P.VxV¥,Y), (1.5)

for tangent vector fields X,Y € x(M). In particular, when r = 0 we recover the definition of
gradient almost Ricci soliton.

On the other side Kenmotsu manifold is an important class of manifolds endowed with ge-
ometrical structure Kenmotsu [15] introduced and studied these manifolds. Afterword, many
geometers studied the geometry of submanifolds in Kenmostsu manifolds due to its rich geo-
metric importance.

Therefore the present research article inspired by the above literature’s, in this frame work
we have explore the study of the new notion r-almost Newton-Yamabe soliton on submanifolds
of Kenmotsu space form.

2 Preliminaries

A (2m + 1)-dimensional differentiable manifold M>™"! is called a contact manifold [1] if there
exits a globally defined 1-form 7 such that n A (dn)™ # 0. On a contact manifold there exists a
unique vector filed £ satisfying

dn(¢, X) =0, n(¢) =0 2.0

for all X € T(M>m+1).

Let M>™ ! be a (2m + 1)-dimensional Riemannian manifold. M is called an almost contact
manifold if it is equipped with an almost contact structure (p, £, 7), where ¢ is a (1, 1)-tensor
field, ¢ a unit vector field, 7 a one-form dual to £ satisfying [1]

¢ =—I+n®¢ nop=0, (2.2)
e(&) =0, n¢) =1 g(X, & =nX). (2.3)

It is well-known that there exists a Riemannian metric g such that
9(p X, 0Y) = g(X,Y) = n(X)n(Y) 2.4)

where X, Y € x(M). Moreover, if the almost contact structure (¢,7) is normal, i.e.

(Vx@)Y = g(eX,Y)¢ —n(Y)pX (2.6)
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Vxé =X —(X)¢ @7

for any vectors X,Y on M, where V denotes the Levi-Civita connection with respect to g, then
M is said to be a Kenmostu manifold it is satisfies [, ¢] +2dn ® ¢ = 0 on M>™*1, where [, ¢]
is the Nijenhuis torsion of ¢. For more details and background, (see [1], [25]).

Let (M?>™+1 o €, 1, g) be a Kenmotsu manifold is a contact manifold with the contact struc-
ture (n,g,&, @) and L™ an m-dimensional manifold.

Definition 2.1. An immersion ¢ : L™ — M?™*! is called Legendrian immersion of an m-
dimensional compact smooth manifold L into a (2m + 1)-dimensional contact manifold (M, n)
such that [23]

(1) Legendrian <= @ *n =0,
(ii) dim(L) = m.

(iii) An legendrain immersion is called L minimal <= divpH = 0, where H is the mean
curvature vector of ¢.

We may choose an almost contact metric structure (€, g) on M compatible with the contact
structure 1. A Legendrian deformation of ¢ is defined as a one-parameter smooth family {¢;}
of Legendrian immersions ¢ : L — M with ¢y = ¢.

Example 2.2. The odd dimensional Euclidean space admits the standard Kenmotsu structure ,
we denote by R?>™*!(3).In general, an immersion into R?>"*!(3) which lies in some cylinders
and minimal in the cylinder.

3 Legendrian submanifolds of Kenmotsu space form

A plane of T, M at p is called o-section if it is spanned by X and ¢.X, where X is orthonormal
to €. The curvature of p-section is called y-sectional curvature.

A (2m+1)-Kenmotsu space form is defined as a (2m + 1)-Kenmotsu manifold with constant
-sectional curvature c and is denoted by M?"*1(c). As example of Kenmotsu space form, R?"*!
and S?"*! are equipped with Kenmotsu space form structures( more details in [1] and [25]). The
curvature of a Kenmotsu space form [15] M?"+1(c) is given by [25]

RX,Y,Z,W) = =3

9(Y, 2)g(X, W) — g(X, Z)g(Y,W)] (3.1

c+1

Ty

[9(X, oW)g(Y,pZ) — g(X, pZ)g(Y, W)
—29(X, oY )g(Z, W) — g(X, W)n(Y)n(Z) + g(X, Z)n)Y )n(W)

—g(Y, Z)n(X)n(W) + g(Y, W)n(X)n(Z)]

forany X,Y,Z € T'(M).

Let L™ be an m-dimensional submanifold of a Kenmotsu space form M?™+1(c). If the one-
form 7 constrained in M is zero, then we say M is a Legendrian submanifold. It is well-known
that for such a submanifold ¢ maps any tangent vector to M at any p € M into the normal vector
space T, (M) i.e. o(T,M) C T,"M. Actually, a Legendrian submanifold is a special C-totally
real submanifold (i.e. the unit vector field £ is orthonormal to M) [12] . Therefore we obtain
from (2.6) and (2.7) that for any X, Y (M),

9(pX,0Y) =g(X,Y), n(X)=yg(X,§)=0. (3.2)
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4 r-almost Newton-Yamabe soliton

Let ¢ : L™ — M™"P be an Legendrian immersion into an (m + 1)-dimensional Kenmotsu
manifold M™*+!'. We call L™ is an r-almost Newton-Yamabe soliton, for some 0 < r < m, if
there exist a smooth function v : L™ — R such that [6]

PTOHCSM/J:(P_)\)Q» (41)
where A is a smooth function on L™ and P, o Hessw stands for tensor given by
P,oHess)(X,Y) =g(P,.VxVy,Y), 4.2)

for tangent vectors fields X,Y € x(M). For r = 0, equation (4.1) reduces to the definition of a
gradient almost Yamabe soliton.

Example 4.1. For the case of minimal Legendrian submanifolds in S>”*!(1). Let us consider the
standard immersion of L™ in S?™*1(1), which we know that its is totally geodesic. In particular,
P, =0forall 1 <r < m, and choosing A\ = =1

—, we obtain that the immersion satisfies
equation (4.1).

Example 4.2. Let S>"*!(1) be the unit sphere in the Euclidean space R™*! and ) : S?™*1(1) —
R™*! the natural embedding with induced metric g on S>"*1(1), then (S*"*1(1),¢,£,7m,9) isa
contact metric manifold.It is well known that this contact metric structure gives a Sasakian struc-
ture on S>*1(1) and its a Kenmotsu space form with constant ¢-sectional curvature ¢ = —1.

Leti : L™ — $?FI(1) ¢ R™F! = R2"*2 an immersion of a smooth m-dimensional
manifold L™ in to unit sphere. B
For a constant t € R?>™*+2, according to [3], by choosing the functions f; on R*™*2 such that

filt) = —gt, ) +2m —1 and Y(t)=—fi+e¢, fii=ixfeC®(SmH)

where [ € S”™F1(1), ¢t # 0,c € R**2 and t = (t1,.....ta;sr1) € SP™F! is the position vector,
we have that (S>™*!, g, Vay, \;) satisfies equation (1.3) On the other hand, it is well know that
S™+1 is totally umbilical with r-th mean curvature H,. = 1 and second fundamental form B = I.
In particular, for every 0 < m the Newton tensor are given by

P, =al, (4.3)

where o = 37"_(—1)"77(}*). Hence, taking smooth function 1) = a4, we get that subamni-
fold satisfied equation (4.4).

Example 4.3. We recall the Gaussian soliton is the Euclidean space R™ endowed with its stan-
dard metric |.| admits the standard Sasakian structure and the potential function ¢(z) = B
It is well know that the horospheres of the hyperbolic space H™*! are totally umbilical hypersur-
face isometric to R™, having r-th mean curvature H,. = 1 and second fundamental form B = [.
Hence, we can reason as in example (4.2) to verify that the horospheres R™ «— H™*! satisfies
equation (4.4).

The Gauss equation implies that
R(X,Y,Z,W) = (R(X,Y)Z)") + g(BX, Z)BY — g(AY, Z)BX (4.4)

for every tangent vector fields X, Y, Z € x(L), where ()T denotes the tangential components of
a vector field in x (L) along L™. Here B stands for second fundamental form (or shape operator)
of L™ in M™*! with respect to a fixed orientation related to the second fundamental form & by

9(h(X,Y), ) = g(BaX,Y), 4.5
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where « is a normal vector field on L™.
R and R denotes the curvature tensors of M™*!(¢) and L™, respectively.
In particular, the scalar curvature p of the submanifold L™ satisfies

2/)—29 (Es, Ej)E;, Ex) +n* | H|* = ||BIP, (4.6)

where {E), ......E,,} is an orthonormal frame on 7'M and |.| denotes the Hilbert-Schmidt norm.
When M™*!(c) is a Kenmotsu space form of constant sectional curvature ¢, we have the follow-
ing equation

mm—1)(c=3) (1=m)c+1) »*[H[ [B"

p= 8 4 2 2 S

Associated to second fundamental form B of the submanifold L™ there are m algebraic invari-
ants, which are the elementary symmetric functions p,. of its principal curvatures ky, ...k,,, given
by

p=1 pr= > ki,.km (4.8)

1< <lp

The r-th mean curvature H, of the immersion is define by () H, = p,.
If r =0, we have H, = %T?"(A) = H the mean curvature of L™.

For each 0 < r < m, we defines the Newton transformation P, : x(L) — x(L) of the
submanifold M™ be setting Py = I (the identity operator) and for 0 < r < m, by the recurrence
relation

P, = Z (—=1)" I (™Y H A", (4.9)

where BJ denotes the composition of B with itself, j times (B® = TI). Let us recall that
associated to each Newton transformation P, one has the second order linear differential operator
L, : C*(L) — C*°(L) defined by

L,u=Tr(P, o Hessu). (4.10)

When r = 0, w note that £ is just the Laplacian operator. Moreover, it is not difficult to see that

divar(P,Vu) =Y g(VE PV, Ei) + > g(P(VE Vo), Ei) (4.11)
i=1 =1

- g(diUMPr, Vu) + £7'u>

where the divergence of P, on L™ is given by

divy P = Tr(VP,) =Y (Vg P)E;. (4.12)

i=1
In particular, when the ambient space has constant sectional curvature equation (4.11) reduces to
L.u = divy (PrVu), (4.13)

because divy P, = 0 (see [15] for more details).
Our aim, it also will be appropriate to deal with the so called traceless second fundamental
form of the submanifold, which is is given by

®=BHI, Tr(®)=0. (4.14)
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and

2 2 2
_BIF _ A=l

& = Tr(d?
|| r(P7) 3 72

(4.15)
with equality if and only if M™ is totally umbilical.

In order to establish our results let us mention the following maximum principle due to Cam-
inha et al. for more details see [10]. We follows that, for each p > 1 use the notation

LP(L) = {u ) R;/ lulP dL < +oo} . (4.16)
L

Also, we have the following lemma:

Lemma 4.4. Let X be a smooth vector field on the n-dimensional, complete, non compact, ori-
ented Riemannian manifold M™, such that divy; X does not change sign on M"™. If |X| €
LY(M), then divy X = 0.

The following results further generalized Theorem 1.2 in [2].

Theorem 4.5. If the data (g,v, \,r) be complete r-almost Newton-Yamabe soliton on Legen-
drian submanifold L™ in Kenmotsu space from M™V1(c) of constant sectional curvature c, with
bounded second fundamental form and potential function ) : L™ — R such that |V| € L' (L).
Then we have

(i) If (¢—3) <0,(c+1) <0, A > 0and then L™ can not be L-minimal,
(i) If (¢—3) <0,(c+1) <0, > 0and then L™ can not be L-minimal.

@iii) If e=3,¢=—1, A > 0and L™ is L-minimal, then L™ is isometric to the R™.

Proof. We know that the ambient space has constant sectional curvature, by equation (4.13)
the operator L, is a divergent type operator. On the other side, since L™ has bounded second
fundamental form it follows from (4.9) that the Newton transformation P, has bounded norm.
In particular,

|P.Vy| < |P| |V € £1(L), (4.17)

Using (1) and (2), let us consider by contradiction that L™ is minimal. Then, equation (4.7)
jointly with the considering (¢ + 3) < 0 (¢ + 3 < 0) imply that the scalar curvature of L™
satisfies p < 0(p < 0). Hence, contracting (4.1) we have £,.4) = mA — p > 0 in both case, which
contradicts Lemma (4.4), since the fact after mentioned. This completes the proof of the first
two assertions.

For the (3) assertion, since the ambient space has constant sectional curvature ¢ = 3,¢ = —1 and
L™ is minimal, then the equation (4.7) becomes as

BI?
pzfu <0. (4.18)
2

So, since A > 0 we have that £,.(¢)) = m(p — A) > 0. Now, using the fact that £,u =
divy (P.Vu) and |P,V| € L£'(L), we have again from Lemma (1) that £,4) = 0 on L™.
Hence, we conclude that 0 > mp = mA > 0, thatis, p = A = 0. This implies that @ =0.

Therefore, the r-almost Newton-Yamabe soliton L™ must be geodesic and flat.
|

In order to prove our next theorems we will need the following lemmas, which corresponds to
Theorem 3 [2].
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Lemma 4.6. Let u be a non-negative smooth subharmonic function on a complete Riemannian
manifold M™. If u € LP(M), for some p > 1, the u is constant.

Further, we are in condition to establish the following result, which holds when the ambient
space is an arbitrary Riemannian manifold.

Theorem 4.7. Let the data (g,v,\,r) be complete r-almost Newton-Yamabe soliton on Leg-
endrian submanifold L™ in a Kenmotsu space form M™% (c) of sectional curvature K, such
that P, is bounded from above (in the sense of quadratic forms) and its potential function
W L™ — R is non-negative and vp € LP(L) for some p > 1. Then we have

(i) If K <3, K <—1, A >0 then L™ can not be L-minimal,
(ii) If K <3,K < —1, A > 0 then L™ can not be L-minimal,

(iii) If K =3, K = —1, A > 0and L™ is L-minimal, then L™ is flat and totally geodesic.

Proof. For proving (1), we begin with a contradiction that L™ is minimal our assumption on the
sectional curvature of the ambient space and equation (4.6) imply that 7 < 0. Hence, contracting
equation (4.1) we have

L, =m(p—A) > 0. (4.19)

Thus, since we are considering that P, is bounded from above, there exists a positive constant w
such that

wAY > L) > 0. (4.20)

In particular, from Lemma (4.6) we get that ) must be constant, which gives a contradiction.
Finally, reasoning as in the proof of Theorem (4.5) we can easily obtain (2) and (3).

In our next results we generalized Theorem 1.5 of [2] for the case when X = V4, giving
conditions for an r- almost Newton-Yamabe soliton on Legendrian submanifold in a Kenmotsu
space form to be totally umbilical since it has bounded second fundamental form. Therefore, we
prove the following theorem:

Theorem 4.8. If the data (g,v, \,r) be complete r-almost Newton-Yamabe soliton on Legen-
drian submanifold L™ in Kenmotsu space M™*'(c) of constant sectional curvature c, with
bounded second fundamental form and potential function ) : L™ — R such that |V| € L' (L).
Then we have

(i) A> m(m_é)(c_S) + U_m‘z(CH) +m2H2H”2, then L™ is totally geodesic, with \ = M-ﬁ-

%, and scalar curvature p = m(m_é)(0_3) + (l_mi(cﬂ),
(ii) If L™ is compact and \ > m(m_é)(c_3) + (l_mi(cﬂ) + nQHfllz, then L™ is isometric to a

Euclidean sphere,

(iii) If X > —(mz_l) [m(f‘_3> + “;1) + mzlle”Z}, then L™ is totally umbilical. In particular, the

scalar curvature p = m(m — 1)2K, is constant, where K = m(fil’\_w is the sectional
curvature of L.
Proof. To prove (1), using the equations (4.1) and (4.7), we obtain
~1)(c-3) , (1- +1 H
Lop=mpr 4 == ”fh)ff )+m”2 Iy 4 sy, @21)

O
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Then, for our consideration on A, we get that £,¢ is non-negative function on L™. By
Lemma (4.4) we find that £,.¢) vanishes identically. Hence, from equation (4.21) we arrive at

that L™ is totally geodesic and \ = m(mfé)((:%) + “77"2(”“). Moreover, it is clear form (4.7)
that p = m(mfsl)(“” + (I*T’Q(CH), which complete the proof of (1).

If L™ is compact, as it is totally geodesic, then the ambient space must be necessarily a sphere
S™+! and M™ is isometric to the Euclidean sphere S™, proving (2).

For the assertion (3), we start with equation (4.21) that can be written in terms of the traceless
second fundamental form & as

(c+5+4H?)

2 E (4.22)

Lo = %mf (m—1)

Therefore, our assumption on A gives £, > 0. Then by applying Lemma (4.4) once again
we have £,4) = 0. This implies that |®|*, that is, L™ is a totally umbilical. In particular x of

L™ is constant and L™ has constant sectional curvature given by K, = # This combined
with (4.22) , we obtain that
-1 4[> -1 2
L= D)(et5H4?) (- 1)(e+5+r) W)
8 8
= (m — 1)KL,
which implies that p = m(m — 1)K, as desired. i

Another application of Theorem (4.7), we can also obtain the following theorem:

Theorem 4.9. Let the data (g,, A\, 1) be complete r-almost Newton-Yamabe soliton on Legen-
drian submanifold L™ in Kenmotsu space form M™*!(c) with constant sectional curvature c,
such that P, is bounded from above and its potential function 1) : L™ — R is non-negative and
W € LP(L) for some p > 1. Then we have

(i) > (m_1§(0_3) 4+ m=lletD) mH?, then L™ is totally geodesic, with \ = (m=1)(e=3) 4

4m 8
7(7"_;2,50“), and scalar curvature p = (m_lé(c_3) + (m_iT)YECJrl)

(i) If \ > (m — I)M, then L™ is totally umbilical. In particular, the scalar curvature

8
p =m(m — 1)Ky is constant, where Ky; = m(fn)‘_l) is the sectional curvature of L™.

Proof. Let us begin observing that by equation (4.21) and assumption on A we get

Lyab = %[2)\_ (m — 1)(0"'%‘%

Since we are assuming that P, is bounded from above, there is a positive constant w such that

] + [|@]* > 0. (4.24)

wAY > L) > 0. (4.25)

Using Lemma (4.6), we have that i) must constant. Therefore £,.¢) = 0, and equation (4.24)

we conclude that L™ is totally geodesic, A = (m_lg(c_3> + (1—m2(c+1) and p = % +
(1_7”4&, proving assertion (1), reasoning as in Theorem (4.8), it is easy to prove assertion
2). O

5 1-Almost Newton-Yamabe Solitons in locally symmetric Kenmotsu space
form M™*t!(c)

This section based on the study of 1-almost Newton-Yamabe solitons on Legendrain subman-
ifold of a locally symmetric Kenmotsu space form.
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We know that a Riemannian manifold is called locally symmetric if all the covariant deriva-
tive components of its curvature tensor vanishes identically. In this aspect, such spaces exhibit
an specific extension of constant curvature spaces.

Let L™ be a hypersurface immersed into a locally symmetric Kenmotsu space form M™*+1(c).
In what follows we initiated our curvature constraint, which will be consider in the prime results
of this segment. More precisely, we will consider that there is a constant p such that the sectional
curvature C of the ambient space M™*! satisfies the following equality:

Crc(nt) = £, (5.1)

where the vectors n € T+(L) and t € T'(L).

A locally symmetric Kenmotsu space form M™"!(c) of constant sectional curvature c is a
locally symmetric space and it is easy to observe that the curvature condition (5.1) is satisfies
for every hypersurface H™ immersed into M™"!(c), with £ = ¢. Therefore in some extent our
consideration is natural generalization of the case where the ambient space has constant sectional
curvature. Moreover, when the ambient manifold is a Riemannian product of two Riemannian
manifolds of constant sectional curvature, say L = L (k1) X La(k2), then L is locally symmetric
and, if k; = 0 and k, > 0, then every hyperplane of the type H = H; x M (k,), where Hj is
an orientable and connected hypersurafce immersed in M (k;), satisfied the curvature constraint
(5.1) with p = 0.

Let M™*!(c) be a locally symmetric Kenmotsu space form M™*!(¢) satisfying condition
(5.1) and let {F},...E,,+1} be an orthonormal frame on T'(M). Then, its scalar curvature p is
given by

m+1
/3 = RiC(Ei, Ei) (52)

i

=31 io1 9(Ric(Ey, Ej) Ej, Ej) + 237300 g(Ric( B, Bi) Emy, Ei)

-+

I
-

7= g(Ric(E;, E;)E;, E;) + 2. (5.2)
=1

,J

Moreover, it is well know fact that scalar curvature of a locally symmetric Kenmotsu space
form M™*!(c) is constant. Thus = Y1",_, g(Ric(E;, E;)E;, E;) is a constant naturally attached
to a locally symmetric Riemannian manifold satisfying (5.1). Therefore, for the sake of simplic-
ity, we choose the following notation gg := m >oii—1 9(Ric(E;, Ej)Ej, Ej). Tt is worth
pointing out that when M ™! is a space of constant sectional curvature, the the constant gg
agrees with its sectional curvature.

The following results are the generalization of Theorem (4.5) for the context of 1-almost
Newton-Yamabe soliton immersed in a locally symmetric Einstein manifold.
Theorem 5.1. Let M™ " be a locally symmetric Einstein manifolds satisfying the curvature con-
dition (5.1). Let the data (g, 1, \, 1) be complete 1-almost Newton-Yamabe soliton on Legendrian
submanifold of Kenmotsu space form M™*V1(c) of constant sectional curvature c, with bounded
second fundamental form and potential function 1 : L™ — R such that |V1| € L'(L) and let
M™% be a locally symmetric . Then we have

@) If ps <0, A > 0 then L™ can not be L-minimal.
(i1) If pg < 0, A > 0 then L™ can not be L-minimal.
@iii) If pg =0, A > 0 and L™ is L-minimal, then L™ is totally geodesic.

Proof. For the proof of (1) considering the proof of theorem (4.5) by contradiction that M™ is
L-minimal. Then by our assumption on the constant we get from the equation (4.6) that the
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scalar curvature of L™ satisfies p < 0, which implies that £,.(¢)) = mA — p > 0.
On the other side, we have the differential operator £ satisfies

,Cl’g/J == d’L’UL(PIVQ/}) - g(diULpl, V’g/}) (53)

In particular, taking an orthonormal frame {1, ...., E,,} in T'(L) and denoting by N the orien-
tation of L™, it follows from Lemma 25 of [2] that

g(div, P,VY) = > g(R(N, E;)V¢, E;) = Ric(N, V). (5.4)

i=1

Since M™*!(c) is consider to be Einstein we conclude by equation (5.3) combined with the
equation (5.4), we arrive at

L1 = div, (P V). (5.5)

Moreover, as we have observed from Theorem (4.5) we obtain from our consideration on second
fundamental form that |[V+| € £'(L). Therefore, we are in position to apply Lemma (4.4) to
conclude that £,4) = 0, which gives a contradiction. Finally, reasoning as above it is easy to
prove (2) and (3).

|

Now, we obtaining the analogous results to Theorem (4.8) in the case where » = 1 and the
ambient space is locally symmetric. Particularly, we obtain the following theorem:

Theorem 5.2. Let the data (g, 1, \, 1) be a complete 1-almost Newton-Yamabe soliton on Legen-
drian submanifold L™ of Kenmotsu space form M™% (c) of constant sectional curvature c, with
bounded second fundamental form and potential function 1) : L™ — R such that |V € L'(L)
and let M™*" be a locally symmetric Einstein manifolds satisfying the curvature condition (5.1).
Then we have

(i) A= [(m_lg(c_3) T (1_“17)75%1)} ps +mH?, then L™ is totally geodesic,
with \ = [<m—lg<c—3> n <1—m><c+1>} o

4m

(m—lg(c—S) + (l—m)(c+l)i| s,

and scalar curvature p = { T

(i) If X > [(m71§(073) + OHZ)(CH)} (ps + H?), then L™ is totally umbilical. In particular,

(m—1)(c—3) (1—m)(c+1)
8 4m

the scalar curvature p = { + } (s + K2) is constant, where & is the

principal curvature of L.
Proof. The proof is similar as in the proof of Theorem (4.8). For the sake of completeness, we

give the following argument that proves (1). Taking trace in (4.1) and using definition of the
constant pg, we obtain equation (4.6) that

—1)(c—3 1- 1
coy=mp— [N AmmCE D] sy . 66
8 4m
which implies that £1 > 0 because our assumption on A. Then from Lemma (4.4) we obtain
that £,¢) = 0. Therefore, we conclude from equation (5.6) that L™ is totally geodesic with
A = (m — 1)pgs and scalar curvature p = m(m — 1)pg. This complete the prove of the result.
|

We completing our paper mentioning the following theorem, which can be furnish from the
similar manner used in the proof of Theorem (4.9) and (5.2).

Theorem 5.3. Let the data (g,v, \, 1) be a complete 1-almost Newton-Yamabe soliton on Leg-
endrian submanifold of Kenmotsu space form M™"'(c) such that P, is bounded from above, its
potential function 1) : L™ — R is non-negative and such that V| € L1(L) for some p > 1
and let M+ be a locally symmetric Einstein manifolds satisfying the curvature condition (5.1).
Then we have
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(l) A > |:(mfl§(¢:73) + (lfm)(c+1):|

s + mH?, then L™ is totally geodesic,

4m

with \ = [<m*1§<673> n <1—m><c+1>} P

4m

4m ps-

and scalar curvature p = [(m_lg(c_S) + (l_m)(cﬂ)} ),

(ii) If X > [(mflg(“” + “HZBTECH)} (75 + H?), then L™ is totally umbilical. In particular,

the scalar curvature p =

(m—lg(c—3) + (I—m)(c+1)

o } (75 + K?) is constant, where k is the

principal curvature of L.

We observe that from Theorems (5.1), (5.2) and (5.3) we can replace that the hypothesis that
the ambient space M™*! is Einstein under the condition, contant curvature tensor identically
vanishes.

Example 5.4. Since the canonical immersion S™ — S™*! x R is totally geodesic, proceeding
as in Example (4.1) we see that this immersion satisfies equation (4.1) for all 1 < r < n and

_ (m—1)
A=l
References
[1] D. E. Blair, Riemannian geometry of contact and symplectic manifolds, Progress in Mathematics, Vol
203, Birkhauser Boston, Inc., Boston, MA, 2002.
[2] A. Barros, J. N. Gomes, Jr. E. Ribeiro, Immersion of almost Ricci solitons into a Riemannian manifold,
Mat. Contemp. 40 (2011) 91-102.
[3] A. Barros, Jr. E. Ribeiro, Some characterizations for compact almost Ricci solitons, Proc. Amer. Math.
Soc. 140 (2012) 1033-1040.
[4] G. Catino, Generalized quasi-Einstein manifolds with harmonic Weyl tensor, Math. Z., 271 (2012),
751-756.
[5] Catino, G., Cremaschi, L., Djadli, Z., Mantegazza, C., Mazzieri, L., The Ricci-Bourguignon flow, Pacific
J. Math. 287 (2017) 337-370.
[6] G. Catino and L. Mazzieri, Gradient Einstein solitons, Nonlinear Anal. 132, (2016), 66-94.
[7] J.T. Cho and M. Kimura, Ricci solitons and Real hypersurfaces in a complex space form, Tohoku Math.J.,
61(2009), 205-212.
[8] A.Cunha, E. L. W, de Lima, H. E. de Lima, r-Almost Newton-Ricci soliton immersed into a Riemannian
manifold, J. Math. Anal. App., 464 (2018), 546-556.
[9] H.Cao, D.Zhou, On complete gradient shrinking Ricci solitons, J. Differential Geom. 85 (2010) 175-185.
[10] A. Caminha, P. Sousa, F. Camargo, Complete foliations of space forms by hypersurfaces, Bull. Braz.
Math. Soc. 41 (2010) 339-353.
[11] H. Cao, Recent progress on Ricci solitons, Adv. Lect. Math. (ALM) 11 (2009) 1-38.
[12] F. Dillen and L. Vrancken, C-totally real submanifolds of Sasakian space forms, J. Math. Pures Appl. 69
(1990) 85-93.
[13] R. S. Hamilton, The Ricci flow on surfaces, Mathematics and general relativity, (Santa Cruz. CA, 1986),

Contemp. Math. 71, Amer. Math. Soc.,(1988), 237-262.



438 Mohd Danish Siddiqi *, Shah Alam Siddiqui and Mobin Ahmad

[14] T. Kajigaya, Second variation formula and the stability of Legendrian minimal submanifolds in Sasakian
manifolds, Tohoku Math. J. 65(2013), 523-543.

[15] K. Kenmotsu, A class of almost contact Riemannian manifolds, Tohoku Math. J., 24 (1972), 93—-103.

[16] S. Pigola, M. Rigoli, M. Rimoldi, A. Setti, Ricci almost solitons, Ann. Sc. Norm. Super. Pisa CI. Sci.
10(5) (2011) 757-799.

[17] H. Rosenberg, Hypersurfaces of constant curvature in space forms, Bull. Soc. Math. 117 (1993) 217-239.

[18] M. D. Siddiqi, n-Einstein soliton in a é- Lorentzian Trans Sasakian manifolds, Mathematical Advances
in Pure and Applied Sciences, 1(1), (2018) 27-38.

[19] M. D Siddiqi, Ricci p-soliton and geometrical structure in a dust fluid and viscous fluid sapcetime, Bulg.
J. Phys. 46 (2019), 163-173.

[20] M. D. Siddiqi, Conformal n-Ricci solitons in §-Lorentzian trans-Sasakian manifolds, Int. J. Maps Math.
1(1) (2018),15-34.

[21] M. D. Siddigi, S. A. Siddqui, Conformal Ricci soliton and Geometrical structure in a
perfect fluid spacetime, Int. J. Geom. Methods Mod. Phys, (2020) 2050083 (18 pages)
https://doi.org/10.1142/S0219887820500838.

[22] J. Simons, Minimal varieties in Riemannian manifolds, Ann. of Math. 88 (1968) 62-105.

[23] T. Sasahara, Legendre surfaces in Sasakian space forms whose mean curvature vectors are eigenvectors,
Publ. Math. Debrecen., 67 (2005), 285-303.

[24] W. Wylie, Complete shrinking Ricci solitons have finite fundamental group, Proc. Amer. Math. Soc. 136
(2008) 1803-1806.

[25] K. Yano, M. Kon, Structures on manifolds, Series in Pure Mathematics World Scientific, Singapore, Vol
3 (1984).

Author information

Mohd Danish Siddiqi *, Department of Mathematics, Jazan University Faculty of Science, Jazan, Kingdom of
Saudi Arabia.
E-mail: msiddiqi@jazanu.edu.sa

Shah Alam Siddiqui, Department of Mathematics, Jazan University Faculty of Science, Jazan, Kingdom of
Saudi Arabia.
E-mail: sasiddiqui@jazanu.edu.sa

Mobin Ahmad, Department of Mathematics, Integral University, Faculty of Applied Sciences, Lucknow, U.P,
India.
E-mail: mobinahmad68@gmail. com

Received: March 25, 2020.
Accepted: June 7, 2020



	1 Introduction
	2 Preliminaries
	3 Legendrian submanifolds of Kenmotsu space form
	4 r-almost Newton-Yamabe soliton
	5 1-Almost Newton-Yamabe Solitons in locally symmetric Kenmotsu space form Mm+1(c)

