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Abstract This paper deals with some existence of bounded solutions for two classes of sem-
linear differential equations. We consider the cases when the linear part of the equation generates
a Cy semigroup as well as an integrated semigroup. An application is made of a Darbo fixed
point theorem associated with the diagonalization method and the concept of measure of non-
compactness. The present results initiate the application of such method to semilinar differential
equations on the half line.

1 Introduction

There has been a significant development in semilinear functional evolution equations in recent
years; see the monographs [1, 6, 21, 25, 27], the papers [2, 3, 4, 8, 9], and the references therein.
Some global existence results for functional evolution equations and inclusions in the space of
continuous and bounded functions are presented in [11, 12]. In [2], an iterative method is used
for the existence of mild solutions of evolution equations and inclusions. In the previous papers
some restrictions are supposed like the compactness of the semigroup, the Lipschitz conditions
on the nonlinear term or the boundedness of the obtained mild solutions.

Many techniques have been developed for studying the existence and uniqueness of solu-
tions of initial and boundary value problem for fractional differential equations. Several authors
tried to develop a technique that depends on the Darbo or the Monch fixed point theorems with
the Hausdorff or Kuratowski measure of noncompactness. The notion of the measure of non-
compactness was defined in many ways. In 1930, Kuratowski [26] defined the measure of non-
compactness, «(A), of a bounded subset A of a metric space (X,d), and in 1955, Darbo [17]
introduced a new type of fixed point theorem for set contractions.

In [5], the authors used a generalization of the classical Darbo fixed point theorem combined
with the concept of measure of noncompactness in Fréchet spaces to prove some existence of
mild solutions for the following evolution problem

W (6) — A@yu(t) = f(tuw); ift € R, 1= [0,00) )
w=deB, W0)=ueckE, '
where B is an abstract phase space, (F, | - ||) is a (real or complex) Banach space, { A(¢) }+>0 is

a family of linear closed operators from E into F that generate an evolution system of bounded
linear operators {U (t, 5) }(¢,s)cas With A := {(t,s) e Ry xRy : 0 <5 <t < +o0}.

In [14], the authors used the diagonalization method to prove some existence of bounded
solutions to an initial value problem for fractional differential equations on the half line. In
[13], by using the Schauder fixed point theorem combined with the diagonalization process, the
authors provide sufficient conditions for the existence of bounded solutions for the following
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class of Caputo fractional differential equations

{Cmy(t) = f(t,y(t),C Do"ly(t)); ifte R, 1 <a <2, 12

y(0) = yo, v is bounded on R,.

In this paper, we discuss the existence of bounded mild solutions for the evolution equation

uw'(t) = Au(t) + f(t,u(t)); ift € Ry, (13)
u(0) = ug € E, wuisbounded on R, '
where f : R, x E — FE is a given function, (E, || - ||) is a (real or complex) Banach space, and

A: D(A) C E — E is the infinitesimal generator of a Cy-semigroup 7'(¢), ¢ > 0.

Next, we shall be concerned with existence of integral mild solutions for problem (1.3), in the
case where A : D(A) C E — FE is a nondensely defined closed linear operator on the Banach
space E.

This paper initiates the application of the diagonalization method to first order semilinear
differential equations in case that the linear part of the equation generates a Cy-semigroup as
well as an integrated semigroup.

2 Preliminaries

Let I := [0,7T]; T > 0. A measurable function v : I — E is Bochner integrable if and only if
|lu|| is Lebesgue integrable. For properties of the Bochner integral, see for instance, Yosida [28].
By B(FE) we denote the Banach space of all bounded linear operators from F into E, with the
norm

INl[E) = sup [IN(u)]l

flull=1

As usual, L'(I, E) denotes the Banach space of measurable functions u : I — E which are
Bochner integrable and normed by

| :/0 lu(t) | dt.

As usual, by C := C(I) we denote the Banach space of all continuous functions from I into E
with the norm || - || defined by

[ufloe = sup [lu(t)]-
tel
Now, we define the Kuratowski and Hausdorf measures of noncompactness and give their
basic properties.

Definition 2.1. [10] Let £ be a Banach space and Qf the bounded subsets of £. The Kuratowski
measure of noncompactness is the map o : Qg — [0, 0o) defined by

a(B) =inf{e > 0: B C U}, B; and diam(B;) < €}; here B € Qp,

where
diam(B;) = sup{|lu — v|| : u,v € B;}.

The Kuratowski measure of noncompactness satisfies the following properties:

Lemma 2.2. [10, 23] Let A and B be bounded sets.

(a) a(B) =0 < B is compact (B is relatively compact), where B denotes the closure of B.

(b) a(B) = a(B) = a(convB), where convB is the convex hull of B.
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(¢) monotonicity: A C B = a(A) < a(B).
(d) algebraic semi-additivity : a(A + B) < a(A) + «a(B), where
A+B={zx+y:xz€ A, ye B}.
(e) semi-homogencity : a(AB) = |A|a(B); A € R. where \(B) = {\z : z € B}.
(f) invariance under translations: a(B + x¢) = a(B) for any xp € E.
Lemma 2.3. [20] Let V C C(I, E) be a bounded and equicontinuous set, then
(i) the functiont — a(V (t)) is continuous on I, and

a.(V) = ilelrl) a(V(1)).

(ii) o </0Tu(s)ds tu € V) < /OT a(V(s))ds,

where
V(t)={u(t):ueV} tel.

Lemma 2.4. [15] If Y is a bounded subset of a Banach space X, then for each ¢ > 0, there is a
sequence {y}7>, C Y such that

(V) <2u({yr}tizy) +e

Lemma 2.5. [24] If {u,}32, C L'(I) is uniformly integrable, then p({uy}32,) is measurable

and
o

’ ({ A “’“(S)ds}k_1> <2 [ ultumo) )i

For our purpose we will need the following fixed point theorem.

Theorem 2.6. (Darbo’s Fixed Point Theorem) [18, 19] Let X be a Banach space and C' be a
bounded, closed, convex and nonempty subset of X. Suppose a continuous mapping N : C — C
is such that for all closed subsets D of C,

a(T(D)) < ka(D), (2.1)

where 0 < k < 1, and « is the Kuratowski measure of noncompactness. Then T' has a fixed point
in C.

Remark 2.7. Mappings satisfying the Darbo-condition (2.1) have subsequently been called k-set
contractions.

3 Bounded Mild Solutions

Let us start by defining what we mean by a bounded mild solution of the problem (1.3).

Definition 3.1. By a bounded mild solution of the problem (1.3) we mean a continuous and
bounded function satisfying the integral equation

u(t) = T(t)uo + /0 T(t — s) f(s,u(s))ds.

The following hypotheses will be used in the sequel.
(H)) A:D(A) C E — Eis the infinitesimal generator of a Cy-semigroup {7'(¢) }+>0,
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(H,) The function ¢t — f(t,u) is measurable for each v € E, and the function w — f(t,u) is
continuous for a.e. t € R,

(H3) There exists a locally integrable function p,, : R, — R ; n € N such that

& < pu()(d + |ul), forae. t €I, :=[0,n], and each u € E,

(Hs4) For each bounded set B C E, we have

a(f(t,B)) < p,(t)a(B), a.e.t € I,.

Set
M= Sl’]g) HT<t)||B(E)7 j2 :A pn(t)dt, Dn :/0 eiwtpn(t)dt; n € N.

teR

Now, we shall prove the following theorem concerning the existence of bounded mild solu-
tions of problem (1.3).

Theorem 3.2. Assume that the hypotheses (H,) — (Hs) hold. If 4Mp}, < 1, then the problem
(1.3) has at least one bounded mild solution defined on R .

Proof. The proof will be given in two parts. Fix n € N and consider the problem

uw'(t) = Au(t) + f(t,u(t)); t € L,
(3.1)
U(O) =up € E.

Partl . We begin by showing that (3.1) has a solution w,, € C(I,,) with ||u,,|lcc < R, where

M ||uol| + Mpj,

R, >
- 1 _Mp'TL

Consider the operator N : C(I,,) — C(I,,) defined by:

(Nu)(t) = T(t)uo + /0 Tt - 5) f(s,u(s))ds. (32)

Clearly, the fixed points of the operator N are mild solution of the problem (3.1).
For any u € C([,,), and each ¢ € I,, we have

(N0 < MWﬂ+MAWﬂmwmm

IN

AWM+MAW@UHMst

Mluo|| + Mp} (1 + Ry,).

IN

Thus
[N (w)lloo < M|luoll + Mp;,(1+ Rn) < R (3.3)

This proves that N transforms the ball Bg, := B(0,R,,) = {w € C(I,,) : |[w||cc < Ry} into
itself. We shall show that the operator NV : B, — Bg,, satisfies all the assumptions of Theorem
2.6. The proof will be given in two steps.

Step 1. N : B, — Bpg, is continuous.
Let {un, }nen be a sequence such that w,, — w in Bg, . Then, for each ¢ € I,,, we have

[(Nup)(t) = (Nu) (@) < /0 Tt = s)|f (s, un(s)) = f(s,u(s))||ds. (34



564 Sadia Meslem, Said Abbas, Amaria Arara and Mouffak Benchohra

Since u, — uwasn — oo and f is Carathéodory, then by the Lebesgue dominated convergence
theorem, equation (3.4) implies

IN(un) — N(u)|loo =0 asn — co.

Step 2. For each bounded and equicontinuous subset D of C(I,), u(N (D)) < fu(D).
From Lemmas 2.4 and 2.5, for any D C Bpg, and any e > 0, there exists a sequence {u}3>, C
D, such that for all ¢ € [0, n], we have

W(ND)(®) = u({Tww>+A“Ht—@f@m@»w;ueD})

< 2 ({/{:T(t—s)f(s,uk(s))ds}zl> +e
< 4 [ (= ol (NI ) s+
< [ (S unl ) ds e

< 4 [ pulou(funl9)}iE)) ds + o
0
< 4Mpppe(D) +e.

Since € > 0 is arbitrary, then
pe(ND) < 4Mp}ypuc(D).

As a consequence of these two steps together with Theorem 2.6, we can conclude that N has a
fixed point in u,, € Bg,, which is a mild solution of problem (3.1).

Part 2. The diagonalization process.
Now, we use the following diagonalization process. For k£ € N let

{wk(t) =t (1); t € [0,m4),
wi(t) = up, (nk); t € [ng, 00).
Here {ny }ren- is a sequence of numbers satisfying
O<ni<ny<...np<...Too.
Let S = {wy}72 . Notice that
lwn, O)lg < Ryt forte|0,m], keN.

Also, if k € Nand ¢ € [0,n;], we have

Wy, (1) = T'(t)up + /0 T(t—s) f(s,wn,(s))ds.

Thus, for k € Nand ¢,z € [0,n;], we have

|mmm—wmumsAMMW—@—T@—@nm@wwww@>w.

Hence o
|mm@fwmumsﬁé IT(t - 5) — T(x — )l gy

The Arzela-Ascoli Theorem guarantees that there is a subsequence N} of N and a function z; €
C([0,n]) with u,, — 21 as k — oo in C([0, n;]) through Ni. Let Ny = Nt — {1}.
Notice that

[, ()| < Ry i fort€[0,m], k€N.
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Also, if k € Nand ¢,z € [0,n;], we have

n»2

0 (8) — e ()] < 5 /O TG = 5) — T — )| ey ds.

The Arzela-Ascoli Theorem guarantees that there is a subsequence N3 of N; and a function
z € C(|0,n,]) with u,, — 2 as k — oo in C([0,n,]) through Nj. Note that z; = 2 on
[0,n1] since N} C Nj. Let N, = N} — {2}. Proceed inductively to obtain for m = 3,4,...
a subsequence N, of N,,_; and a function z,, € C([0,n,,]) with u,, — 2, as k — oo in
C([0,n,y,)) through N, . Let N,,, = N*, — {m}.

Fix ¢t € (0,00) and let m € N with ¢ < n,,. Define a function u by u(t) = z,,(¢). Then
u € C((0,00)), u(0) = ug and ||Ju(t)|| < R, : fort € [0,00).
Again fix ¢ € (0,00) and let m € N with ¢t < n,,. Then for n € N,,, we have

n, (1) = T(E)uo + /O (= 5) Fs,um, (5))ds.

Let ny, — oo through N,,, to obtain
am(t) = T(#)uo + / T(t — 5) £(s, 2m(s))ds.
0

We can use this method for each ¢ € [0, n,,] and for each m € N. Thus
u'(t) = Au(t) + f(t,u(t)); fort € [0,nm];

for each m € N and the constructed function « is a mild solution of problem (1.3). O

4 Bounded Integral Solutions

In this section, we present the main results for the existence of integral solutions for problem
(1.3), in the case where A : D(A) C E — E is a nondensely defined closed linear operator on
the Banach space F.

Definition 4.1. ([7]). An integrated semigroup is a family of operators (S(t)):>o of bounded
linear operators S(t) on E with the following properties:

(i) S(0) =05

(ii) ¢ — S(t) is strongly continuous;
(iif) S(s)S(t) = / (S(t+7) — S(r))dr; forall £, s > 0.
0

Definition 4.2. [22]. An operator A is called a generator of an integrated semigroup if there exists

w € R such that (w,00) C p(A) (p(A), is the resolvent set of A) and there exists a strongly

continuous exponentially bounded family (S(t));>o of bounded operators such that S(0) = 0
e}

and R(\, A) := (M - A)~ ! = )\/ e~ S(t)dt exists for all A with A > w.
0

Definition 4.3. We say that u(-) : Ry — F is an integral solution of problem (1.3) if
t

t
@) u(t)=uo+A [ u(s)ds+ / f(s,u(s))ds; foreach t € Ry;
0 0

t
(i) / u(s)ds € D(A); foreacht € R..
0

From the above definition it follows that u(t) € D(A), for each ¢t € R, in particular

up € D(A). Moreover, u(-) satisfies the following variation of constants formula:

u(t) = S (t)uo + jt/ot S(t—s)f(s,u(s))ds; t € R,. 4.1)
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Notice that, if u(-) satisfies (4.1), then

t
u(t) = 5" (t)up + )\lim S'(t — s)Baf(s,u(s))ds; t € Ry.
— 00 0

Let us introduce the following hypothesis:

(Hs) A satisfies Hille-Yosida condition.

Let B(t) = {v(t) € D(A) : v € B}; t > 0.

Theorem 4.4. Assume that the hypotheses (H,) — (Hs) are satisfied, and 4Lp,e“"™ < 1 for each
n € N. Then the problem (1.3) has at least one bounded integral solution defined on R .

Proof. The proof will be given in two parts. Fix n € N and consider the problem (3.1).
Part 1. We begin by showing that (3.1) has a solution w,, € C(I,,) with ||u, |0 < pn, Where

Lo Juol| + Lpne™”
1 — Lp,ewn '

Pn =
Consider the operator G : C(I,,) — C(I,,) defined by:
t

(Gu)(t) = u(t) = S"(t)uo + %/0 S(t—s)f(s,u(s))ds. 4.2)

Forany u € B, := B(0,p,) = {w € C(I,,) : ||w|lx < pn}, and each t € [0, n] we have

G < 18O+ [ $- 97

t
< Le“fug| + Levn ( [ e+ ||u<s>||>ds)
0
< Leuo + Le“n (1 + py) ( / e%(s)ds)
0
< Le“|ugll + Le“ " pr (1 + pn)
<

P

Thus
1G (W) < p.

This proves that G transforms the ball B, into itself. We shall show that the operator G : B,,, —

B, satisfies all the assumptions of Theorem 2.6. The proof will be given in two steps.

Step 1. G : B,, — B, is continuous.
Let {uy, }ren be a sequence such that u, — win B, (w). Then, for each ¢ € [0,n] and w € Q,
we have

(Gug)(t) = (Gu)(B)]]

IN

15— ot s (5) — £t s

IN

Len / e £ (5. un(s)) — F(s, u(s)) | ds.

Since uy — u as k — oo, the Lebesgue dominated convergence theorem implies that
|G(ug) — G(u)|ln = 0 ask — occ.

Hence, we can conclude that G : B, — B, is a continuous.
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Step 2. For each bounded and equicontinuous set B of B, , n(G(B)) < {u(B).
From Lemmas 2.4 and 2.5, for any B C B,,, and any € > 0, there exists a sequence {us}7>, C
B, such that for all ¢ € [0, n], we have

u@B)0) = u({s0u+ & [ sa-916ue)is ve s}

< m({i[ﬁﬂrwﬁ@m@»w}j)+f
< 4Lewn/0tu({e—wf(s,uk(s))}fl)ds+e
< azen [ (e o)) ds e
< aze [ o (o)) ds +
< 4z [ n () ds +e

< ALpae"po(B) + .
Since € > 0 is arbitrary, then
pe((GB)(1)) < 4Lpne“" pe(B).
Hence, we can conclude that G has at least one fixed point in B,,, which is an integral mild
solution of problem (3.1).

Part 2. The diagonalization process.
Now, we use the following diagonalization process. For k& € N let

{wk(t) = up, (t); t € [0,nz],

wg(t) = up, (n); t € [ng, o).
Here {nj }ren- is a sequence of numbers satisfying
O<ni<ny<...np<...Too.
Let S = {w;}72,. Notice that
lwn, || < pn: forte[0,n], keN.

Also, if k € Nand ¢ € [0, n;], we have

d t
wWn, (t) = S (t)uo + %/ S(t —s)f(s,wn,(s))ds.
0
Thus, for k € Nand ¢,z € [0,n;], we have

[, (8) = wn, ()| < 15°() = S ()]l () ol

g ;WS“$5@smmwﬂﬂawm@»ws

Hence
[wn,, () = wa, (@)| < [1S°() = 5" ()| ) ol

ﬂﬁl 15(t — 8) — Sz — )l 5(z)ds.
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The Arzela-Ascoli Theorem guarantees that there is a subsequence N of N and a function z; €
C([0,n]) with u,, — 21 as k — oo in C([0, n;]) through N}. Let N; = N} — {1}.
Notice that

|wa, ()] < pn : fort €[0,na), k€ N.

Also, if k € Nand ¢,z € [0,n,], we have
[[wn, (t) = wn, ()| < [157(t) = 5" ()l Beam) lluo|

ny
9 / 1S(t — 5) — S(z - 5))l| 5(yds.

The Arzela-Ascoli Theorem guarantees that there is a subsequence N3 of N; and a function
z € C([0,n2]) with w,, — 22 as k — oo in C(]0,n;]) through N3. Note that z; = 2, on
[0,n] since Nj C Nj. Let N, = N} — {2}. Proceed inductively to obtain for m = 3,4,...
a subsequence N*, of N,,,_; and a function z,, € C([0,n,,]) with u,, — 2, as k — oo in
C([0,n,,]) through N, . Let N, = N — {m}.

Define a function y as follows. Fix ¢t € (0,00) and let m € N with ¢ < n,,. Then define
u(t) = zm(t). Then u € C((0,0)), u(0) = up and ||u(t)||g < Ry, : fort € [0,00).
Again fix ¢t € (0,00) and let m € N with ¢ < n,,. Then for n € N,,, we have

MNm

Up,, (t) = S (t)ug + % | S(t— s)f(s,un,(s))ds.

Let ny, — oo through N,,, to obtain

o) = 8 (0o + L / " St — 5)f (5, 2m(s))ds.
0
We can use this method for each z € [0, n,,] and for each m € N. Thus
u'(t) = Au(t) + f(t,u(t)); fort € [0,nm];

for each m € N and the constructed function u is an integral solution of problem (1.3). O

5 Examples

Example 1. For a given a function u € L?([0, 7], R), we consider the following partial functional
semilinear problem

2a(tx) = Za(t,x) + QL 2(t,2)); @ € [0,7], t € Ry, (5.1)
z(t,0) = z(t,m) = 0; t € Ry, (5.2)
2(0,z) = ¢(z); = € [0,7], uis bounded on R, (5.3)

where ¢ : [0, 7] = R, and Q : Ry x R — R are the functions given by
o(z) =1+ €",

and
e—t

Q(t,z) = 112

(1+=z).

Let
u(t)(z) = z(t,x); t e Ry, z € [0, 7],

f@)(z) =Q(, z(t,x)); t e Ry, x € [0,7],
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u(0)(x) = ¢(z); z € [0, 7].
Take E = L*[0, 7] and define A : D(A) C E — E by Aw = w” with domain
D(A) ={w € E,w,w’ are absolutely continuous, w” € E,w(0) = w(w) = 0}.
Then .
Aw = an(w,wn)wn7 w € D(A)
n=1
where (-,-) is the inner product in L? and w,(s) = /2

set of eigenvectors in A. It is well known (see [25]) that A is the infinitesimal generator of an
analytic semigroup T'(¢), ¢ > 0 in E and is given by

sinns, n = 1,2,... is the orthogonal

T(t)w = Z exp(—n*t)(w, wy)w,, w € E.

n=1
Since the analytic semigroup T'(t) is compact, there exists a constant M > 1 such that
1T e < M.

For any n € N we have
Q(t, 2)] < €™ (1 +|z]).

This means that for the locally integrable function p,, : R, — R, with p,,(t) = ™, we have
1t wll < pu(t)(1 + [[ull), for a.e.t € [0,n].

We can show that problem (1.3) is an abstract formulation of problem (5.1)-(5.3) . Since all the
conditions of Theorem 2.6 are satisfied, the problem (5.1)-(5.3) has a bounded mild solution z
onR, x [0, ].

Example 2. Consider now the following partial functional semilinear problem

2a(te) = Zra(toa) +Q(t,2(t,2)); x € [0,7], t € Ry, (5.4)
z(t,0) = z(t,m) = 0; t € Ry, (5.5)
2(0,z) = ¢(z); = € [0,7], wisboundedon R, (5.6)
where ¢ : [0,7] = R, and @ : Ry x R — R are the functions given by
o(z) =1+ 22,
and -
Qt.2) = 55 (1 + e,
Let

u(t)(z) = 2(t,z); t € Ry, = € [0, 7],
f@)(z) = Q(t, 2(t,2)); t € Ry, x € [0,7],
u(0)(z) = ¢(x); x € [0,7].

Take E = C(Q), the Banach space of continuous function on Q with values in R. Define the
linear operator A on E by

32 2

AZ = @Z,

in D(A)={ze€C(Q):z=00n 0Q, a7 € C(Q}.

Now, we have
D(A) = Cy(Q) ={v e C(Q):v=0 on 9Q} # C(Q).
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It is well known from [16] that A is sectorial, (0, +00) C p(A) and for A > 0

It follows that A generates an integrated semigroup (S(t

1RO Al ) <

> =

~

)tZ() and that

1" () BeE) < e

for ¢t > 0 and some constant ;1 > 0, and A satisfies the Hille-Yosida condition.

For any n € N, we have

1Q(t,z)| < e™(1+|z]).

This means that for the locally integrable function p,, : R, — R, with p,,(t) = ™, we have

1 (& w)ll < pu (@) (1 +[Jull), for a.e.t € [0,n].

We can show that problem (1.3) is an abstract formulation of problem (5.4)-(5.6). Since all the
conditions of Theorem 4.4 are satisfied, the problem (5.4)-(5.6) has an integral bounded solution
z defined on R x [0, ]
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