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Abstract In the present work we estimate of deviations of periodic functions from linear
operators constructed on basis of its Fourier series in terms of the best approximation of these
functions in Morrey space. Specifically, we study the problem of the effect of metric of space on
order of change of deviations.

1 Introduction

Let T denote the interval [0, 27]. Let LP(T), 1 < p < co be the Lebesgue space of all measurable
2m—periodic functions defined on T such that

171l := (2 |f(2)]” dz)? < oo,

The Morrey spaces Lg”\ (T) for a given 0 < XA < 2 and p > 1,we define as the set of
functions f € L}  (T) such that

1

lf(t)pdt}p < oo,
I

1
1—

S

P, =< Su
11z { o

where the supremum is taken over all intervals I C [0,27]. Note that L2 (T) becomes a Banach
spaces, A = 2 coincides with L? (T) and for A = 0 with L> (T). If 0 < X\; < Ay < 2, then
LB (T) < LE™ (T). Also, if f € LB (T), then f € L (T) and hence f € L' (T).The
Morrey spaces, were introduced by C. B. Morrey in 1938. The properties of these spaces have
been investigated intensively by several authors and together with weighted Lebesgue spaces
LP play an important role in the theory of partial equations, in the study of local behavior of
the solitions of elliptic differential equations and describe local reqularity more precisely than
Lebesgue spaces LP. The detailed information about properties of the Morrey spaces can be
found in [11-13], [17], [22 ], [31], [32], [40], [42], [44]. and [47].

In what follows by L?** (T) we denote the closure of the linear supspace of L} A (T) functions,
whose shifts are continuous in L2 (T) .

Let

D13 Al f), Anlws f) = ax(f) cos b + bi(f) sin ke (1.1)
k=1

be the Fourier series of the function f € Li(T), where ay(f) and by (f) are Fourier coefficients
of the function f. The nth partial sums of the series (1) is defined as:
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Sn(’ 70+2Akxf

k=
We consider the sequence of the functions {\;(r)} defined in the set E of the number line,
satisfying the conditions that

Ao(r) =1, lim A, (r) =1

rT—>70

for an arbitrary fixed v =0, 1,2, ...
For an arbitrary r € E and for every function f € LP* (T), 0 < A <2 and p > 1 the series

U(fs z3A) +Z>\k ) (1.2)

converges in the space LP* (T), 0 < A <2 andp > 1
For each linear operator U,.( f; z; A) we set

R.(f; )\)LPYA(T) = |f=U(fs a3 )‘)HLp,A(qr)

Let r=0,1,2,..., if we substitute the followings

1 — o0<v<r,
)\V — T+1’ 13
(T) { 0, v>r, (1.3

11— _ 0<v<

— T ks SVsSsT,
(1) = { (r+1)* (1.4)
0, v>r
where k > 1,

A(r) =717, (v=0,1,2,...), (0<r <1) (1.5)

into (1.2) we obtain Fejér means, Zygmund means of order k and Abel-Poisson means of the
series (1.1) respectively.

We denote by E,, (f)r».x(r)the best approximation of f € LP*(T),0 <A <2 and p > 1 by
trigonometric polynomials of degree not exceeding n, i.e.,

En(f) ponen) = 1nf{Hf Tall oy TneH}

where I1,, denotes the class of trigonometric polynomials of degree at most n.

We use the constants ¢, ¢y, cp, ... (in general, different in different relations) which depend
only on the quantities that are not important for the questions of interest.

Note that the density of polynomials is an indispensable condition in approximation prob-
lems. Therefore, the polynomials are dense in Morrey spaces LP* (T), 0 < A < 2 and 1
<p<oo.

The problems of approximation theory in the weighted and non-weighted Morrey spaces have
been investigated by several authors (see, for example, [3-7], [17], [18], [20] and [33] ).

In the present paper we investigate the problems of estimating the deviation of the functions
from the linear operators constructed on the basis of its Fourier series in terms of the best ap-
proximation of these functions in Morrey spaces. Obtained results show that the estimates of
R,(f: A)poa(r) depends on both the rate of decrease of the sequence {E,(f)z».a(r)} and in
some cases the metric of the considered space. This is valid for the upper and lower estimates of
the quantity R,.(f; A)».x(r). The similar problems of the approximation theory in the different
spaces were investigated in [1], [2], [8-10],[14-16 ], [23-29 ],[34-36 ], [38], [39], [41], [43], [45],
[46] and [48].



APPROXIMATION IN MORREY SPACES 615

2 Main Results

Using the proof method in Marcinkiewicz- Multiplier Therem in weighted Lebesgue spaces [30,
Theorem 2] , the following theorem can be prowed in Morrey spaces LP* (T), 0 < A < 2 and
I <p<oo.

Theorem 2.1. Let a sequence Xy, satisfy the conditions

291

el <ens D e —xenl < Q.1
k=271

where A > 0 does not depend on k and j. If f € LP* (T), 0 < A <2and 1 < p < oo has the
Fourier series

% + ) Ap(a: f)
h—1

there exists a function F € LP* (T), 0 < A <2and 1 < p < oo with the Fourier series

Aoao

+ ) MeAg(a: f)
k=1
and

| Fllzeam< s || f e (2.2)

where c3 > 0 does not depend on f € LP* (T), 0 <A <2 and1 <p < c0.

Also, using the proof scheme developed in [30, Theorem 1] and [37] we can prove the follow-
ing theorem related to the Littlewood -Paley inequality in the Morrey Spaces LP** (0,27), 0 <
A<2and 1 < p < .

Theorem 2.2. Let f € LP*(T), 0 < A <2 and 1 < p < co. Then there exist constants
¢4 > 0 and cs > 0 such that

00 271
ca |l flloerm<l Z Z Ap(z, f) lzeam<es || f e - (2.3)
j=0 [k=24-1

Our main results are the following.

Theorem 2.3. Let {\,(r)} be an arbitrary triangular matrix

(r=0,1,2,3,..; M(r) =1 A(r) =0, v>7r). Let f € LPA(T), 0 < A < 2 and 1
< p < oo then the following inequality holds:

m—1

Ry(fs Npoa) < co{(1+ K)Ee(f)poa) + 62" 1) By 1 () ponr)
v=0

+6(r; ) Bym (f)per)s b (2.4)
where 2™ < r < 2™*! c¢ is a constant not depending on 7,

2711 ¢
K== |3 ZA ) cos vf)| o),

S(psr) =F - + Z{l— (r)} cosvb| db, ju<r. (2.5)
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Proof.We consider the trigonometric polynomial

s

T.(x) = Z(a,, cosvr + B, sinvz).

V=0

We obtain

(f )‘)LP ANT) = ZA
LPA(T)

T

T, (x) — Z)\,,(r)(a,, cosvr + B, sinvz)
v=0

< Nf (@) = Tr (@)l porr) +

L»A(T)
+ Z)\V(T)AV((E; f)—Z(al, cosvr + B, sinvz) A, (r)
v=0 v=0
LPA(T)
= 1£@) = T (@)l o) + B (T3 N) g
27
{f(x—i—&) T, (z + 0} f—i-Z)\ )cos vl » df
LPA(T)
Then from the last inequality we conclude that
Rr(ﬂ)\)m* <|f(z) - Tr(x )HLPA )(1+KT)+RT(TT;>\ (2.6)
where
271 ¢
== 13 Z)\ ) cos 8| 6.
By [46 ] the identity
Z {1 -=X,(r)} (a, cosvz + B, sinvz) = %Tn(x + 6) cosnbB,(r,0)do, (2.7)
™

holds, where \o(r) = 1 and

n

T (x) = Z(a,, cosvr + B, sinvz).

V=0

By, (r,0) = ;n +Z (1 —X_p (7)) cos v.

Let f € LPM(T), 0 < A <2,1 <p < ocandletT, €I, (n = 0,1,2,...) be the
polynomial of best approximation to f , i. e.

Eu(D)ion = 1£(@) = Ta@)l s o, -

We set )
1°7 -
pe(virmx) = — Ti(x+ Q)Z{l —Au(r)teospb, (0<k<v<r), (2.8)
TO
p=1
The following equalities holds:
RT(TT;)‘)M AT = [lpr(r; 3 2)|| e
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po(2smx) =0, pp(vsmsx) =0, p (k) =0, (v > k).

We suppose that the number m € N satisfies condition 2™ < r < 2™*!. Then we obtain

Re(Ts Ny < llp2(2im52) = po(2:m52) | poox
m—1
3 oo 27 2) = p2u (2 s 2) ||
p=1

+ [lor(rs s 2) = pam (53 2) || poon ) - 2.9
Use of (2.7) and (2.8) gives us

szw' (2 z) — pow (2“*1;T;$)HLW(’J1‘)

127‘{' 2m,+l '
=1, {Tousi (x4 0) — Tou(z +6)} Z {1 = X;(r)} cos j0d6
=1 LPA(T)
2271'
== {Tyri(x +0) — Tou(x +0)} cos 210 By (3 6) (2.10)
o LeA(T)
< C75(2“+l ) T)Ezu (f)L{LA(T) .
The relations (2.9) and (2.10) imply that
m—1
Ry (T N) oy < ¢80(257) Eo(f) Loa(ry + 25(2”“;7")192“ (f) o)
pn=1
+5(7‘;T)E2m(f)Lp,x(T). 2.11)

According to [46 ] K, < ¢y. The inequalities (2.6) and (2.11) immediately yield (2.4).0

Corollary 2.4. Suppose that the conditions of Theorem 2.3. are satisfied.
1. Let \,(r), v = 0,1,2,... be a system of numbers defined by relations (1.3). Then the
following inequality holds:

. cio "
Re(f5 Npvaqr) < T IVZOEV(]C>LP»)\(T)~ (2.12)

2. Let \,(r), v = 0,1,2,..be a system of numbers defined by relations (1.4). Then the
following inequality holds:

[T
(T =+ 1>k v=0

R (fs Npea(r) < v+ D" E,(f) oy, (2.13)

Proof. If we put

k
A(r)=1- (1/-11/- 3 (0<v<r)and M\, (r)=0,v>r
in the inequality (2.7) we obtain
Zuk(al, cosvz + B, sinvz)
v=1

—EMT( +0) cosnd 1+§(1—5)k 0% do 2.14)
= (z cosn 3 2 - cosv ) .

™o
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Taking account of (2.14) we have

Zyk(au cosvx + (3, sinvz) < cppn® ||Tn(£8)||L,,,A(T) .
v=1 LPA(T)
If we put
2(p+1)
At (1) = T F
in (2.5) we get
1A “
5(2““;1") =7 $+Z{] — Xusi_y, (1)} cosv| do
0k T 2]
_ 2ol -
S 5+ ; ( 5 +1) cosvf|do
2tk 215
cwm. (2.15)

Consideration of (2.15) and (2.4) gives us the inequalities (2.12) and (2.13) of Corollary 2.4.0

Theorem 2.5. Let f € LP*(T), 0 <A <2,1<p< oo andy=max{2, p}. then for the
system of numbers defined by (4) the following inequality holds:

2=

C14 r _
& {ylek’Y 1E3(f)Lr=A(1r)} )

R.(f; A)va*('ﬂ‘) > m

where cy3 is a constant depending on p, A and k.
Proof. We suppose that the number m € N satisfies condition 2™ < n < 2™*!. From
En(f)rea | 0 we get

k=1 n % m+12v 1 kv
Ok 1= m;EZ(f)me < Z(:MZ; g 1y A e

1

m+1 2V’Yk v
v
< 2) mEzu (f)LPA(T) .

v=

By [21] the inequality

1f (@) = Sulz, Nl poaimy < c1sEalf)oam (2.16)

holds. Then taking account of (2.3) we obtain

m+1

On,k,vy S §
v=0

2V'yk

k’y ZA 'Tf

u=2v LPA(T)

1

LY

m+1 2U7k
<M L Z A2 2.17)

v=0 H=v
Lp2(T)
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Lety =2 and 1 < p < 2. Using Minkowski’s inequality we find that

D=

112

m+1 2V’Yk :
Onk2 = Cig Z( ZAM+I

<
LPA(T)
m+1 22wk 3
< Z (n+1 2k ZAMH
v=0 LPA(T)
By Abel’s transformation we obtain
1
m 22wk 22(m+1)k
Onk2 S €17 Z i+ ) Al +W Z A
v= pu=m-+1 Lo (T)
! !
< e Z i Z,CAV+l + 19 Z A (2.18)
v=0 p=m-+1
LA (T) Lr:X2(T)

Taking the relations (2.3) and (2.16) into account we get

Z A“H €20 Z A;:,(QSQf)

peml p=2mtl LPX(T)

LPA(T)
< enBEn(f)eam)- (2.19)

IN

Then the inequalities (2.18) and (2.19) imply that

m 22yk
Tnky < €22 ZWA%/H + 3 En(f) o)

LPA(T)
Note that system of multipliers

2Vk

A=
Ok (n 4 1)k

2V <p<2vt 1 v=1,2,.., 2™ 1), A\, =0 (u>2m")

satisfies the conditions (2.1). Then from inequality (2.2) we conclude that

n k

Onk < C24 Z(niil)k/lu(x; f) + s En(f)prar) < 6B (f3 N Loar(T)-
pn=0 LA (T)

Let 2 <p < ocoandy = p. Using (2.17) we get
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m+1 zupk 9] P Y
Trkn S 2 Gy || 2 Al )
v=0 pn=2v Lo (T)
1
L||P ?
m+1 vok oo
< (ﬂ+1)kp <ZA,M+|>
= H=V
Lr:A\(T)
1
m+1 vk ) 2 P i
2
< oy Z [CEL <Z Au+1>
v=0 p=v LPA(T)
m+1 22Vk [e9) %
2
S o (ZW_I)%ZA#H>
v=0 pev LeA(T)

Further, using the same Abel’s transformation and reasoning as in the case 1 < p < 2 we have

Onkp < 29RA(f5N) Lo (T)-
Proof of Theorem 2.5 is completed.O

Theorem 2.6. Let f € LP*(T), 0 <A <2, 1 <p<ocoand v = max{2, p}, then for the

system of numbers defined by (1.5) the following inequality holds:

==

R (f3 Ny = 30 (1 —7) {3107“” w+1)"! EZ(f)Lmar)} ;

where c3g is a constant depending on p and \.

Proof of Theorem 2.6 is similar to proof of Theorem 2.5.
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