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Abstract We prove the existence of entropy solution for the obstacle parabolic equations :
gu _ diV(a(xnﬁ,u, Vu) + @(u)) + g(u)p(x,|Vu|) = fin Q, where —div(a(:mt, u, Vu)) is a

Leray-Lions operator, ® € C°(R,R"),The function g(u)y(x, |Vu|) is a nonlinear lower order
term with natural growth with respect to |Vu|, without satisfying the sign condition and the
datum is assumed belongs to L'(Q).

1 Introduction

Let @ be the cylinder Qx (0, T), T > 0, Q is a bounded domain of RY with the segment property,
and let ¢ and v two complementary Musielak Orlicz functions. In this work, we consider the
following boundary value problem:

u > (ae. in @,
9e —div(ale,t,u, Vu) + (u)) + g(u)p(w, | Vu|) = fin Q.

u=00n0Q x (0,7),
u(x,0) = up(x) in Q,

(1.1)

Let A: D(A) € Wy L,(Q) — W~*L,(Q) be a mapping given by
A(u) = —div(a(z, t,u, Vu)),

where a : Q x (0,7) x R x RN — R¥ is a Carathéodory function (that is, measurable with
respect to z in Q for every (¢,5,&) in R x R x RY, and continuous with respect to (s, &) in
R x R¥ for almost every z in Q) such that for all ¢ and £* in RV, ¢ # ¢*,

a(x,t,5,8)§ > ap(z,[ £ |), (1.2)

[a($7t7 876) - (L(I‘,t, 875*)][6 - E*] > 07 (13)

There exist two Musielak Orlicz functions ¢ and P such that P << ¢ such that for a.e.
(v,t) € Qandforall s € R, ¢ € RY

—-1 _
|a(z,t,5,€) [< c(w,t) + kP ok | s |) + kst o(ka | € ), (1.4)
where ¢(x, t) belongs to Ey(Q), ¢ > 0, k; (i =1,2,3,4) toR" and « € R}

We assume that there exists a positive function M such that

lim MT(t) =00, M(t)<ess inggp(:z:,t). (L.5)
e

t—>00
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® : R — R¥ is a continuous function, (1.6)
feLl'(Q), f>0, (1.7)
up € LN(Q), ug > ¢(x) and ¢ € L>(Q) N Wy E,(Q), (1.8)
and
g : RT — RT is an integrable function on R™. (1.9)

In the classical Sobolev spaces Dall’aglio-Orsina [17] and Porretta [34] proved the existence
of solutions for the problem (P), where b(u) = u and g is a nonlinearity with the following
“natural” growth condition (of order p ):

l9(x,t,5,&)] < b(s) (IE]” + (. 1)), (1.10)

and which satisfies the classical sign condition,

g(z,t,s,&)s > 0. (1.11)

The right hand side f is assumed to belong to L!(Q). This result generalizes analogous one
of Boccardo - Gallouét [14], see also [15, 16] for related topics.

lg(z,t,5,€)] > BIE|P for |s| >~

In the framework of Orlicz-Sobolev spaces,in [2] the autors have studied the existence and
uniqueness result to the nonlinear parabolic equations whose prototype is

% — Apu — div (E(m,t)M‘lM (%\b(uﬂ)) = fin Qr,
u(z,t) =0 on 9Q x (0,7, (1.12)
b(u)(t =0) =b(ug) in Q.
where —Apu = —div ((1 + |u|)2Du%) e e (L (Qr))Y and M(t) = tlog(e + t) is
an N -function. The data f and b (u) in L' (Qr) and L'(Q).
Another approach to define a suitable generalized solution is that of entropy solution which was
introduced in [7] in the elliptic case and by Prignet [33] in the parabolic case.
Aharouch and Bennouna [3] have proved the existence and uniqueness of entropy solutions
in the framework of Orlicz-Sobolev spaces W, Ly/(Q) assuming the A, condition on the N -
function M.

In the generalized-Orlicz spaces, the work [4] is a continuation of [3] where AlHawmi, Benki-
rane, Hjiaj and Touzani proved the existence and uniqueness of entropy solution for

—div(a(z,u,Vu)) = f in Q
u(z) =0 on 0Q

where ® = 0 and M satisfy the A, -condition. Antontsev and Shmarev [5] proved theorems
of existence and uniqueness of weak solutions of Dirichlet problem for a class of nonlinear
parabolic equations with nonstandard anisotropic growth conditions in the variable exponent
Lebesgue spaces. Equations of this class generalize the evolution p(x, t) -Laplacian of the type

98 =50 2 [asle, ) D7 Dt by, tw)| =0 inQr
u(x,t) =0 on dQ x (0,7) - (1.13)
u(z,0) = up(x) in Q
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In general Musielak-Sobolev spaces, the authors in [1] have proved the existence of solutions
of the unilateral problem

Au — div®(z,u) + H(z,u,Vu) = u

where A is a Leray-Lions operator defined on D(A) C W)Ly (Q), 1 € L(Q) + W Ey(Q),
where M and M are two complementary Musielak-Orlicz functions and both the first and the
second lower terms @ and H satisfies only the growth condition and u > ¢ where ( is a measur-
able function, and further works can be found in[8, 6, 9, 10, 11, 12, 13, 27, 28, 29, 30, 31, 32, 36].

This paper is motivated by recent advances in mathematical modeling of non-Newtonian
fluids and elastic mechanics, in particular, the electro-rheological fluids (smart fluids). This
important class of fluids is characterized by the change of viscosity which is not easy and which
depends on the electric field. These fluids, which are known under the name ER fluids, have
many applications in elastic mechanics, fluid dynamics etc.

The aim of this work is to solve the obstacle problem associated to (1.1) in the case where
f € LY(Q) and without assuming any growth restriction on ¢, ®(u) # 0, while the function
g(uw)e(z,|Vul) is not satisfying the sign condition. The existence of solutions is proved via a
sequence of penalized problems.

2 Background

Here we give some definitions and properties that concern Musielak-Orlicz spaces (see [37]).

2.1 Musielak-Orlicz functions

Let Q be an open subset of R”™.

A Musielak-Orlicz function ¢ is a real-valued function defined in Q x R such that
a) ¢(x,t) is an N-function i.e. convex, nondecreasing, continuous, ¢(z,0) = 0,¢(x,t) > 0 for
allt > 0 and

imsup 20 20 lim inf

plat)
=000 t t—oozeQ '

b) (-, t) is a Lebesgue measurable function.

Now, let ¢, (t) = o(x,t) and let ¢ ' be the non-negative reciprocal function with respect to
t, i.e the function that satisfies

oy (o, ) = ¢ (z,0; () =t

The Musielak-orlicz function ¢ is said to satisfy the A, -condition if for some k£ > 0, and a
non negative function h, integrable in Q, we have

o(z,2t) < kp(z,t) + h(z) forallz € Qand ¢ > 0. 2.1

When 2.1 holds only for ¢ > ¢y > 0, then ¢ is said to satisfy the A, -condition near infinity.
Let ¢ and v be two Musielak-orlicz functions, we say that ¢ dominate v and we write v < ¢,
near infinity (resp. globally) if there exist two positive constants ¢ and ¢, such that for almost all
x € Q

v(z,t) < p(x,ct) forallt > ty, (resp.forallt>O0ie.t)=0).

We say that v grows essentially less rapidly than ¢ at O (resp. near infinity) and we write v << ¢
if for every positive constant ¢ we have

t t
lim <sup Ve, )) =0, (resp. lim <sup 1z )> = 0> .
=0 \zeQ @(xvt) t=00 \zeQ 90(337”
Remark 2.1. (see [30]) If v <<  near infinity, then Ve > 0 there exists a nonnegative integrable
function A, such that

v(z,t) < p(z,et) + h(x). forall ¢ > 0 and for a. e. x € Q. (2.2)



Entropy solutions for unilateral parabolic problems... 507

2.2 Musielak-Orlicz-Sobolev spaces

For a Musielak-Orlicz function ¢ and a measurable function v : Q@ — R, we define the func-
tional

poals) = / o, Ju(z) ) da

The set K,(Q) = {u: Q — R measurable /p, o(u) < oo} is called the Musielak-Orlicz
class (or generalized Orlicz class). The Musielak-Orlicz space (the generalized Orlicz spaces)
L,(Q) is the vector space generated by K,(Q), that is, L, (Q) is the smallest linear space con-
taining the set K, (€2). Equivalently

L,(Q)= {u : Q — R measurable /p, o (%) < o0, for some A > 0} .

For a Musielak-Orlicz function ¢ we put: ¢(x, s) = sup,- o{st — p(x, )}, is the Musielak-
Orlicz function complementary to ¢ (or conjugate of ¢ ) in the sens of Young with respect to the
variable s in the space L, (Q) we define the following two norms:

lullo.c = inf{/\ > 0//an (x '“(;’7) dr < 1} ,

which is called the Luxemburg norm and the so-called Orlicz norm by:
llulllo.o = sup [ [u(x)v(z)|dz,
lvlly<1/Q

where 1 is the Musielak Orlicz function complementary to ¢. These two norms are equivalent
(see [37])
We will also use the space E,(Q) defined by

E,(Q) = {u : Q@ — R measurable /p, o (%) < oo, forall A > 0} .

A Musielak function ¢ is called locally integrable on Q if p,, (txp) < oo for all ¢ > 0 and all
measurable D C Q with meas (D) < oo Let  a Musielak function which is locally integrable.
Then E,(Q) is separable (see [37], Theorem 7.10) .

We say that sequence of functions u,, € L, (Q) is modular convergent to u € L, () if there
exists a constant A > 0 such that

. Up — U\
Jm_pe.0 (A) =0
For any fixed nonnegative integer m we define
WL, (Q) ={u € L,(Q) :V]ja]| <m,D € L,(Q)},

and
WTE,(Q) ={u € E,(Q) :V]a| <m,D € E,(Q)},

where o = («y, ..., oy, ) With nonnegative integers o, || = |a1| + ... + || and D*u denote
the distributional derivatives.
The space W™ L, () is called the Musielak Orlicz Sobolev space.

Let

Prolw) = Y poa(Du) and fufg =inf{A>0:j,0 () <1}

la]<m

foru e WL, (Q).
These functionals are a convex modular and a norm on W™ L, (Q), respectively, and the pair

(WmLV,(Q), I ||$Q) is a Banach space if ¢ satisfies the following condition (see[37]):

there exist a constant ¢y > 0 such that inf2 o(z, 1) > ¢. (2.3)
xe
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The space W™ L, (€2) will always be identified to a subspace of the product [jaj<m Lo (Q) =

1L, this subspace is o (I1L,, I1E,) closed.

The space W[ L, (Q) is defined as the o (IIL,,I1E) closure of D(Q) in W™ L, (). and
the space W' E,, () as the (norm) closure of the Schwartz space D(Q) in W™ L (Q).

Let W L,(Q) be the o (TIIL,,,I1Ey) closure of D(Q) in W™ L, (L), the following spaces
of distributions will also be used:

WL, @) = fe D@ f= 3 (=) D% f, with fu € Ly(@) }.

la<m
and
W™ "Ey(Q) =< feD'(Q)f= Y (=1)I*ID*f, with f, € Ey4(Q)
la|<m

We say that a sequence of functions u,, € W™ L,,(2) is modular convergent tou € W™ L, (Q)
if there exists a constant k£ > O such that

. Uy — U\
Am_Pe.0 (k;> =0
For ¢ and her complementary function ¢, the following inequality is called the Young in-
equality (see[37]):

ts <o(x,t) +¥(x,s), Vi,s>0,z€Q, 2.4
this inequality implies that

lullg.o < pp.a(u) + 1. (2.5)
In L,(€) we have the relation between the norm and the modular

[ullg.o < po.a(u) if [lulloo > 1, (2.6)

[ullg.o > po.a(u)if ull,o < 1. 2.7
For two complementary Musielak Orlicz functions ¢ and ¢, let uw € L,(Q) and v € L, (L),
then we have the Holder inequality (see[37]):

/Q w(@)o(z)de

< llullg.elllvflly.o- (2.8)

Lemma 2.2. [30]

Let Q be a bounded Lipschitz domain in RN and let o and 1) be two complementary Musielak-
Orlicz functions which satisfy the following conditions:

i)There exists a constant ¢ > 0 such that inf zcqp(z,1) > c.

ii) There exists a constant A > 0 such that for all x,y € Q with |x — y| < % we have

A
p@,t) t|<]°g(ﬁly>>, vt > 1. (2.9)
oy, t)
iii)
If D C Q is a bounded measurable set, then / oz, 1)dz < oo. (2.10)
D

iv) There exists a constant C > 0 such that ¥(z,1) < C a.e in Q.

Under this assumptions, D(Q) is dense in L,(Q) with respect to the modular topology, D(Q)
is dense in W L,(Q) for the modular convergence and D(Q) is dense in W' L, (Q) the modular
convergence.

Consequently, the action of a distribution S in W~'L,,(Q) on an element u of W L, (Q) is
well defined. It will be denoted by < S, u >.
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2.3 Inhomogeneous Musielak-Orlicz-Sobolev spaces

Let Q a bounded open subset of R and let Q = Qx]0, T'[ with some given T > 0. Let ¢ and
1) be two complementary Musielak-Orlicz functions. For each o € NV denote by D¢ the dis-
tributional derivative on @ of order o with respect to the variable € RY. The inhomogeneous
Musielak-Orlicz-Sobolev spaces of order 1 are defined as follows.

W'L(Q) = {u € Ly(Q) : Vo] < 1D}u € Ly(@)

et
WY E,(Q) = {u € E,(Q) : V]a| < 1Dju € E,(Q)} .

This second space is a subspace of the first one, and both are Banach spaces under the norm

lull = > IDgull,q

o<1

These spaces constitute a complementary system since € satisfies the segment property.These
spaces are considered as subspaces of the product space I1L,(Q) which has (N + 1) copies.

We shall also consider the weak topologies o (I1L,,, I1Ey,) and o (TIIL,,, I1Ly) If u € WL, (Q)
then the function ¢t — u(t) = wu(-,t) is defined on [0,7] with values in W'L,(Q). If u €
W12 E,(Q), then u € W'E,(Q) and it is strongly measurable. Furthermore, the imbedding
WhE,(Q) c L' (0,7, W'E,()) holds. The space W'*L(Q) is not in general separable,
for u € WL, (Q) we cannot conclude that the function u(¢) is measurable on [0, 7.

However, the scalar function t — |[u(t)||,q is in L'(0, ). The space W,"* E,,(Q) is defined
as the norm closure of D(Q) in Wh*E,(Q). We can easily show as in [23] that when Q has
the segment property, then each element w of the closure of D(Q) with respect of the weak =
topology o (I1L,,,I1E,) is a limit in W'*L,(Q) of some subsequence (v;) € D(Q) for the
modular convergence, i.e. there exists A > 0 such that for all |o| < 1

D% — D%
/cp(:v, (M))dmdt%Oasjﬁoo,
Q

this implies that (v;) converges to u in W* L, (Q) for the weak topology o (I1L,I1L,) Con-
sequently

— (L, N1Ey)  ———0(ML,,l1Ly)

D(Q) @ b — (Q) @ b
The space of functions satisfying such a property will be denoted by W()]’”Lw(Q) Furthermore,
WOI’””EW(Q) = WOI’“'L@(Q) NIIE,(Q). Thus, both sides of the last inequality are equivalent

norms on Wol’va,(Q). We then have the following complementary system:

Wy Ly(Q) F
W()LxEW(Q) Fy

where F states for the dual space of VVO1 " E,(Q). and can be defined, except for an isomorphism,

as the quotient of T1L,, by the polar set W " E,,(Q)*. It will be denoted by F = W~ L,,(Q),
where

W_lme(Q) =q/f= Z D3 fa: fo € Ly(Q)
ler|<1
This space will be equipped with the usual quotient norm
IFI = inf D [l fallyq
| <1
where the infimum is taken over all possible decompositions

F= DSfar fo€Ly(Q)

la| <1
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The space Fj is then given by

Fy=Sf=Y Difa:fa€EyQ)

lal<1

and is denoted by Fy = W 12E,(Q) .

3 Truncation Operator

Ty, k > 0, denotes the truncation function at level k defined on R by T} (r) = max(—k, min(k,r)).
The following abstract lemmas will be applied to the truncation operators.

Lemma 3.1. ([38]) Let F : R — R be uniformly Lipschitzian, with F(0) = 0. Let ¢ be a
Musielak-Orlicz function and let uw € W L,(Q). Then F(u) € W L,,(Q) Moreover, if the set D
of discontinuity points of F' is finite, we have

0 _ F’(u)a—;‘i a.ein{z € Q:u(z) € D}
asz(u) B { 0 ’ a.ein{z € Q:u(zx) ¢ D}.

Lemma 3.2. [40] (Poincare inequality). Let ¢ a Musielak Orlicz function which satisfies the
assumptions of lemma 2.2, suppose that o(x,t) decreases with respect of one of coordinate of
Then, there exists a constant ¢ > 0 depends only of Q such that

/ o(z, ju(z)])dx < / oz, c|Vu(z)|)dz, Yu € WiL,(Q).
Q Q
Lemma 3.3. Suppose that Q satisfies the segment property and let u € Wole(Q). Then, there
exists a sequence (u,) C D(Q) such that
w, — u for modular convergence in Wy L, (Q)
Furthermore, if u € W L,(Q) N L>®(Q) then ||uy,]|, < (N + 1)|Ju sc-

Lemma 3.4. [25] Let (f,,) , f € L'(Q) such that
i) fn>0aeinQ
ii) fp — faein Q)

iii)/gfn(x)dx—>/gf(x)dx
then f, — f strongly in L'(Q).

Lemma 3.5. (Jensen inequality). [39] Let ¢ : R — R a convex function and g : Q& — R is

function measurable, then
@(/ gdu) S/wogdu-
Q Q

Lemma 3.6. (The Nemytskii Operator)[30] . Let Q be an open subset of RN with finite measure
and let ¢ and ¢ be two Musielak-Orlicz functions. Let f : Q x R — R be a Carathéodory
function such that for a.e. v € Qandall s € R :

£, )] < (@) + krgp o, hals]). 3.1
where ki and k; are real positives constants and c(.) € Ey(Q). Then the Nemytskii Operator
Ny defined by N¢(u)(x) = f(x,u(x)) is continuous from

P(Eq,(Q), klz) _ {u € L,(Q): d(u, E,(Q)) < /:2}

into L,(Q).
Furthermore if ¢(-) € E.(Q) and v << 1 then Ny is strongly continuous from P(Ev(Q), i)
to E,(Q).
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4 Existence results
This section is devoted to study the following existence theorem.

Theorem 4.1. Assume that (1.2)-(1.9) hold. Then there exists at least one solution of the problem
(1.1), in the following sense:

u>Cae. inQ Tk(u)eW‘“’L (@), Sk(u(-,1)) € L'(Q).
/Sk ))dx+< T u—v> / (z,t,u, Vu) VT (u — v) dz dt

/dD VTk(u—U)dxdt</ g(we(x,| Vu |) Tk (v —v) dz dt

/ka u—v d:r:dt—l—/Sk. (up — v(0)) dz,
Q Q

Jor every k > 0, and for all v € WOI’””LW(Q) N L*(Q) such that
90 e WLy (Q) + LY(Q) and v > (. Sy, is the truncation defined by

Su(7) =/0 (s) ds.

The proof of this Theorem is divided into six steps.

Step 1: Approximate problems and a priori estimate

Let’s consider the following approximate problem:

Oun
ot

v (a2t V) + D 00)) = T (0~ €))
- g(u”)(p(‘ra | Vun ‘) + fn in Q, (41)
un(xa 0) = Uon(ﬁ) in Q,

where ®,, is a Lipschitz continuous bounded function from R into RY,

fn C D(Q) such that f,, — f strongly in L'(Q) and (ug, ) C D(Q) such that ug,, — ug strongly
in L'(Q). By Lemma 3.1 of [26], there exists at least one weak solution u,, € WO"””Lg,(Q)
of the problem (4.1). Let h > 0 and consider the following test function v = T (u, —

Ty (un)) exp (/Oun g(s) ds) in (4.1), we have

(2 T3 (o1, — Ti ) e /0 " () ds) )
+ /{ - al., tn, Vitn) Vit exp ( /0 g(s )dx dt
4 /Q (.t Vi)V T 1 — T (1)) ) exp ( / o) ds) drat
/CI> Un V(Th( — Ty(uy) exp(/o g(s ))dxdt
- /Q T (= 1)) T (1 — T () € ) dedi

(
= / g(un)e(x, | Vun |)Th (un — Tk(un))eXp( g( )d )dxdt
Q 0

The Liptschitz character of ®,,, Stokes formula together with the boundary condition «,, = 0 on
(0,T) x 9Q, make it possible to obtain

/QQJH(un)V<Th(un — Tk (up)) exp (/O“n g(s) ds)) dz dt = 0. 4.2)
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Using (4.2) and (1.2), we have then,

(% T~ Titunexp ([ alo)5))

+/{k<un§k+h} o(z, | Vuy, |) exp (/Oun g(s) ds)un
n /Q ()T, — Tic () exp /O o(s) ds) da di

< /anTh(un — Tk (up)) exp (/Oun g(s) ds) dz dt.

We have

(22 T~ Titunexp ([ ato)a5))

— /Q/Ouﬂ(xiiTh(S_Tk(s))exp (/Osyg(s) ds)

/Q/o Th(s—Tk(S))exp(/Oég(s)ds)_

So, we obtain

n /Q To(tn — ) )T (tm — Ti(oun) exp /0 " ) ds) i dt < Ch,

and also

_/Q nTy ((u, — C),)Th(un —th:(Un)) exp (/Oun g(s) ds) dzdt < C.

Let us now fix k >|| ¥ ||, we deduce the fact that

nTn(un - C) (un - k)X{u,l§¢}X{k<un§k+h} > 0.

Letting h to tend to zero, one has

n/Q T ((un — €)7 ) exp (/Oun g(s)ds) dz dt < C,

and also,

n / T ((un — ¢)7) < C. 4.3)
Q

Let us use as test function in (4.1), v = T (u,,) exp ( / g(s) ds), then as above we obtain
0

et 19T ) Do ([ ote)ds) < ik @4

By using the Lemma 3.2, we have

/ng(x, M)dw < /Qgp(am \VTk(un)D exp (/Oun g(s) ds) < Cik, 4.5)

where c is the constant of Lemma 3.2
Then (T (uy)), is bounded in WOI’ILW(Q), and then there exist some
wy € W&’mL@(Q) such that

Ty (un) — wy, weakly in Wy'" L, (Q) for o(T1L,, [1E,),

Ty (un) — wy, strongly in E,(Q) and a.e. in Q.
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Let consider the C? function defined by

Multiplying the approximating equation by n;(un), we get

% — diV(a(;v, t, Un, Vun)n;g(un)) +a(z, t,up, Vun)n; (un)

—div (qbn(un)n;€ (un)) + Dy, (1)1, ()

= g(un) (@, | Vg | (wn) + fumy,(un) + 0T ((un = )7 ) (un)

in the distributions sense. we deduce then, 7 (u,) is bounded in WOI’””L</,(Q) and 877’“872"") in

W=teL,(Q) + L'(Q). By Corollary 1 of [?], n (u,,) is compact in L'(Q).

4.1 Step 2: Convergence in measure of (uy, )y

Let k£ > 0 large enough, by using (4.5) and (1.5), we have

M(k)meas{|u,| >k} = / M (| Ty (un)|)dx
{|un|>k}
< [ e(n M)
{|u71|>k}
< /gp(w,|Tk(un)|)d:ﬂdt
Q
< Cik.

Where c3 is a constant not dependent on & ,hence

Cik
M(k)

meas{|un| > k} < — 0as k — 0.

For every A > 0 we have

meas{|un, — um| > A} < meas{|un| > k}
+ meas{|um| > k}
+  meas{|Tk(un) — T (um)| > A} (4.6)

Consequently, by (4.5) we can assume that (T (uy,)),, is a Cauchy sequence in measure in Q.
Let £ > 0, then by (4.6) there exists some k = k(¢) > 0 such that

meas{|un, — um| > A} <&, forall n,m > ho(k(e), A).

Which means that (u, ), is a Cauchy sequence in measure in @, thus converge almost every
where to some measurable functions u. Then

{ Tk (un) — Ti(u)  weakly in W L,(Q) for (1L, TIE,,) 47

Ty (un) — Ti(u) strongly in E,(Q).
Now using the estimation (4.3) and Fatou’s Lemma, we obtain
(U‘ - C)i = Oa

and so,
u>C.
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Step 3: Almost everywhere convergence of the gradients

Lemma 4.2. Let u,, be a solution of the approximate problem (4.1). Then, there exists a subse-
quence also denoted by u., such that

Vu, = Vu a.e. in Q.
we deduce then that,
a(e, T (un), VT (un)) — a(., T (u), VTi(u)) in (Ly(Q))N for o(TIL,, I1E,).

Proof. of lemma 4.2: For m > k, we define the function

1 ls|] <m
pm(s) =< m+1—|s] m<|s|<m+1
0 ls| >m+1

and we set

(/OTk exp t (s)ds) dt) (exp (— /OOO g(s)ds))
/(: pm(t) exp </t (s)ds) dt

—Tk(vju e”t’Tk(Q/J)

where v; € D(Q) such that v; > T;(¢) and v; — T (u) with the modular convergence in
WOI’ILSO(Q) (for the existence of such a function see [24] since ¢ € L>(Q) N W3 E,(Q).¢; is a
smooth function such that ¢; — T} (uo) strongly in L'(Q)

and [|Gil .o < 1T (o)l - wy is the mollifier function defined in [35]), the function w, ; has
the following properties:
auéi’j =p (Tk (vj) — wL,j) ) w;,j(o) =T (Gi) |Wﬁ,j| <k
Wl ;= Tp(u), +e Ty (¢)  in Wy L, (Q) for the modular convergence with respect to j

Ty (u), + e "Iy (¢) — Tp(u)  in W) L, (Q) for the modular convergence with respect to p

Now,by taking v = (T} (un) — w), ;) pm (un) exp < / g(s)ds) as a test function, we get
0

<<8aut”,v>> +/Qa (s tny Vun) (VTR (un) — V!, 5) pm (un) €Xp (/Oun g(S)ds) (4.8)

+/ a (o, Un, Vi) Vg (Tjf (un) = w), ;) Py (un) eXp </ ' g(s)ds) 4.9)
Q 0
+/ a (o Un, V) Vung (uy) (T,;k (up) — wfhj) Pm, (un) €Xp </ g(s)ds) (4.10)
Q 0
= /anvdxdt + n/QTn ((un — C)_) vdzdt + /Q g (un) ¢ (x, |Vuy|) vdzdt

= (4) +(5) +(6)

Let us recall that for u,, € VVO1 " L,(Q), there exists a smooth function u,,, (see [21]) such that

Bun

Ups — Uy, for the modular convergence in VVO1 "L, (Q) Qns _, for the modular conver-

ot
gence in W12 L,(Q) + L'(Q).

<<%§>> = Jim | (o) (75 (o) = i) pm (1) exp ( /0 “"”g(s>ds)
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= lim
o—0t

( /Q (R (tng) = T (tno))" (T (o) — w}, ;) dadt + /0 (T,: (o) T (o) —w;,j) dmdt)

~ lim { / (Bon (uno) = T (o)) (75 (uno) = ) d}

o—0*t

- /Q (R (ttno) — T3 (1)) (T (t0ng) — ;) dxdt

T )
+ / (ttne) (TF (tne) — ') dadt =2 I, + 1 + I3
Q

Remark also that,

Ron (tng) > T (tng)  if g < kand R () > k = Tf (o) > | ;| if o > k
1 :/ (B (tne) (T') = T (uno) (1)) (Ti (uno) (T) = wy, 5(T)) da
(R (tno) (0) = T (tner) (0)) (T3 (uno) (0) =y, ;(0)) dz =: I} + I}

QTI,
Ij> (R (tino ) (T) = T (une) (1)) (T3 (e ) (T) = w,, ;(T)) du
Uno (T)<k
and it is easy to see that

limsup, . I} > e(n.j. )
B=- (o (020 (0) = T (1) (0)) (T (1) (0) — &) e

Uno (0)<k

(R (0) (0) = T 1) (0) (T (1) 0) = ) o
Un o (0)>k

For the first part, it is the same as /| and for the second part, we have

(R (tno) (0) = T (uno) (0)) (Ty; (o) (0) = ¢;) d

112 > e(najvl’(‘) _/

Uno (0)>k

limsup Iy > e(n, j, 1) — / (R (tt0n) — T, (t10n)) (T (tt0n) — Gi) daz == Jy
UOn Zk

o—0t

Now by letting n — oo, we get

Jim = = [ R ) = T ) (T ) = ) dns

and by letting ¢ — oo, one has
limsup I} > e(n, 7,4, 1)

e—0t
About I, we remark that T} (um)' =0if ups > k, then

* * 7 !
L=— /d (Ron (ttne) — T (1)) (T (t0nr) — i, ;) dxdt
ng<k
+/ (R (tno) = Tf (uno)) (W', ,) dxdt =: I} + 13
Un o>k

As in Il, Izl 2 G(Tl,j, N’)a and
x iy
l% - / (Rm (una) - Tk (unﬂ)) (w%]‘) dxd?
dn0>k
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> / (B () = T (1) (T (1) = T (1)’ dxdt
Uno >
thus by using the fact that

(Bin (uno) — T (uno)) (TI: (Uno) — W;,j) Xuno >k 0.

timsup 3 > 1 [ (R () = T (1)) (T ) = T (1)’ dxdt = (,)

o—0*t

Concerning I3

Iy = /T,;‘ (tno) (T3 (uno) — wz,j) dxdt

[

= /Q (T3 (uno) — Wi,j)’ (T3¢ (uno) — w:’t’j) dzdt + /Q (wi’j)/ (T3 (uno) — w:’t’j) dzdt

set T'(s) = s2/2,7 > 0, then

T

B~ [ 1 () o)) 0]

(01 005) =) (7 () = )
0

> cn..p)= | 7 (T3 (000 (0)) = ) o /Q (Tic (07) — T (o)) (T () — 0, ;) dedt (as in Do)

SO,

o—0t

limsup > €(n, j, u) — /QT(T,;‘ (uon) — ) dz + /J/Q (Tx (v;) = Tp; (un)) (Ti (un) — w), ;) dzdt

= —/QT (T (uo) — Gi) d + M/Q (T (v5) = Tp (u) (T3 (u) — wy, ;) dwdt + e(n, j, )

and we deduce
limsup > €(n, j,i, ).

o—0*t

Then we conclude that

<<3§?, (T7 (1) — o) o (1) X ( A " g(S)dS) >> > e(n, i, ).

Now for the terms of (4.8),(4.9),(4) and (5).
Let us remark that

(i) VT (u) = (exp (— /O h g(s)ds)) exp ( /0 e g(s)ds) VT (1) = AMu)VTh(w).
Concerning (4.8)

/Qa (e tn, V) (VI (un) — Vwi,j) Pm, (un) €Xp </Ou g(s)ds) dzdt

= / a (- un, Vn) (VI () — V), 5) pr (un) €Xp (/ ' g(s)ds) dzdt
un <k 0

+ /u ,L’>k a (o, Vun) (VI; (un) — VW, ;) pm (un) exp ( /0 " g(s)ds> dudt
= /Qa(.,Tk (un) , VT (un)) (VTF (un) — V!, ;) exp (/0“" g(s)ds> dadt

—I—/ a (o tn, Vun) (VT (un) — VW, ;) pm () €Xp (/ ' g(s)ds) dzdt
Uy >k 0

recall that p,,, (u,) = 1 on {|u,| <k}
Lets > 0,Qs = {(,t) € Q: [VT}(u)| < s},Q5 = {(x,t) € Q : [VT} (v;)| < s}
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/Qa (s tns Vin) (VT (un) — V), 5) p (un) €Xp </0 g(s)ds) dzdt
- /Q (0 (s T (tn) . VTt () — @ (- T () , VT (1) X))

X (VT} () = VT (v7) X°) exp ( /0 - g(s)ds> dzdt

+/Qa ( Tk (un) , VT (v7) 25) (VT (un) = VT (v) X5) eXp (/Oun g(s)ds> dadt
+/Qa (-, Tk (un), VTy (up)) VT (v)) '} exp (/Ou g(s)ds> dxdt

_/ a (o, Un, Vi) V!, 5o (Un) €Xp (/ ' g(s)ds) dzdt
Q 0

=+ h+J3+Js
thanks to (4.7) we have

Ty (un) — T (u) weakly in W, L, (Q) for o (T1L,, T1Ey) (4.11)

Ty (un) — T3 (u) strongly in E,(Q) and a.e in Q (4.12)

By using (1.4), we can deduce the existence of a measurable function Ay, such that

a (T (un), Vg (un)) = hy in (Ly(Q))Y for o (T1Lyy, TIEy)

J, = /Qa (o, T (u), VTi (v;) x5) (VT3 (u) — VT (v)) x5) exp (/Oug(s)ds> dzdt + €(n)

since
a (. Ty (un), VT (v) 25) = a (., Tr(u), VT (v;) x;) strongly in (Ew(Q))N
a (. Te(u), VTg (v;) x5) = a (., Ti(u), VI (u)x®)  strongly in (ES(,(Q))N
and
VT (v;) x5 — VT (u)x® strongly in (Ly(Q))"™
Then,

J2 = E(?Lj)

Following the same way as in .J,, one has

Jy = / hi VT (u) exp (/ g(s)ds) dzdt + €(n, j, p, s)
Q 0

For the terms Jy :

Jy=— / a (-, Tyt (Un) s Vit (un)) V), ipm (un) exp (/ g(s)ds) dxdt
Q 0
= _ / a(oy Tong1 (un) , V11 (un)) Vwi’jpm (urn) exp (/ g(s)ds) dzdt
[[n|<k 0

_ / a (o, Tost (tn) , Vgt (un)) YVl pm () exp (/ g(s)ds) dzdt
k<|un|<m+1 0
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Letting n — oo, then

Jy = 7/ hi VW), pm (1) exp </ g(s)ds> dxdt
k<|ul<m+1 0

_/ - a1V, ;o (1) €Xp (/0 g(s)ds> dzdt + €(n)
u|<

By letting firstly j — oo and after that ;1 — oo, we get

Jy=— / hi VT (u) exp ( / g(s)ds) dzdt + e(n, j, p)-
Q 0

(1) :/Q (a (T (un) , VT (un)) = a (- Tk (un) , VT (07) X5)) (VT3 (un) = VTi (v5) 5)

X exp </ ' g(s)ds) dxdt + €(n, j, i, 8)
0

Concerning(4.9)

’/Q @ (s tny V) Vg (T (un) = wy, ;) P (un) €xp (/Oun Q(S)ds)

< C(k) a (. Un, Vuy) Vi, exp (/ ’ g(s)ds) dxdt
0

m<|u|<m+1

Let @ (s) = T (s — Tyn(s)) and ©°(s) — /0 "0,.(1) exp ( /0 t g(s)ds) dt.

Using v = Oy, (u,) exp ( / ’ g(s)ds) as a test function in the approximated problem (4.1),
0

(!, o) + /Q @ (s tin, Vi) Viin @' (1) exp ( /O " g(s)ds) dadt
< /Q Foodadt +n /Q T (1~ )7 @}, () exp ( /0 g(s)ds) dedt

So
/ (07, (un(£)]y + / a (- tn, Vty) Vg, exp ( / " g(s)ds> dadt
Q m<|un|<m+1 0 W
= /|nzm fuvdzdt + n/ T ((“n - 4)7) 0y, (un)exp (/0 9(8)d8> dzdt

and we easily obtain (since @}, > 0):

/ a (. Up, V) Vuy, exp (/ ! g(s)ds) dzdt
m<|uy | <m+l 0

< e(n,m)

S0,
(4.9) < ¢e(n,m)

With the same techniques as above, we can deduce that

(4) <e(n,j,n)
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Concerning (5), we have

(5) = n/eTn (1 — g)) (T,: (un) = T (v5),, ) exp (/O (s ) dadt
+ n/QTn (1 = ) (T (), — ) P () exp </0 o(s ) dedt
<o [ 7o (0= 07) (0 =T (w),) o 1) exp ([ ats)as) avar

+n/QTn ((un —<)7) (Tk (v3),, = pm (un) eXP(

since T}, (v;),, > T (¢) and Ty, (v;),, — wj, ; < 0, we deduce that

N

g(s ) dxdt

(5) <o

Taking now into account the estimation of (4.8),(4.9),(4) and (5), we obtain

/Q (a (T (un), VTk (un)) — a (- Tr (un) , VI (v5) X;))
X (VT (un) — VT (v5) X) exp </Oun g(s)ds) dzdt

< G(najvﬂaiv Svm)'
On the other hand,

/ (@ (s T (un) , VT (1) = @ (T (un) s VT ()x®)) (VTE () — VT (0)x") exp ( / " g(s)ds) dedt
Q 0
/Q (a (T (n) . VT (1)) — @ (o T (n) . VT (17) 22))
X (VT3 (un) — VT (v5) x5) exp </0ﬂn g(s)ds) dzdt
= /Qa (T (un) , VT (un)) (VTk (v5) X5 — VT3 (u)x°) exp (/0 g(s)ds) dzdt
— /Qa (o T (un) , VT3 (u)x®) (VT (v5) 5 — VT (u)x®) exp (/0 g(s)ds) dxdt

—i—/Qa (o, T (un) , VTy () x5) (VTR (un) — VT (v5) X5) exp </0“n g(s)ds) dzdt,

each term of the last right hand side is of the form €(n, j, s), which gives
/ (a (., Tk (un), VT (un)) — a (o, Tk (un) , VI3 (w)x?®)) (VT7 (un) — VI3 (u)x®) exp (/ g(s)ds) dzdt
Q 0
_ /Q (a (. Tx (wn) , VT () — a (2 Tk () , VT (1) X))

X (VT (un) — VT (v5) X) exp (/Oun g(s)ds) dzdt
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+e(n, 3, 5)

Following the same technique used in [20] we have for all r < s :

/Q (a(, Tk (un) , VT (un)) — a (o, Tk (un) , VIy (w))) (VTE (un) — VTy (u)) dzdt — 0

(4.13)

On the other hand, we have
(A (un) = M) VTi(w)X |97y (uy<ry — 0 strongly in (E,(Q))™

and
a (T (un), VI (up))—a (., T (un) , VI(uw)) = hp—a (., Ti(u), VT (u))  weakly in (Lw(Q))N

which gives

/ (a (., Tk (un), VTk (un)) — a (., Tk (un) , VIk(w))) VIi(u) (A (un) — A(u)) dzdt — 0

0¢
(4.14)
By using the decomposition:

VT (un) — VT (1) = X(un) (VTg (un) — VTg(u)) + (A (un) — Muw)) VIg(u)

and taking into account of (4.11), (4.12), (4.13),(4.14) and the monotonicity condition,we get

lim (a (., Tk (un) , VTx (un)) — a (., T (un) , VIi(w))) (VT) (uy) — VI (u)) dzdt = 0

"7 JQ,
thus,there exists a subsequence also denoted by w,, such that
Vu, — Vua.e.in Q
We deduce then that,

a (T (un), VTk (un)) = a (., Te(w), VTk(u))  in (Ly(Q))Y  for o (TIL,, TIE,)

Step 4: Modular convergence of the truncations

We have proved that
/Q (. Tiun), VT (n)) = ale Tun), VTk(03)x5) ) (VT (1) = VT ()5 )
X €Xp (/ ' g(s) ds) dr dt < e(n,j, u,1i,s,m),
0

where
+oo

i) = ([ e ([ atoras)a) (exw (~ [ ato)as)

We can also deduce that
/Q (s Th(un), V() = @l T (), VT () ) (VT (un) = VT3 (w)x*)
X exp (/Oun g(s) ds ) du dt
= [ (e Tin). 9T () = 0 T, VTal05)3)) (VT () = VTa(03)x5)

Q u
X exp (/ g(s) ds) dzdt +e(n,j,s).
0
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Then,

/Q 0 T (1), VT () )V T (1) i it
S/ al., Ti(un), VT (un))VTi (u)x® dz dt
Q

+/Q a(., Ti(un), VI (u)x®) (VT (un) — Tk (w)x®) dz dt + €(n, 4, 1,4, 5, m).

We deduce that,

limsupn/ 0 T (), VT (1)) VT (i) it
Q

§/ al., Ty (u), VI, (u)) VT (u)x® dz dt + lime(n, j, u, i, s,m),
Q n

then,

limsupn/Qa(.,Tk(un),VTk(un))VTk*(un) dx dt
g/ al., Te(u), VI (u)) VT (u)x® dz dt
Q

< liminf, / 0 T (), VT () )V T () da dit,
Q

as n — 0o, we deduce

a(e, T (wn), VT (un)) VTR (un) — al., T (w), VT (u)) VT (u) in L'(Q).

Using the same argument as above, we obtain

a(e, T (un), VT (un))VTk(un) = a(., T(u), VTk(u))VTk(u) in L'(Q),

by Vitali’s theorem and (1.2) we get

VT (un) — VT (u) for the modular convergence in (L, (Q))N.

Step 5: Passing to the limit

Using the approximated function of the Lemma 3.2 of [26], the passing to the limit is easy by
adapting the same way as in [20, 21, 22].

As a conclusion of Step 1 to Step 5, the proof of our existence result is achieved.
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