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Abstract. The notion of E-proximinality was recently introduced. In this paper, we prove
that E-proximinality is stable under ¢y-direct sum of Banach spaces. We present an example of
a proximinal hyperplane which is not E-proximinal. We also provide an alternate definition of
E-proximinality and prove its equivalence.

1 Introduction

Let X be a real Banach space. The closed unit ball of X is denoted by Bx and the unit sphere
of X is denoted by Sx. Also, X* denotes the dual of X. For z in X and r > 0, we set

Blz,rj={ye X :[lz —yl[| <r}, Blx,r)={yeX:|z—yl|<r}

We consider only closed subspaces in this paper. For any f in X*, kerf denotes the kernel
of f. The set of all norm attaining functionals on X is denoted by NA(X) and NA;(X) =
NA(X) N Sx«. For any z in X and a subset C' of X, the distance of = from C is denoted by
d(z,C). Let

Po(e) = {y € C: |z —y| = d(z,C)).
The subset C is said to be proximinal in X, if for each 2 € X, the set P-(z) is non-empty . For

any 6 > 0 we set
Po(z,0) ={2€C: |z —z| <d(z,C)+d}.

We say a proximinal set C' of a normed linear space X is strongly proximinal if for each z in X
and € > 0, there exists § > 0 such that

sup{d(z, Pc(z)) : z € Po(x,0)} < e

For any f in X* we set,

Ix(f) ={z € Sx: f(z) = | fII}.
If f € X*, then we have

f € NA(X) & Jx(f) # 0 < ker fis proximinal in X.
Also, if H is proximinal, for any = in X, we have

@)
]

The notion of ball proximinality of a closed subspace was introduced in [1], motivated by an
example of Saidi, given in [10].

Ix (f).

Definition 1.1. A subspace Y of a normed linear space X is ball proximinal in X if By is
proximinal in X.
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It is easily verified (see [1] and [10]) that if YV is ball proximinal in X, then Y is proximinal in
X. That the converse is not true, was shown by Saidi’s counterexample [10]. Ball proximinality
has been studied in [1], [4] and [5]. In [4], subspaces with strong 1%— ball property were shown to
be ball proximinal. In [3], an example of a Chebyshev strongly proximinal hyperplane H = ker f
that is not ball proximinal, is given. The characterizations of ball proximinal hyperplanes and
strongly ball proximinal hyperplanes are given in [5].

Strong proximinality was introduced in [2] and results related to this notion has been studied
in many research articles (see [1]-[5] and [7], [8]). In [9], it is shown that if X is a Banach
space which has the property that any M-ideal of finite codimension in X is an intersection of
M-ideals of codimension one, for all ¢ > 1, then X = (&.,X;)ien also has the same property.
In this paper, we prove that E-proximinality is stable under cy-direct sum of Banach spaces. We
present an example of a proximinal hyperplane which is not E-proximinal. We also provide an
alternate definition of E-proximinality and prove its equivalence.

2 Alternate Definition of E-proximinality

We start this section by proving an equivalent definition for E-proximinality. The notion of
E-proximinality was introduced in [5].

Definition 2.1. [5] A proximinal subset Y of a Banach space X is called E-proximinal if for
any x in X and € > 0 there exists an element y in Py (x) such that ||y|| < a(z) + €, where

alz) =inf{r >0:3(y,) CY s.t ||lyn|| <7 and li_>m |z —ynl = d(z,Y)}.

The characterizations of E-proximinal hyperplanes and E-proximinal subspaces are given in
[6]. 1t is shown in [6] that every proximinal hyperplane is also E-proximinal in C(Q), where Q
is a compact Hausdorrf space. It is known from [6] that if X is Banach, f € NA;(X) and the
pre-duality map is norm-to-weak upper semi continuous at f, then ker f is E-proximinal.

Let X be a Banach space and Y be a proximinal subspace of X. For z in X, consider the two
conditions:

a) d(xz,Y)=d(xz,By) and b) inf{|ly|]|:y € Py(z)} <.

Clearly b) implies a). It is easy to check that if Y is strongly proximinal, or Y is ball proxim-
inal then also we have a) implies b) and in these instances, a) and b) are equivalent.

It is clear that strong proximinality implies E-proximinality and ball proximinality implies
E-proximinality. In [5], an example of an E-proximinal hyperplane which is not strongly prox-
iminal is given. Also, it is easy to see that the example given in [3] is E-proximinal but it is not
ball proximinal.

An alternate and natural way to view the equivalence of a) and b) arises from an observation
from [3], which points out the equivalence of the two conditions below, for a subspace Y of a
normed linear space X.

() Every z € X such that d(x,Y) = d(z, By) has a nearest point in By,
or equivalently, d(z,Y) = d(x, By ) = Pp, () = Py (z) N By # 0.

D) If for z € X,
alz) =inf{r > 0:3(y,) C Y s.t ||lya|| < 7 and 1i_>m |z — yn| = d(z,Y)}

then there is an element y in Py (z) with ||y|| = a(x). That is, a nearest point which achieves
the smallest norm of a minimizing sequence can be found.

For completeness, we prove the equivalence of the two conditions (I) and (II) given above.
We begin by showing that the infimum «(z) is attained. That is, there exists a minimizing
sequence (yy,,) of z satisfying ||y, || < a(z) foralln > 1.

To see this, let d = d(x,Y"). Note that for each k£ € N, there exists a minimizing sequence
(Ynk)22, such that

1

1
sup ||ynk|| < alx) + Z and ||z — ygx|l < d+ 2
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o(a)

m and z, = Y, Ynn. Then we have ||z,|| < a(z) for all n > 1.

Foralln € N, let ,, =
Now lim -, = 1 and
n—oo
1
< d+ -+ |] _7n| Hynn” .
n

Hence nhﬁngo le — zn|| < d.Butd < |z — z,]|, Vn € N,since z, € Y. Sod < nl;rrgo |l — 2z -
This with the above inquality implies n11_>n;o |z — 2, || = d. Thus (2,,)°, is the required minimiz-
ing sequence.

We now proceed with the proof for equivalence of (I) and (II) which also shows that (I)
implies Y is proximinal. We only prove (I) implies (II), the other implication being obvious.

Pick any z € X\Y. Let ()22, be a minimizing sequence for . Then (y,,)2° | is a bounded
sequence and there exists 7 > 0 such that ||y,|| < r foralln > 1. Let z = £. Then (¥=)>°,
is a minimizing sequence for z and clearly = € By for all n > 1. Hence d(z,Y’) = d(z, By).
By (I), there exists w € By N Py (z). Then rw € Py (x) and ||rw|| = r ||w|| < r. This implies
Py (z) # ¢ and since x € X \Y was chosen arbitrarily, Y is proximinal in X. Further, since the
choice of the minimizing sequence (y,,) was arbitrary, (IT) holds.

We now go on to describe the alternate definition for E-proximinality. For this purpose, we
first prove the equivalence of the two conditions given below.
(i) The subspace Y is proximinal and

d(z,Y) =d(z,By) = inf{||ly| : y € Py(2)} < 1.

(i) If (y,, )52, is a minimizing sequence for x with ||y, || < 7 forall n > I, then given e > O there
exists yp € Py (x) such that ||yo|| < r +e.
We prove (i) implies (ii), since the other implication is trivial.

Assume (i) and let (y,,)2° , be a minimizing sequence for = with ||y,|| < r for all n > 1.
Then clearly d(%,Y) = d(%, By). So inf{||%|| : y € Py(2)} < 1. This implies inf{|jy|| : y €
Py (z)} < r. So there exists yg € Py (x) such that ||yo]| < 7+ €.

Hence (i) and (ii) are equivalent and (i) provides an alternate definition of E-proximinality
which is summed up in the following theorem.

Theorem 2.2. Let Y be a proximinal subspace of a Banach space X. If for every x in X
satisfying d(z,Y) = d(x, By ), we have inf{]|y|| : y € Py (z)} < 1, then Y is E-proximinal.

3 E-proximinality in Direct Sum Spaces

In this section, we consider the infinite ¢p-direct sum of Banach spaces. We first prove a distance
formula which is needed in the sequel.

Proposition 3.1. Let Y; be a subspace of the Banach space X; for each i € N. Consider the
co-direct sums X = (®¢,Xi)ien and Y = (®.,Y;)ien. Let x € X \ By and x = ZIZ Then

ieN
d(z, By ) = max{d(z;, By,) : 1 <1i < oo}.

Proof. Since z € X\ By, we have d(z, By) > 0and lim ||a;|| = 0. This implies lim d(z;, By,) =
11— 00 11— 00

0. Hence there exists ng € N such that d(x;, By,) < d(z, By) for all ¢ > ng. We know that
d(z,By) = ir}Bf |z — y||. So given € > 0, there exists z = (z;)$°, € By such that
yeby

|z — 2| < d(z,By) +e.
Note that z; € By, for all ¢ € N. Itis clear that
|z — z|| = max{||x; — 2] : 1 <i< oo}.

Hence
lzi — 2] < d(z,By)+e V1<i<oo.
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This implies
d(z;, By,) < ||z; — zi|| < d(x,By) +¢ V1 <i < 0.

Since this is true for every € > 0, we get,
d(zi, By,) < d(z, By ), Vi> 1.
Hence

max d(z;, By,) < d(z,By). 3.1

1<i<oo

To prove the reverse inequality, let d =  max d(x;, By,). Let € > 0 be given. Then there exists
<1<o0

z; € By, such that
||l‘i — ZzH < d(aﬁ,,ByL) +e Vi> 1.

Let z = 227 Then clearly z € By and 122)20 lx; — 2| < d+e Thatis, ||z —z|| < d+e.
Since thi;eilsV true for every € > 0, we get,

d(z,By) < d (3.2)
From (3.1) and (3.2), we get d(z, By ) = max{d(z;, By;) : 1 <14 < oo}. o

We now show that E-proximinality is stable under infinite ¢y-direct sum of Banach spaces.

Theorem 3.2. Let {X; : i € N} be a family of Banach spaces and Y; be an E-proximinal
subspace of X; for each i € N. Consider the following direct sums X = (¢ X;)ien and
Y = (®¢,Yi)ien- ThenY is E-proximinal in X.

Proof. Pick x = (z;) € X such that d(z,Y) = d(x, By ). We have to show that inf{||y|| : y €
Py(z)} < 1. Wehaved = d(z,Y) = sup d(z;,Y;). Now z € X implies that d(z;,Y;) — 0

1<i<oco
as i — o0o. Choose i € N such that
d L
d(w;, i) < il < 5 < d, ¥i> . (3.3)
Since d(x,Y) = max d(z;,Y;), there exists m € N,1 < m < i such that d(z,Y) =

1<i<i
d(xm, Yo ). In this case

d(z,Y) =d(xm,Ym) < d(xm, By,,) < d(z,By) =d(z,Y).

Hence
d(z,Y) = d(xm, Ym) = d(zm, By,,) = d(z, By ).

We now proceed to construct a sequence (yn)ff:] C Y such that y,, € Py(z) foralln > 1

and sup |ly,|| = 1. For this, for each i € N, we construct a sequence (z,;)>°, in Y; such that
n

lim ||z,;|| = 1 and ||z; — 24| < d(z,Y) forall n > 1 and set y,, = sz-, forall n > 1.
n— o0
ieN
By Proposition 3.1, we have d(z,By) = sup d(z;, By,). Forany n € N, let z,,; = 0
1<i<oo
for all i > i, where i is given by (3.3). Fix ¢ € {1,2,...,ip}. We discuss three cases for the
construction of the sequence (z,,;)°; C Y; as follows.
Case 1. d(x;,Y;) = d(z,Y).
Note that
d(z,Y) =d(z;,Y;) <d(z;, By,) < d(x, By) =d(z,Y).

Hence d(z;,Y;) = d(=z;, By,) in this case. Since Y; is E-proximinal in X;, we can get a sequence
(2ni)22, C Py, (z;) such that lim ||z,;|| = 1 and ||z; — 2z, || = d(z,Y).
n—oo
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Case 2. d(x;,Y;) < d(z,Y) and d(z;, By,) < d(z, By).
Since d(z, By) > d(z;, By, ), there exists 7; > 0 such that

d(z,By) > d(x;, By,) + ;.
Now get a sequence (z,;)>°, C By, such that
H% — zni|| < d(zi, By,) +m;, Vn>1.
Then note that lim llz; — znil| < d(z, By) = d(z,Y).

Case 3. d(x“Y) < d(x Y') and d(z;, By,) = d(z, By ).
Note that in this case

d(x;,Y;) < d(z;, By,) = d(z,By) = d(z,Y).
We now proceed as follows. Let €¢,; > 0 be such that nll)ngo eni; = 0. Pick any sequence
(vni)22, C By, such that
lzi — vnil| < d(x,Y) + €ni, V> 1.

Choose §; > 0 be such that d(z;,Y;) = d(z,Y) — §;. Pick any u; € Py, (=x;) such that |ju;|| <
1 4 p;, for some p; > 0. Forany n > 1, set \,,; = Then note that

9;
Sitens: '
Ani€ni — 0 (1 — Api) = 0. 3.4)
Set 2 = Apivni + (1 — Api)u; for all n > 1. Then
i = znill < Anillws = vnill + (1= Ani) |2 — wl]

< Mni(d(@,Y) +€ni) + (1 = X)) (d(2,Y) — &)

= d(x,Y) 4+ Mi€ni — 6i(1 — A\pi)

— d(z,Y) by (3.4).

Also
[2nill < [ Anivnill + 11 = Ani)ui|
< A (1= 21+ py)
Pi€ni
=1 .
+ 5 + €ni
Since lim e,; = 0, we get hm lznill = 1.

n—00

For any n > 1, define z,; e Y for all 1 < i < i as in the above cases. Recall that we

have set z,; = 0 for ¢ > iy and for n > 1. Then we have lim z,; = O for all n > 1. Now
71— 00

define y, € Y = (®¢,Ys)ien a8 Yn = (Dey2ni)ien for each n > 1. Then (y,, )52, is a sequence
in (@COE)ZGN
Let ¢ > 0 be given. Then for any n > 1, we have ||y, | = 1max ||znsl- Since hm lznil] <1

for all 1 < i < i, there exists N; € N such that | ||z,;| — 1] < e for all n > N Let N =
max{NV; : 1 <i <ip}. Then ||y, || < 1 + ¢ forall n > N and hence lim sup llyn| = L.

Having defined the sequence (z,;):°, for all the possible three cases we note that in all
the cases lim ||z,;|| < 1 and ||z; —zmH < d(z,Y). Hence for y, = (Dey2ni)icn, We have
n— oo
limsup ||y, | = 1 and
d(@,Y) <lle —ynll = sup |lz; — znl| < d(2,Y).
1<i<oo
Hence y,, € Py (x) for all n > 1 and limsup ||y, || = 1. This implies inf{||y|| : y € Py (2)} <1

ifd(z,Y) = d(z, By). Since € X was chosen arbitrarily, this implies Y is E-proximinal in X.
O

Remark 3.3. The finite /,-direct sum can be considered as an infinite cy-direct sum by adding
infinitely many zero subspaces. Hence from the above theorem, it now follows that E-proximinality
is stable under finite /.. -direct sums.



STABILITY OF E-PROXIMINALITY 529

4 Example of a proximinal hyperplane which is not E-proximinal

Now we present an example of a proximinal hyperplane which is not E-proximinal. The con-
struction of the example is based on a renorming in the space ¢;.

Example 4.1. Let (e,,),>; be the canonical basis of ¢;(N). Forn > 3, we let v,, = "T*I(el +
e —en). Set

3 -1
B = conv“'”{(:l:el) U (izez) U (j:nTen)nzg U=£(vn)n>3}-

The set B is the closed unit ball of an equivalent norm denoted by ||.|| ; on ¢;. Note that dp (u, H)
denotes the distance of u from H with respect to ||.|| ; norm. Let (e},),,>1 denote the coordinate

functionals. We have |le]| ;. = 1 and e]‘fl (1)NB = {e1 }. Hence H = ker(e]) is proximinal in
(01,1l g)- f uw = e + ez, then Py (u) = e, and d(u, H) = 1. Moreover

n—1

1
lu—vnlp = 76n+ﬁ(61+62) — 1.

B

Hence d(u, By) = 1. Note that (v )r>3 € B and €3 (vr) = %1 — 1 as k — oco. Further

lea—vkll;, = |lea— ——(er+e2—ex)
1
. (&) k—1
= k+ A (ek 61)1
1 k—1
< %+T||€k*61||1

1 1
- k+2<1—k)
— 2 ask — oo.

Let (wg)g>1 C B and wy, = lim 2z, , where
- n— o0

3 k—1
2k, = An€l + A2n <4€2> + Azn <k€k> + AUk

4
and Y " Aip =1, A, > Oforall 1 <i<4,1<n < oo.Then
i=1

. X . k-1
() = fim i) = fim e+ A"

Now klim e5(wg) = 1 implies li_>m Aan, = 1 and wy, = vy,. Hence if (wy)r>1 € B and e} (wy) —
— 00 n oo -
1, then ||e; — wg||; — 2. This implies that ||ez|| ; > 1. Note that dg(u, H) = dp(u,By) =

1, Py(u) = ey and ||ez||z > 1. Hence inf{||y||; : v € Pu(u)} > 1. It now follows that H is
proximinal but not E-proximinal.
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