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Abstract. We state and prove a non-linear recurrence identity for terms of the so called Ho-
radam sequence, and then offer its generalisation which is available from the same methodology.
We illustrate how the overarching idea may be used to sequentially produce extended versions,
each in turn with an extra level of non-linearity and term index complexity. These identities can
all be captured in matrix determinant form.

1 Introduction
Consider the second order linear recursion

Wp = PWp—1 — qWn—-2; wo = a,w) = b; (11)

which, characterised by the four parameters a,b, p, g, defines the long established Horadam
sequence—written {wy,}>°, = {w,}® = {wn(a,b;p,q)}5°—dating back to the 1960s [1].
Roots of the characteristic polynomial A?> — p\ + ¢ for (1.1) give rise to separate degenerate
(p> = 4¢) and non-degenerate (p> # 4q) case closed forms for w, whose constructions are
standard undergraduate exercises. For p? # 4q (p,q # 0), there are two distinct characteristic

roots
a(p,q) = (p+ Vp* —49)/2, B(p,q) = (p — VP> —49)/2, (1.2)

and, for n > 0, a closed form

(b—aB)a"™ — (b — ax)B"

wn(a,b;p,q) = wn(e(p, ), B(p,q), a,b) = gy (1.3)
accordingly. For p? = 4q, on the other hand, the characteristic roots co-incide as simply
a(p) = B(p) = p/2, (1.4)
and, for n > 0, it is found that
wy(a,b;p, p?/4) = w,(a(p),a,b) = bna™ " —a(n —1)a™; (1.5)
the relations
a+ B =p, af =g, (1.6)

cover both root types.

In this paper we derive a non-linear recurrence identity for Horadam sequence terms, and
generalise it to a form that we believe is as yet unseen in the literature. The matrix method
deployed—which contrasts with the technique applied in a recent paper published by the authors
[1] on a similar topic—hinges on a particular matrix (called an ‘insertion’ matrix) that introduces
a pair of (‘free’) additional indices, attached to sequence terms, into the final identity version.
We explain how multiple insertion matrices lead to further variants of increased complexity, and
provide some examples where we see that each identity may be expressed neatly through matrix
determinants.
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2 A Result and Proof

We begin by deriving a non-linear recurrence identity for terms of the Horadam sequence.

Identity. For r, s > 0,

(b2 - a[pb - qa])w7'+s = wr-‘rl(bws - aws-‘rl) + wr(bws-H - [pb - qa]ws)-

Proof. Let
H(p,q) = < ]13 ;)q ) (L1)

from which the recursion (1.1) readily delivers the matrix power relations

< ot ) = H'(p. ) ( o ) and ( Hrez ) =H'(p, q) ( 2 ) 12)
Wy wo W41 w1

that hold for » > 0. We introduce further a matrix

W = W(wo,wl,wz) = ( zl 32 ) s (13)
0 1

involving the first three Horadam sequence terms, whose determinant W = W (wg, wy, wy) =
[W| = (w;)? — wow, is assumed non-zero. Denoting the 2-square identity matrix as I, we
proceed as follows, writing (and using (1.3),(1.2) where needed)

Wr+s+1
Wy s
TS wl
= H(p,q) < >
wo

= H(p,q)LH*(p,q) ( Zl )

0

Wo
1 w;  wy w1 —wy w1
= —_H'(p, H*(p,
W(wo,w1,w2) (p (]) ( wy Wi ) ( —Wo w1 ) (p q) ( wo )

_ 1 Wryl  Wry2 wy —w2 Wer1
W (wo, wi, wy) Wyr Wyl —wy W W,

1 ( wr+1(w1ws+1 - wzws) =+ sz(wlws - wows+1) ) (1.4)

w
= Hr(p,q)W(wo,whwz)Wl(wmwl,wz)Hs(p,q)( : )

W (wo, wi, w2) wy (Wi1wsy 1 — Waws) + Wy y 1 (Wws — Wows 1)
after a little algebra. With wy = pw; — qwo = pb — qa by (1.1), the identity is immediate. O

We note that the condition 0 # W (wo, wy, wz) = (w)? — wow, = b* — a(pb — ga) is equivalent
to b/a # a(p, q), B(p,q), for we see that (w;)? — wowy = (w1)? — wo(pw; — qup) = (wy)? —

pwow; + q(wo)? = (w1)* — (a4 B)wowi + aB(wp)?* (by (1.6)) = (wi — awo)(w — Bwyp).

3 A Generalisation

The formulation detailed allows itself to be generalised somewhat by simply deploying a matrix

w; Wi+1

(o w;
W, = W, (w;, wit1, wit2) = ( - i ) (3.1
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where ¢ > 0 is any integer. We leave it to the interested reader to re-work the above proof and
arrive at a more general identity of which the previous is merely the i = 0 instance (in which case
the ‘insertion” matrix Wy (3.1) co-incides with W' (1.3)). It is found that (for every integer ¢ > 0
such that w;1(a, b; p, q)/wi(a, b; p,q) takes a value which is neither a(p,q) nor B(p, q)), for
r,8 > 0also, [(wit1)? —wiwir2)Wrts = Wrpip1 (Wit 1Ws —WiWst1) + Wyt (Wit 1 Wst1 — Wig2Wss ).
Clearly, however, we can go further if we use the most general insertion matrix possible, namely,

w; wy

Wi+l Wit
W, =W, ;(wi, wj, wiy1,wjt1) = ( ’ / ) , (3.2)
whereupon we have a finalised result which is seemingly new to the literature:

Identity I (Generalised: Four Index). For every integer ¢, j > 0 such that w;1(a, b; p, q) /w;(a,
b;p,q) # wjt1(a, b;p, q)/w;(a, b;p, q) (this removes multiplicity in the columns of W ;),

(wiJrle - wiwj+1)wr+s = wr+i<ijs+l - wj+lws) — Wr+j (wiwerl - wiJrlws)

for r, s > 0 also.

This deeper result has been verified using each of the closed forms (1.3) and (1.5) by alge-
braic computation. In so far as we can regard the Horadam elements w;, w;4+1 and wj, w41 as
having free index variables this last result describes a set (or class) of such identities, although
it is perhaps more natural to think of it as a single four index recursion (in i, j, 7, s) which is
symmetric in 4, j. A feature is the absence of any of the basic characterising Horadam sequence
parameters a, b, p, g explicitly which, of course, is a consequence of the methodology and carries
over to its natural re-application in generating higher level results.

4 Extension to Higher Order Results

4.1 Re-Application of Methodology

The formulation presented lends itself to sequential re-application, each adding a layer of depth
through the appearance of additional indices in the resulting identity. Writing 7" for transpo-
sition then, expressing the Vector (W, + vyt tv,+1, Wy +ostto, )L as HY (p, ¢) LHY (p, q)1; -

- LH" (p, q)(wy,wo)T, each of the n — 1 identity matrices can be replaced by a prod-
uct W®) (W®)~1 (based on a pth insertion matrix W(?)) where, forp = 1,...,n — 1, W®) =
[wizqu, Wiy, 41 \wiz%1 , wizp] and introduces a pair of indices 42,1, i2,. This then yields an iden-

tity containing the n+2(n — 1) = 3n — 2 indices v1, v, . . ., Un, i1, 82, - - -, Ip(n—1) (With n — 1 ac-
companying conditions ensuring the existence of (W))=1 (W®)=1 (W=1D)=1); we ob-
serve that Identity I above is but the n = 2 case (the smallest value of n) for which vy, v,,141, i, are
r,s,1, j, having utilised a single insertion matrix [w;, 11, wi,+1|w;,, wi,| = [wit1, wjq1|w;, w;] =

W) = W, of (3.2). As an example, the next identity in the series is a seven index one
(valid for the 3(3) — 2 = 7 indices in the case n = 3—where vy, va, v3, 41, 92, 13, 14 are, in order,
r,s,t,1,j, k,|— using two insertion matrices) which is certainly non-trivial.

Identity II (Seven Index). For every integer ¢, j, k,{ > O (for r, s,¢ > 0too) such that w; 1 /w; #
wj1/wj and wyy 1 /wy F Wiy /wr,

(Wip1w; — Wwj11) (Wt 1 W) — WEWi41 )Wy psit =
Wy { W [Wep i1 (Wjwir1 — Wi 1We) — Wepjr1 (Wiwe g1 — wigwy)]
— W41 [ws+i(ijt+l - U)j+1wt) — Ws+j (withrl - wiJrlwt)]} -
wr+l{wk [ws+i+l (ijt+1 - wj+lwt) — Wsj5+1 (withrl - w1+1wt)]
— W1 [Wops (Wjwe s — Wi we) — Wepj (Wiwe g1 — wigrwy )]}

Again, this has been checked algebraically using computer software. As an aside, it has the
virtue of offering an interesting special case

(Why 1w — WEWi 1) Wy = Wep 1 (Wrg g W — Wr W) — Wo (Wrpp Wi — WrWiy1),  (4.1)
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having set ¢ = ¢ and replaced s + ¢ with w.

4.2 Determinant Forms

It is interesting to see that Identities I and II may be re-cast as, resp.,

Wr4i  Wryj 0
Wi+l Wi+l

Wrgs = | W wW; Wy (4.2)
(o wy

Wi+l Wil Ws+l

and

Wr+k  Wry 0 0 0

Wk wy Weyi — Wery 0
Wi+l Wjit1| (WE+1 Wi - 0 4.3
Wristt = |Wht! Wigl Wepitl Wepjtl ; 4.3)

Ww; wy Wi wq
0 0 w; w; Wy
0 0 Wit Wiyl Wit

while the next (ten index) one in the set—based on three insertion matrices—is captured as

Wi+l Wjtl| |Wk+1 Wil | [Wm+1 Wil

w; W Wy, wy Wy, Wy, Wrtsttru
Wrtm  Wrin 0 0 0 0 0
Wy Wy, Wetk Wet] 0 0 0
Wm+1 Wntl Wspk4+1  Wsi+1 0 0 0
= 0 0 Wi w Wt W45 0 ) (4'4)
0 0 W1 Wigl  Wipirl Wirje1 O
0 0 0 0 w; w; Wy
0 0 0 0 Wi+1 Wj+1 Woy+1
where all index variables are > 0. Beyond this, we have similarly (with thirteen indices),
Wit1 Wjp1| W1 Wikl | | Wm+1l  Wntl| [ Worl Wpil
w; w; Wy, wy Wiy, Wn, W, Wy Wrtsttruty
Wrto Wrip 0 0 0 0 0 0 0
W Wy Wetm Wyt 0 0 0 0 0
Wo+1 Wp+1 Wstm+1 Wstn+l 0 0 0 0 0
0 0 Wy Wy, Witk Wit 0 0 0
0 0 Wil  Wptl  Wipkrl  Wegisl 0 0 0 4.5)
0 0 0 0 Wi wy Woyti Wyt j 0
0 0 0 0 Wel Wil Wypitl Wi 0
0 0 0 0 0 0 w; w; Wy
0 0 0 0 0 0 Wi+1 Wj+1 Wy+1

(where the index p here is used locally in this context only).! The phenomenon is both pleas-
ing and perhaps not so surprising, describing in a succinct way the inherent ‘fractal’ nature of
our identities’ r.h.s. algebra as complexity levels increase (and where blocks of algebraic terms
become nested as part of more lengthy expressions).

IThe pairwise symmetry of these identities in ¢ and j, k and [, m and n, and so on, is reflected in the interchangeability of
neighbouring columns of the matrices comprising them (for the determinant of a matrix changes sign under a column swap).
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5 Summary

In this paper we have described a means to generate new, and highly non-linear, multi-index re-
currence identities for Horadam terms that retain the four defining sequence parameters a, b, p, ¢;
the results are, therefore, completely generalised ones. The standardised approach we have taken
manifests itself in the structure evident in their determinant forms which are both concise and
visually striking (and, while not given explicitly, are generalisable to a single statement” that
accounts for those n = 2, 3,4, 5 instances included here and others of higher specific order).
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Wip, 41 Wig,+1

2In which {Hgll

} Wy +--+vp, is evaluated as the determinant of a dimension 2n — 1 matrix.
Wy, ws,
2p—1 2p



