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Abstract Let S be a subset of vertex set of a connected graph G,V(G) and vbe any vertex in
V(G)which is not belong to Ssuch that |S| = n — 1,n > 3. The max — n — distance between the
vertex vand the set S is the maximum distance between v and u for all u# belong to S. We find
polynomial of two types of graphs are theta and Wagner graphs with respect to based max —n —
distance. Also, we study some properties of them.

1 Introduction

The distance is one of the most important topics in graph theory, due to its wide applica-
tions in many branches, for example in chemical, computer, and engineering, so many re-
searchers in mathematics and other branches were interested to finding many types of distances
which depend on the ordinary distance, the maximum distance and the Steiner distance, (see
[1-5]).Dankelmann, etc. defined the distance between two non-empty subsets of vertices in a
connected graph G [6], as:

The minimum distance from U to W as:

dmin (U, W) =min {d(u,w):uel,weW},

the average distance from U to W as:

1
davy (U W) = 757 Y. duw),

uelU , weWw
and the maximum distance from U to W as:
dmaz (U W) =maz {d(u,w) :uelU, weW},

where U and W are not necessarily disjoint subsets of vertices of G and d(u, w) is the shortest
path between v and w. Since 2004 and until now, many researchers have worked to find polyno-
mials and their indices to the minimum distance between two subsets of vertices, the first subset
consist of one vertex and the second subset consist of n — 1 vertices, n > 2, (see [7-11]).

In this paper, we consider the all graphs G are simple,undirected,connected [12].The maxi-
mum distance between a singleton vertexv, v € V(G) and (n — 1)— subset S, S C V(G) such
that v is not belong to .S, is called max — n — distance, is defined by:

dmaz (v, S) = maz{d(v,u) :ue S},|S|=n—-1,2<n<p},

where p is the number of vertices(is called order) of a graph G.

When n = 2, the max — n — distance is become ordinary distance, [13]. Therefore we taken >
3. If the vertex v is dominating to all vertices S, then d,,q. (v, S) = 1, then dyq. (v, S) > 1, for
all vertex vin V(G )and S C V(G),v & S.

We define the diameter with respect to this distance as:
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diammaz (G,n) = Omaz(G,n) = mazyey{dmaz(v,S)} , this diameter equal the diameter
with respect to ordinary distance , that is :

57na;c (Ga Tl) = MaTyecv {dmax (U, S)} = MaTyuecV {d (’U, u)} =4 (G) .
The M,,-polynomial of Gof order p,is denoted by M,,(G; z), and defined by :

)

M, (Giz) =Y Cu(G, k)",

k=m

and the M,,- index of any graph G can be obtained from M,,-polynomial as follows:

5
M, (G) = %Mu (G5 2) |om1 = ];%kcn(a, k),
where m = min{dmas (v,9),v € V=5, S C V } andC, (G, k) be the number of pairs
(v,9),S CV(G),|S| =n—1,3 <n < p,such thatd,, 4 (v, S) = k,for eachm < k < 6.
If A (v) is representation the number of pairs (v, S) that max —n — distance is k apart between
v and S, then
maz(G,

v)
Co(Gk)= > X(v).
k=m

2 The M, - Polynomials of Theta Graph

Let C), be a cycle of order p = 2r,r > 2, such that C;, : vy ,v2, ..., vz, V41, - 5Up, UL
Then the Theta graph obtained from C), by adding the edge vy vz 1, denoted by 6, see Fig.(2..1).

Figure 2.1. Theta graph 0,,,p = 2r,r > 2

For finding the M,,-polynomial of the theta graph 6, required to take two cases for theta graph
depending on the order p.

Case One: If p = 0 (mod 4), then the theta graph 6,,p = 4r,r > 2 has the following
properties:

« Symmetric property: There are vertices of the graph ¢, have the same max - n - distance
are called the symmetric vertices (the symmetric is either horizontal or vertical or both),
see Fig.(2.2). The symmetric vertices are:

v = 'U%+l,

9hs
Il

(%) v ’U%J’,Z Up,
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2

U%+l = ’USTp+1.

+ Diameter property: The graph 6, has the max — n — diameter p/2.

» The distance property :The max — n — distance between the vertex v; and any subset .S of
vertices of 0, is less than and equal § +i — 1, foralli =1,2,..., 5 +1,ie.
dmaz (V:,8) < +i—-1,SCV(6,),|S|=n—1,n>3.

Figure 2.2. Theta graph 0,,,p = 4r,r > 2

In following theorem, we obtained M,,-polynomial of theta graph 6,,, when p = 0(mod4).
Theorem 2.1. Let 0,, be the theta graph of order p, p = 4r, r > 3, then
p/2

M, (Bp;z) = Cp (0, k) 2",

k=1

i =2(,2 ) +w-2(,2)).
o)) ren ) o)

2 (57) 44 (57) 2 (45) + 4420 ()
Cr (0. k) = —4 (Z’H) ~(p— 4k +6) (2’“*2) L when3 <k <2,

where

n—1 n—1

a(ph)+2(2) -4 () —2(320) o whenf+1<k<E -1,

n—1

) =2(073)
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Proof. From clearly that:
3 2
C’7,,(9p,1)—2<n_1)+(p2)(n_1) (2.1)

Let Ax(v) be the number of pairs (v, S) which the max-n- distance between v and S at k such
thatv ¢ S, SCV(6,),|S|=n—1,n>3.
When k = 2, then d (vi,u) = 2, whenu € {v3, ve , ve.y, vp—1}and d(vi,u) = 1, when
u€{va, veyr, vp k.
4 4 3 7 3
Then >\2 (Ul) = Ej:l (J) (nfjfl) = (n71> - (nfl) ‘

And d (v2,u) =2, whenu € {vs, veyy, vy} and d(vo,u) =1, whenu € {vr , v3 }.

3 (3 2 5 2
Hence > (v2) =375, (j) <n7j71) = (n%) B <”*1) '
And also, d (v;,u) = 2, forall i = 3,4,..., % + 1 when u € {vi2, v;—2} and d (v;,u) = 1,
when u € {v;11, vi_1 }

Hence X, (v;) = Z§:1 (?) <n7§'71) = (nil) - (nL) Jforalli =3,4,..., 0 +1.
Thus from previously and symmetric property, we have:

a2 =2(, 0 )-2(, 2 )+ (7)) -+ (.2
-9 [(,0)- ()] () 200

(2D ) a2 e

Now, to find C), (6,, k) , 3 < k < £, then there are three cases:
Casel: If i <k, then there are four vertices {visk , V241 kyi, V2i1_irk, Up—k+if lyingata

distance of k& from v; and (4k — 2¢ — 3) vertices {viy1, Viya, -.. , Vith—15 Up, Up—1, --- ,
Vp—kotitl 3U2 fit2 » - VB, VBT, on Ug—i+k} U Sy lying at a distance less than & to v;,
t=1,2, ..., k—1,where S; = (), when i = 1, otherwise S} = {v;_1, v;_2,...,v1}.

Then: A (v;) = ¥, (j) (47’3:51'_*13) - (4k;fi1+1) - (4’3;31‘;3) fori=1,2, ... k—1.
Casell : If i = k , then there are three vertices {voy, , vz, vp} lying at a distance of k from
vg and (2k — 2) vertices { vy,..., Vg—1; Ugs1, ..., Vak—1} lying at a distance less than & to
Vk.

Then:

Ak (vr) —Ji(j) (n2k;21) - (211{;—1_1]) - (2:_12)

Case I11 : If i > k , then there are only two vertices {v;+x , v;—k} lying at a distance of & from

v; and there are (2k — 2) vertices { vi_ji1,---,V;1 5 Vil s Vit2 , --- , Virk—1) lying at a
distance lessthan ktov; ,i=k+1, k+ 2, ..., §+1.
Then:

A (v) = Y2, (?) (nzf;fl) — (nzfl) - (ifj),fom‘ —k+1, k+2, ..., B41.

From three cases and symmetric property, then for all 3 < k < p/4, we have:

G (0o, H) = 2 Ka;f__ll) - (4:_—15)] +4§ [(4k;iil—|— 1) - (4k;3i1—3>]
Al () o () ()
_2<4:_11) +4(‘ZC_I3> +2(4:_15> +(p—4k+2) <n2k1>
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n—1

—(p—4k—|—6)(2:__12>—4<2k_1>. (2.3)

Now , to find C), (6, k) for all 2+ 1<k <5 —1. Then also, there are three cases for all
1<i<B+4+1
Cases1:If i < k — & + 1 ,then we have from distance property

)\k(Ui):O.
CaseIl : If k—§+1 < i < I, then there are two Vc=,1rtices{vg+k,_i+1 , Up—k+s } lying at a distance
of k from v; and (2k + § — 2i — 1) vertices {vy, v2,... ;02 ki 3 Vps Vp—1seee s Vp_pyif1}
lying at a distance less than k tov; ,i =k — % +1, ..., 2. Hence
2 . . .
2 2k+ 8 —-2i—1 2k+ 8 —-2i+1 2k+ 2 —-2i—1
A (v;) = 2 _ 2 _ 2 .
el ;(J( nej-1 ) ( n—1 ) ( n-1 )

CaseIll : If s = £ 41, then there are two vertices{v, , , v,4i—x } lying at a distance of & from

veyy and (2k —2) vertices {vy, v2,... Vi1 3 Vit1, Vis2 ...,V JUS: lying ata distance
less than k to vz, where S, = (.when k = & + 1, otherwise S2 = {vp , Up_1,. .., Vppi—ki1}-
Hence

S0 () ()

From previously and symmetry property , then forall £ +1 <k < £ — 1, we have

P

Cn (0, k) =4i_k_%_]) sz +§:12¢+ 1) B (Zk +§_—12i— 1)%2 an_’“1> _ <2nk_—12)]
(n—l) ( 2_k1)‘4<2:__11>—2(2:__12> 2.4)

Finally, when k£ = £ | then )\p (v;) =0,forall 1 <i < 2, and there is only one vertex

{vsTpH} lying at a dlstance z from vey and there are (p — 2) vertices V(¢,) — {vgﬂ,v%pH}
lying at a distance less than %. Hence

s (o) = (073).

From this and symmetric property, we have

Cu (00 5) =2 <Z‘§) (2.5)

From (2.1)-(2.5), we have C), (6,, k), forall 1 < k < Z.

Remark 2.2. :
e M, (0s;2)=2 [(nil) + (nil)} x+2 (ni2) x2.

i) = [ (,20) £ 6 ()] () +4(10) #2(,20) —2 () -6 (1)) 2

70200 () 2 G )]
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Corollary 2.3. The max — n —Wiener index of theta graph 0,, of order p = 4r,r > 3 is

T RE B RETI EETR T I Ay

2 p/2
D) (n : 2) + ; kCy (6, k),

where Cy, (0,, k) as mentioned in Theorem 2.1.
O

Case two: Ifp # 0 (mod 4) , then the theta graph 6, , p = 4r + 2, r € N has the following
properties:

« Symmetric property : There are vertices of the graph 6, have the same max — n — distance
are called the symmetric vertices (the symmetric are either horizontal or horizontal and
vertical), see Fig.2..3. The symmetric vertices are:

v = ’U%+17

v v

<
(3]
Il

+2 = Up,

IS
Il
IS

UL%J'H EUL§J+2EUL3%J+1 EULSTPJ+2.
« Diameter property: The graph 6, has the max — n— diameter & .

« The distance property :The max- n - distance between the vertex v; and any subset S of
vertices of 6, is less than and equal | % | 4, foralli = 1,2,...,[%] + 1, 1ie.
dmaz (vi,9) < [&] +iand S CV (6,),]S|=n—1,n > 3.

Figure 2.3. Theta graph 0,,,p = 4r +2,r € N

In following theorem, we obtained M,,-polynomial of theta graph 6, , when p # 0 (mod 4)

Theorem 2.4. Let 0,, be the theta graph of order p, p = 4r 42, r > 3, then

M, (Bp;z) = Cp (6, k) 2",
k=1
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cnn=2(," ) re-2(,2)).

cn<9p,2>=2(n71>+4(n42> —2(n31)+4{iJ [<n41)_ (nzlﬂ’

where

when 3<k< L%J
Cn (91)7 k) =

, whenk= L%J +1

) () e o)

Proof. From clearly that:

cn(ep,l):2<ni1>+(p—2) (nfl) (2.6)

Let A;(v) be the number of pairs (v, S) which the max-n- distance between v and S at k such
thatv ¢ S, SCV(0,).|S|=n—1,n>3.

When k = 2, then d (vi,u) = 2 whenu € {v3, vz , vz,5, vp—1} and d(vi,u) = 1 when
u € {vy, VL1, Up }.

Hence \; (v1) = Zj:l (j) (n_§_1) = (nzl> - <n31) '

And d (vy,u) =2 whenu € {vs, vy, vp} and d(v2,u) =1 whenu € {vy, v3 }.

Then X\, (’Uz) = Ejzl (j) (n_?j—1> = (n5—1> o (”31) ’

And d (vi,u) =2 whenu € {v;12, v;—2} and d (v;,u) = 1 when u € {v;11, vi_; }.

Hence \; (v;) = 22:1 (5) (nj,l) = (nil) - (n 1) foralli=3, 4, ... |F]+1L

Thus from previously and symmetric property , we have

a2 =2(,7 )+, ) (50 ()22 ) = G
(L)) () ()] e

Now , to find C,, (6,,,k) , 3 < k < | 2], then there are three cases forall 1 < < [2] + 1,
we have
Casel:Ifi <k, then we have d (v;,u) = k whenu € {vitk , Vo _pyit1, V2 ispr1, Up—kti}

andd(’Uz’,U) < kwhen u € {UH.] y Vid2 s v ooy Vitk—1 5 U%—k+i+277j%—k+z+37' .. ,U£+l,. cy U%—i+k;
2
Up s Vp—1 s, Up—ktit1 } US1, where S; = () when i = 1 otherwise S| = {v;_1,vi—2, ... ,v1 }.
Hence

4 . . .
4\ [4k—2i—3 4k —2i+ 1 4k —2i — 3\ .
Ak(vi)—z<j><n_j_l>—< o )—( o ),z-l,Z,...,k—l.
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Casell: If i = k, then d (v;,u) = k when u € {viyy , vey1, vp}and d(v;,u) < k when

w€{vip1, Vigr, ooo, Vitk—13 Vie1, Vi—2, ... ,U1}. Hence
3
3\ [ 2k-2 21\ [(2k-2)
we =3 (5) (2520) = () - (000 o=

CaseIll : If i > k , then we have d (v;,u) = k when u € {vi4 , vi—i} and d (v;,u) < k
when u € {Ui+l s Vid2 5 vy Vigk—15 Vim1y, Vi—2 5 oo ,Ui_k+1 } Hence

2
&2\ 2%k-2\ [ 2 %k -2\ p
)\k(vi)—;:] <j) <n—j—l>_<n—l> <n_1),z—k+1, kb2, ..., MH.

From three cases and symmetric property, we have:
e w (4
G -GED) el -+ [(2)-(G5))
()00 = (5 ) (150 [(2) -G

<G5 G e

Now , to find Cy, (6, k) , for k = |§| + 1, we note that three cases:
Casel:Ifi=1,thend(v,u) = kwhenu € {UL J+2 szPJH}andd(vl, u) <k

When v € V (6,) — {v1, Yn |42 L%JH}'HCHCC
nen=3 () (,20) - (05)- ()

Casell: If 2 < i < %], then we have d (v;,u) = kwhen u € {vitk , V3k—i , Up—kii} and

d(vi,u) <kwhenu € {v,v2, ..., Vim15 Vigl, Vig2 s --v s Vigh1 3 Vithtls Vidht2 5 -« V3h—ie1
Upy Up—1 ""Up—k+i+]}' Hence
3 . .
- 3 4k — 27 -3 4k—-2i 4k—-21—3 P
A ) = - - 2<i< L*J
HJ“(U) ;(i)(”—j—1> <”_1> ( n—1 > ==l

Case Il : If i = |B| + 1, then we have d (v;,u) = k when u € {vy , v,}and d(v;,u) <k
whenu € {v;y1, Vit2, -+, Vitk—13 Vi1, Vi—2, ...,v; }.Hence

Am)—ji(?) (nzkj_zl) = <n2k1) B (2:_12)— HER!

From previously and symmetric property, we have
4k-3 4k—5 4k—2i 4k—2i — 3
0092 [(87) - (4] w5 () - (427)]
2k 2k -2
4 _
#05)-G5)]
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E
4

4k—3 4k—5 4k—2i— 4k—4 2k—1 2k—2 P
() (e (2 () () - () = Lo
2.9)

To find C,, ) |%] +2 <k <5 —1, then there are three cases forall 1 <i < [§| + 1.
Casel: Ifi < k — LPJ , then we have from distance property

Mo (v;) =0, foralli=1,2, ... ,k—|§] - 1.
CaseIl: If i = k — | §| , then we have d (v;, u) = k when u = V|41 and d (v;, u) < k when
ueV (0, —{vi, v UEIn 1 }- Hence

= (123) s 18

Case Il : If k— [ §|+1 <@ < | ] +1, thenwehave d (v;, u) = kwhenu € {vpp_sy1 s Vprik }
and d (v;,u) < kwhenu € {v, ...,v—1; Vit1, e UR ki 3V s Up—1y e, Uptiek41}-

Hence
22: k4L —2i—1\  [(2k+E-2i+1 2%k +8-2i—1
" n—j—l a n—1 n—1 ’

§=
~[alrr=i<[d]
k- B +1<i< B0
From three cases and symmetric property, we have

[%]+1

= B

_(p-2 2k+5-2i4+1\ [(2k+5-2i—1
Cn(ap’k)_4<n—2>+4 Z {( n—1 n—1
i=k—| B ]+1
p—1 2k—2 P
=4 —4 - 2 < <7—1 2.1
(n1> (nl),forall M+ k<t (2.10)
Finally, when k£ = %, then we have from distance property
Ag (v;) =0, foralli=1,2, ..., |}],andfori = |F|+1, Wehaved(vLHH,u): £ when
U= andd(vL%JH, )< whenueV( ) — {UL BRI }. Hence
p—2
e () = (023) @10

Thus from this and symmetric property, we have
Cn (91” 2) =4 (p_ )
From (2.6) - (2.11), we have C,, (6, k) forall 1 <k < £ . O

Remark 2.5. :

=B () ()2 )

o) = [2(,2) +8 (2] (L) +4 (10 4 (.8) -2(.2) -8(.2)] 2
RG220 0) ) -G -+ ()]
STRARIRA RIS ERTRNR



M,,—Polynomials of Theta and Wagner Graphs 83

Corollary 2.6. The max — n —Wiener index of theta graph 0,, of order, p = 4r +2, r > 3is :

Mn(9p)=4<nzl>+3 (nil)“‘(m +1) (,:1)_2 (nil>+<p_8 22 (nil)

+2p (Z:;) + Zi/:% kCy(0,, k), whereC), (0,, k) as mentioned in Theorem 2.4.

3 The M, -Polynomial of Wagner Graph G,

Let C,, be a cycle of order 2r, » > 2 such that Cy,. : vy ,v, ...,v2-, v; . Then the Wagner
graph G, is the graph obtained from C5, by adding r edges v; vy, , i =1,2,...,7.

Some Properties of G»,. :

(i) The same M ,,- polynomial of vertex property: The graph G», is a cubic graph and all
vertex of Wagner graph has the same M,,- polynomial of vertex, i.e. M, (v, G, ;z) =
M, (u, Gy ;) for all u,v € V(Ga).

(i) The diameter property: The graph G», has the max— n —diameter is L%J and the vertices
that lying at a distance of max —n —diameter from vy are vy, vzy2, Vi , v . when 7 is

2
aneven and vey i , V30 When 7 is an odd.See Fig. 3.1.

Vv, 1 Vv,

1’

“5 17

r+2 Y r r+2 Yy r
r+

v

r+l 1

. 7 1S an even
7 18 an odd

Figure 3.1. Wagner Graph

Theorem 3.1. Forall 3 <n <2r,r > 5, we have:
5—1
N 3 4k — 1 4k -5 & o 46 — 5 s
s =2 (2 Jerar D [(50)) - (U070 ar [ (,20) - (527
whereaw = 40 — 1, if r is an even number and o = 46 — 3, if v is an odd number.

Proof. : From clearly that

3
Cy (Gap, 1) =2r (n B 1)
To proof C,, (Ga, , k) for all 2 < k < § — 1,we will find the coefficients C,, (v, Go, , k) and
using the same M,,- polynomial of vertex property to get the required result.
Let S C V(G,,) be a subset of (n — 1) elements,3 < n < 2r and let Ax(v;) be the number of
subset Ssuch that the max-n-distance between v; and S equal to k.
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Now, we note that for all 2 < k& < § — 1 there are four vertices lying at a distance k from v; and
there are (4k — 5) vertices lying at a distance less than katvy, i.e.
d(vi,u) =k, uw € {Uks1, Vr—ki2, Vrgk, V2r—ky1} and

d(v]au) < k7 (S {U27 V3y «ovy Uk s Up—k43, Ur—k+td s o s Urdk—1 5 U2y V2p—1, oo , V2r—k42 }

Hence C,, (vi, Gar , k) = X, (v1) = Z;Ll (j) (n{k;jl) :

_ 4k — 1 B 4k —5 d<k<éo 1.
n—1 n—1

And by using the same M,,- polynomial of vertex property, we get

Cn(GZT,k):%K%_I)—(4k_5>};2<k<5—1.

n—1 n—1

Now, to find C,, (G2, ,d), we note that there are (46 — 5) vertices lying at a distance less than
dfrom v; and using the diameter property , we have:

Zj‘:] (j) (7:1:5;_51) ,if T is an even number,
Cn (U17G27- ,5) =
22 <2> ( 405 ) ,if ris an odd number,

J=1\j n—j—1

n—1 n—1

(4571) — (4675) ,if ris an even number,

(45—3) — (45_5) ,if ris an odd number.

n—1 n—1

And by using the same M,,- polynomial of vertex property, we get the required result. O

Corollary 3.2. The max— n — Wiener index of Gy, is :

5—1
3 4k — 1 4k -5 « 46 — 5
moe =2 (2 e (00 - (00| (,20) - (520) )
where a« = 46 — 1, if r is an even number and oo = 4§ — 3, if r is an odd number.

(i) Mo (Gozo)=6(,2 )a+6[(,°) = (,2)))a
(ii) M, (Gg;z) =8 (ni,) o+ 8[(n11) _ (nil)]aﬁ.

Remark 33. () M, (Gsso)=4(,) o, Gy = Ku.

4 Conclusion

We found the general formulas of polynomials of theta and Wagner graphs with respect to based
max — n — distance between the vertex v in V(G) and the subset S of vertices of V(G) has
(n — 1) — vertices, (S C V(G),|S| = n — 1,n > 3 )such that v is not belong to S.

We can obtain the Hosoya polynomial and Wiener index, [14]from M,, — polynomials and
max — n —Wiener index when n = 2respectively for theta and Wagner graphs by:

H(Giz) = %M2(G; 2) @.1)

d
W (G) = %H(G; z)|,_ 4.2)

From (4.1) and Theorems 2.1, 2.4 and 3.1, we can be obtain the following corollary when:



M,,—Polynomials of Theta and Wagner Graphs 85

Corollary 4.1. :
(i) H(0p;2) = (p+ 1) a+ (p+4) 2% + 0% (p+ 4k — 4) 2t
+ ZE;EIH (2p — 4k + 2)a* + 2P/2, if p = 0(mod 4), p > 12.

(ii) H(Opiz) = (p+ 1)z + (p+4)a® + 2057 (p+ 4k — 4) 2% + 3 (p — 2) 2P+2)/4
+ ZE;(;%)M (2p — 4k + 2)ak + 227/, if p = 2(mod 4),p > 14.

2272, ifrisaneven, r>6,
(i) H (Gypi) = 3ro+4r 30w +2T{ 22 ifrisanodd, > 5.

From (4.2) and Corollary 4.1, we have

Corollary 4.2. :
(i) W (0,) = 9:(9p* + 18p> — 72p + 96), if p = 0(mod 4), p > 4.
(i) W (0,) = 5 (99> + 18p> — 36p + 24), if p = 2(mod 4), p > 6.

r242r—2: if risaneven, r >4,

i) W (Gyy) = 1
(iii) W (Gar) 2{ r24+2r—1 jifrisanoddr > 3.
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