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Abstract Sufficient conditions are derived for the existence of denumerably many positive
radial solutions to the iterative system of elliptic equations

Auj + P(|x])g;(uj+1) =0, Ry < |x| < Ry,

Uyl — U, J = 172"'7€a

x € RV, N > 2, subject to a linear mixed boundary conditions at R; and Ry, by an application of
Krasnoselskii’s fixed point theorem.

1 Introduction

The system of nonlinear elliptic equations of the form

Au; + g (u; =0 in Q,
5+ g5(uy41) (D
u; = 0 on 09,
where j € {1,2,3,-- -/}, usr1 = uj, and Q is a bounded domain in R”", has an important

applications in population dynamics, combustion theory and chemical reactor theory. The recent
literature for the existence, multiplicity and uniqueness of positive solutions for (1.1), see [, 3,
6,9, 10, 11] and references therein.

In [7], Dong and Wei established the existence of radial solutions for the following nonlinear
elliptic equations with gradient terms in annular domains,

— Au = g(|x[,u, |—X| -Vu) in Qb
X

u=0 on 0Q°,
by using Schauder’s fixed point theorem and contraction mapping theorem. In [15], Padhi, Graef
and Kanaujiya considered the following elliptic boundary value problem in an annulus,

Au+ Ah([x|,u) =0 in Q,

u=20 on 0Q,
and established the existence of positive radial solutions by the revised version of Gustaf-son
and Schmitt fixed point theorems. In [12], R. Kajikiya and E. Ko established the existence of
positive radial solutions for a semipositone elliptic equation of the form,

—Au=Ag(u) in Q,
u=0 on 0Q,
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where Q is a ball or an annulus in R”. Recently, Son and Wang [16] studied positive radial
solutions for nonlinear elliptic systems of the form,

Auj + AK;(|x|)g;j(uj41) = 0in Q,
u; = 0 on |x| = 70,
u; — 0 as |x| = +o0,

where j € {1,2,3,-- -, ¢}, upr1 = u, A > 0, N > 2, ry > 0, and Q is an exterior of a ball
and established existence, multiplicity and uniqueness results for various nonlinearities in g;.
Motivated by the aforementioned works, in this paper we establish the existence of denumerably
many positive radial solutions of the iterative system of nonlinear elliptic equation in an annulus,

AUj +P(‘X|)gj (Uj+1) = 07 R1 < ‘X| < Rz, (12)
with one of the following sets of boundary conditions:

u; =0 on |x| =R; and |x| =Ry,

u; =0 on |x\:R1and%:Oon|x\:Rz, (1.3)
- .

%:0 on |x| =R;and u; =0 on |x| = Ry,

or

where j € {1,2,3,-- -, £}, upy1 = uy, Au = div(Vu),x € RV, N > 2, P = [[I_, P;, each
P, : (R,R2) — (0,400) is continuous, r2V=1p s integrable, may have singularities, by an
application of Krasnoselskii’s cone fixed point theorem on a Banach space.

The study of positive radial solutions, writing r = |x|, the iterative system (1.2) reduces to
the study of positive solutions to the following iterative system of ordinary differential equations,

uf(r) + ) 4 P(r)g; (uj11(r)) =0, Ry < <Ry. (1.4)
By the change of variables v;(y) = u;(z(y)) and the transformation y = — [ t'~Ndt turns
the system (1.4) into
v} (y) + VU (y)P(x(y))e; (vi1(y) =0, a <y <0, (1.5)
where vi = vy and a = — ;} > t!=Ndr. Further, it can still transform system (1.5) into
w! (1) +Q(7)g; (wy41(1)) =0,0<T< 1, (1.6)

where Q(1) = a?r?V =V (a(1 — 1)) [T, G (7), Q;(t) = Pi(r(a(l — 71))), by the change of
variables w;(T) = v;(y) and T = (a — y)/a. The detailed explanation of the transformation
from the equation (1.4) to (1.6) see [4, 13, 14]. By suitable choices of nonnegative real numbers

&, 3,y and & with d = oy + ad + 3y > 0, the set of boundary conditions (1.3) reduces to
oz (0) — Bawi(0) =0,
’ ; (1.7)
Yw;(1) + 0w)(1) =0,

where j € {1,2,3,---, ¢} and @ = wy;. We note that Q; may have singularities on [0, 1]. Thus
foreach i € {1,2,3,---,n}, we assume that the following conditions hold throughout the paper:

(H1) gj: [0, +00) — [0,400) is continuous.
(H2) Q; € LP:[0, 1], (p; > 1) and may have denumerably many singularities on (0, 1/2).

1
(H3) There exists a sequence {Tj }7° , such that 0 < Tp4 < T < X keN,

1
lim t, =7" < =, lim Q;(t) =400, keN,i=1,23,---,n
k—o00 27 1Ty
and each Q;(T) does not vanish identically on any subinterval of [0, 1]. Moreover, there
exists Q; > 0 such that
Qf < Q;(T) < oo ae.on [0,1].
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The rest of the paper is organized in the following fashion. In Section 2, we convert the boundary
value problem (1.6)—(1.7) into equivalent integral equation which involves the kernel. Also, we
estimate bounds for the kernel which are useful in our main results. In Section 3, we establish
a criteria for the existence of denumerably many positive radial solutions for (1.2) by apply-
ing Krasnoselskii’s cone fixed point theorem in a Banach space. Finally, as an application, an
example to demonstrate our results is given.

2 Kernel and Its Bounds

In this section, we constructed kernel to the homogeneous boundary value problem correspond-
ing to (1.6)—(1.7) and established certain lemmas for the bounds of the kernel.

Lemma 2.1. Let V € C[0, 1]. Then the boundary value problem

@ (t)+ V(1) =0,0<T< 1, 2.1
aw(0) — Bwi(0) =0, 22
has a unique solution
1
o (1) = / R(T, 5)V(s)ds, 2.3)
0

where

1[ B+at)(y+d—vys), 0<t<s<I,
B+oas)(y+6—vy1), 0<s<t<l.

B+ oc 6+vc
B+oa’ d+vy

Lemma 2.2. For ¢ € (0,1/2), let t(c) = min{ } . The kernel X(7, s) has the
following properties:

(i) N(7,s) is nonnegative and continuous on [0, 1] x [0, 1],

(ii) N(1,5) < N(s,s) fort, T € [0,1],
(iii) there exists c € (0,1/2) such that 7(c)R(s,s) < X(1,s) fort € [c,1 —¢],s € [0, 1].

Proof. From the definition of kernel X(T, s), it is clear that () and (¢:) hold. To prove (4i7), let
T€ [c,1 —c]and s < 7, then

N(t,s) v+0o—vy7 S d+vc S

N(s,s) Y+0—7vs  d+v = ),
and for T < s, we have
s
This completes the proof. O
From Lemma 2.1, we note that an ¢-tuple (w, @, - - -, @) is solution of the boundary value

problem (1.6)—(1.7) if and only, if
1 1 1
@ (T) :/0 R(T, 51)Q(s1)g [/0 N(Sl,sz)Q(SZ)gzl/o N(s2,53)Q(s3)ga -

go—1 l/o] N(s¢—1,50)Q(s¢)8e (wl(se))dSz] a ~]d831 dszl dsy.
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In general,
1
w;(T) = / N(T,5)Q(s)gs (@y41(s))ds, 3=1,2,3,--- ¢,
0
@1 (T) = w1 (1), 0 < T < 1.
Denote the Banach space C([0, 1],R) by & with the norm ||| = max |w(7)|. For ¢ €

Te0,1]
(0,1/2), the cone P, C A is defined by

P = {w €B:w(t)>0, mn w(t)> 7T(c)||wH}.
w€lc, 1—¢]

For any w; € P, define an operator 7 : P. — % by

(TWI)(T):/O N<T,51)Q(51)gl[/0 N(51,52)Q(52)g2l/0 N(s2,53)Q(s3)ga -

go—1 l/ol N(s¢—1,50)Q(s¢)ge (WI(SZ))CZSZ] - -]d83] dszl ds;.

Lemma 2.3. For each c € (0,1/2), T(P.) C Pcand T : P, — Pe is completely continuous.

Proof. Letc € (0,1/2). Since g;(wj+1(T)) is nonnegative for T € [0, 1], w; € P.. Since (T, s),
is nonnegative for all T, s € [0, 1], it follows that 7 (z;(T)) > 0 for all T € [0, 1], @; € P. Now,
by Lemma 2.1 and 2.2, we have

min (7 ;)(T)

T€lc,1—c]

1 1 1
~  min ]{/0 N(T,sl)Q(sl)gll/o N(SI,SZ)Q(SZ)&M R(s, 55)Q(s3)gs - -

T€E[c,1—c

g1 [/01 N(s¢—1,50)Q(s¢)ge (wl(Se))dSe] X ~]d331 dszl dsl}
1 1 1
> W(C)/O N(s1,51)Q(s1)g1 [/0 N(Sl»sz)q(sz)gzl/o N(s2,53)Q(s3)ga -
ge—1 [/01 N(s¢—1,50)Q(s¢)ge (wl(se))dSe] - "|d83‘| dszl ds;

>n<c>{ / N(nsl)a(sl)gl[ / N(Sl,sz)q(sz)&[ / R(s2, 55)Q(59)ga -

gr—1 l/()l N(Sg_l,Sg)Q(Sg)gg (wl(s@)dse] e ‘| ds;| d52‘| dS]}

> m(c) max |Tow;(T)|.
T€(0,1]

Thus 7 (P.) C P.. Therefore, the operator 7 is completely continuous by standard methods and
by the Arzela-Ascoli theorem. O

3 Denumerably Many Positive Radial Solutions

In this section, for the existence of denumerably many positive radial solutions of (1.2), we apply
the following theorems.

Theorem 3.1. [8] Let £ be a cone in a Banach space X and Ay, Ay are open sets with 0 €
A1, A1 C Ay Let T EN (A\A1) — & be a completely continuous operator such that
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(a) |Tu|| <|ull, v € ENOAy, and ||Tu|| > |[ul|, v € ENOA,, or
(b) |1 Tull > [ull, u € €N OAL, and | Tu]l < Jul, w € £ N AA.
Then T has a fixed point in € N (A2\Ay).

Theorem 3.2. (Hélder’s) Let f € LP [0, 1] withp; > 1,fori=1,2,--- |n andz i = 1. Then

11 € L0, 1 and T, £ill, < TTiey I fille, - Further, if f € L'[0,1] and g € L=[0, 1]. Then
i=1

fg € L0, 1] and || fglli < £l llglloc-
Consider the following three possible cases for P; € LPi[0, 1] :
— <1, — =1, — > 1.
IPRID IS o

Pi “— p;

n

Firstly, we seek denumerably many positive radial solutions for the case Z — < 1.
— Pi
i=1

Theorem 3.3. Suppose (H1) — (H3) hold, let {c;}3° | be a sequence with Tj11 < ci < Tj. Let
{8 }32, and {B}?° | be such that

Ay < Tt(Ck)Bk <8 <MBp < Ak, k€N,

n:max{[ c1)a 2HQ /] ; _1)(a(l—s))ds]_l,l}.

Further, assume that g; satisfies

(J1) &;(w(T)) < NiAg forall T € 0,1], 0 < @ < Ay,

where
N < [azllNlqu ([eF

i=1

where

pi] , N(s) = N(s,s)rz(N_1>(a(l —50)),

(J2) g3(w(T)) > By forall T € [ck, 1 — ¢, T(ck)Br < w < By.

The iterative system (1.2) has denumerably many positive radial solutions {(w1 }, wgk ) )} ]

such that =" (1) > 0 on (0,1), j = 1,2,---,Land k € N.

Proof. Consider the sequences {A 1 };2, and {As 1 }32, of open subsets of # defined by
MNp={weP:|w| <A}, Ao ={weB:|wl| <Bir}.

Let {c}72, be as in the hypothesis and note that T" < Ty < ¢ < T < %, for all £ € N. For
each k € N, define the cone P., by

Pe, = {w €A :w(t)>0 and min ]w(t) > ﬂ(ck)HwH} :

TE[Ck, l—cy

Let @y € P, NIA; k. Then, w(s) < Ax = ||y || forall s € [0,1]. By (J1) and 0 < sp—; < 1,
we have
1

/ N(séfl;SZ)Q(Sl)gé(wl(SZ))dseS/ N(se, 5¢)Q(se)ge(w1(se))dse
0 0
SNlAk/O N(s¢, 5¢)Q(s¢)dse

1 n
< NlAk/ N(SZ7 Sg)a2r2(" ”(a(l — 8@)) HQi(Sé)dSZ~
0 i=1
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1 1
There exists a g > 1 such that Z — + — = 1. By the first part of Theorem 3.2, we have
q

=1 Pi

1 n
/ N(se—1,50)Qs¢)ge (@1 (s0) ) dsy < N Aga® |||, H 1Q;
0

< Ag.

It follows in similar manner for 0 < s;,_, < 1,

1 1
/0N(SZ—ZaSE—I)Q(SZ—I)gZ—Il/o N(se—1,50)Q(se)ge (w1 (se))dse | dse1
|
S/ R(sp—1,50-1)Q(50—1)8e—1 (Ri)dse—1
0
1
§M1Rk/ R(sp—1,50-1)Q(se—1)dse—1
0

n
2
< miaa® R Tl

i=1

< Ag.

Continuing with this bootstrapping argument, we get

(Qu)(1) = / N(r,sna(sl)gl[ / N(sl,szm(sz)gz[ / R(s2, 55)Q(59)g -

0 0

go—1 [/0] N(Sz1,Se)Q(Sz)gz(W1(8e))dSe] --~]d53] dszl ds

< Aj.

Since Ay, = || || for wi € P, NOA; i, we get

Qe[| < |1

0

i=1

Pi

3.1)

Let T € [ck, 1 — cg]. Then, By = ||oy|| > w1(t) > min  w@(t) > 7(ck) ||| > ckBk. By

TE€[ck,1—ck]
(J2) and for sy € [ck, 1 — ci], we have

/0N(Sz—uSe)Q(Se)ge(ul(Se))dSe

Ck

lfck
> TlBk/ R(s¢—1,5¢)Q(se)dse

Ck

17C]
> TlBkT[(Cl)/ N(sg, s¢)Q(s¢)dse

C1

176]
Zanﬂ(cl)az/ R(se, 502" (a(1 - s¢))

c

lfcl

> 1'1Bk7r(c1)a2 H Q; / R(sg, sz)rz(”*l) (a(l — Sz))dsz
i=1 c1

> Bg.

Z/ - N(se—1,50)Qs0)ge(ui(se))dse

n

H Qi (se)dse

i=1
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Continuing with bootstrapping argument, we get

(Qu) (1) = / N(nsna(sl)gl[ / N(SlaSZ)Q(Sz)EZ[ / R(s2, 53)Q(59)g4 -

ge—1 [/01 N(Sl—hSé)Q(SIZ)gZ (wl(Se))dSe] .- -]d@] dszl dsy
> Bg.

Thus, if @) € P, N OA, i, then

Qw1 > [l |- (3.2)
It is evident that 0 € Ay, C Kz,k C Ay . From (3.1),(3.2), it follows from Theorem 3.1 that
the operator Q has a fixed point wgk] € Pe, N (A1 x\Az) such that wgk] (t) > 0on (0,1),
and £ € N. Next setting w,y; = w;, we obtain denumerably many positive radius solutions

{(wgk‘]7 wgk], e w([gk])},?;l of (1.3) given iteratively by
1
=5 (1) :/ R(T, 5)Q(5)g; (@501 (s))ds, § = 1,2, £~ 1,6,
0
‘(J_Jg+1(’l‘) = wl(T).
The proof is completed. O

For ", p; = 1, we have the following theorem.

Theorem 3.4. Suppose (H1) — (H3) hold, let {c}}3° | be a sequence with Tj11 < ci < Tj. Let
{Ak}32, and {By}32, be such that

Ay < 7'E(C1C)B}C <8 <MBp < Ak, k€N,

Further, assume that g satisfies (J») and
(J) g (w@(T)) < NaAy forall 0 < w(t) < Ay, T € [0, 1], where

. —1
N, < min{ la2||N||C>o H 11Q; pil , T]}.
i=1
(k] _[K]

The iterative system (1.2) has denumerably many positive radial solutions {(w, ", @, ", - -
o yee | such that w!M(t) > 00n (0,1), = 1,2,-- -, Land k € N.

J

Proof. Let A; j, be as in the proof of Theorem 3.3 and let w; € P, N Az k. Again w;(T) <
Ay = || ||, forall Ty € [0,1]. By (J3) and 0 < T,_; < 1, we have

/1 N(se—1,50)Q(se)ge (1 (se))dse

0

< /1 N(s¢, s¢)Q(se)ge (wi(se))dsy

0

1
SNzAk/ R(se, 50)Q(s¢)dse
0

1 n
< NzAkaz/ N(S@, Sg)rz(nil)(a(l — 55)) H Qi(Sg)ng
0

i=1

n
< Moty 8] [

i=1

Pi

< Ay.
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Continuing with this bootstrapping argument, we get

(Qu) (1) = / N(r,sna(sl)gl[ / N(sl,szm(sz)gz[ / R(s2, 55)Q(59)g -

1
go—1 [/() N(Sg_l,Sg)Q(Sg)gz (wl(Sg))dsE‘| P ‘| d33] d82‘| dS]

<Apg.

Thus, || Qo || < ||wi]|, for i € Pe, NOA; . Rest of the proof is similar to the proof of Theorem
3.3. Hence, the theorem. O

Finally, we deal with the case ) | p; > 1.

Theorem 3.5. Suppose (H1) — (H3) hold, let {c}3° | be a sequence with Ty < ci < Tj,. Let
{8}, and {B}?2, be such that

Apy < 7'E(C}C)B}C <8 <MBp < Ak, k€N,

Further, assume that g; satisfies (J) and
(Ja) gj(w(T)) < N3Ap forall 0 < u(T) < Ay, T € [0, 1], where

n —1
N, <min{ [azmoonminll ,n}-
i=1

The iterative system (1.2) has denumerably many positive radial solutions {(wgk]mﬂgﬂ],- R

o yee | such that wM(t) > 00n (0,1), 5 =1,2,-- -, Land k € N.

h)
Proof. The proof of the present theorem is similar to the proofs of Theorem 3.3 and Theorem
3.4. So, we omit details here. O
4 Application
In this section, we provide an example to illustrate the applicability of main results.
Example 4.1. Consider the following fractional order boundary value problem,

Auj + P(|x])g;(uj41) =0, 1 < |x[ < 2,

u; =0 on |x| =1and || =2,

Hus

u; =0 on [x] —1land 23 =0Oon x| =2, @.1)
Or

811j

EZO on |x| =landuj; = 0on [x| = 2,

where j € {1,2},us =u;.Let N=3and x = 5 =y = § = 1. Then d = 3. Now by simple

calculations, we get a = 5 and r(1) = T 50

in which
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0.1 x 1074, @ € (1074 +00),

28x 10~ “k+2)_(,1x 104+ 10 —4 _4k—1
= ]0—(4k+2)_1(>)<—4k (u - 10 k) + 01 X 10 k 07
w € |:10(4k+2)’ 104k:| ,

8 (@) = 1g « 10~ (@k+2) we (; w 10~ (@h+2), 10(4k+2)>’

28x 10~ k42 0.1 x 10~ “k+4) (w . 10—(4k+4)) +0.1 x 10~ (“k+4)

% x 10— @k+2) _ 10— (4k+4)
= (10—(4k+4),é X 10—(4k+2):|’

07 sz,
j=1,2. Let
k
31 1 1
c — 4 VARV = — . :12 PR
T A 5 (Tt o), h=1,2,3, -,
then
51l
T3 648 32
and
1+ ¢ 1
Tpt1 < ¢k < Tk, T(ck) = 3 > =
It is easy to see
15 ] ! k=1,2,3,

T1:37<§» Tk—Tk+1:m7

N — 1 .
Since Z = =00 and Z el it follows that
k=1 k=1

31 & 1 47 7 1

5 )

* = ]. = — — -_ = —
CTRERT T e T Al ) T 6 360
Also, Py, P, € LP[0,1], T[], Q; =2, and

m(cy)a’ H Q; /
i=1 ¢

1—c
(s, s)r* V=D (a(1 - 5))ds ~ 0.03636905790.

—1
lfcl
(s, s)r* ™MD (a(1 - s))ds] , 1} ~ 27.49590057.

1 = max { [ﬁ(cl)az ﬁQj /
i=1 ¢

and let ¢ = 2,py = pp = 1/4, then |[R], = 4.230401435, ||Qi|,,
1@, = 1.199795099, and

Ny < lGQHNIIq [Tha
i=1

So, let Ny = 0.15. In addition if we take

= 4.895788358,

-1
pi} ~ 0.1609713891.

Ay = 107% B = 1074+,
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then

1 .
Ak+1 = 10_<4k+4) < g X 10_(4k+2) < CkBk
< By =10"4*+2) < pp = 1074,

and g, g; satisfies the following growth conditions:
gi(w) <NjA, =0.15x 107, e {0, 10‘”@],

1
g;(w) >MBy, = 27.49590057 x 10~ W42 o ¢ [5 x 10~ @#k+2) 10~ (k+2) ]
Then all the conditions of Theorem 3.3 are satisfied. Therefore, by Theorem 3.3, the boundary
value problem (4.1) has denumerably many positive radial solutions {(wgk], wgk])},;”;l such that
1045+ < ||| < 10~ for cach k = 1,2,3, -+ ,and j = 1,2.
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