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Abstract. In this paper we prove the Cartesian product of two fuzzy paths is again a strong
fuzzy path. Also we find the strength of Cartesian product of two strong fuzzy graphs with
underlying crisp graphs are the paths P,, and P,, for all values of m and n and that of P, and C,,
for all n. The strength of a strong fuzzy butterfly graph, Cartesian product of two strong fuzzy
graphs with its underlying crisp graphs are P, and a star graph S,, are also determined.

1 Introduction

In this paper we find the strength of Cartesian product of various fuzzy graphs. The notion of a
fuzzy subset was introduced for the first time in 1965 by Lofti A. Zadeh [15]. Azriel Rosenfeld
[11], in 1975, defined the fuzzy graph based on definitions of fuzzy sets and relations. He was
the one who developed the theory of fuzzy graphs. J. N. Mordeson [6] together with Premchand
S. Nair [4] studied different operations on fuzzy graphs and their properties. The concept of
strength of connectivity between two vertices of a fuzzy graph was introduced by M. S. Sunitha
[12] and extended by Sheeba M. B. [13], [14] to arbitrary fuzzy graphs. Sheeba called it, strength
of the fuzzy graph and determined it, in two different ways, of which one is by introducing weight
matrix of a fuzzy graph and other by introducing the concept of extra strong path between its
vertices.
Throughout this paper only undirected fuzzy graphs are considered.

2 Preliminaries

A fuzzy graph G = G(V, u, o) [4] is a nonempty set V together with a pair of functions y :
V —[0,1]and o : V x V — [0, 1] such that for all u,v € V, o(u,v) = o(uv) < p(u) A p(v).
We call p the fuzzy vertex set of G and o the fuzzy edge set of G.

Given any fuzzy graph there is a crisp graph associated with it called the underlying crisp
graph. The vertex set of the crisp graph of a given fuzzy graph G is that of G and its edge set is
E = {uv : u,v € V such that o(uv) > 0}. If uv € E we say that u and v are adjacent in the
associated crisp of G and also in G for convenience.

A fuzzy graph G is complete [4] if o(uv) = pu(u) A p(v) for all u,v € V. A fuzzy graph G
is a strong fuzzy graph [4] if o(uv) = p(u) A p(v), Vuv € E. The strength of a strong fuzzy
complete graph is one [13]. Let G1(Vi, u1,01) and Go(Va, pa, 02) be two fuzzy graphs with the
underlying crisp graphs G1(Vi, E}) and G,(V4, E,) respectively. If Vi NV, = ¢ then their join
[4] is the fuzzy graph G = G V G2(V1 U Va, iy V pa, 01 V 07) with the underlying crisp graph
G(ViUV,, Ey U B, U E') where E’ is the set of all edges joining the vertices of V; and V5 and

w1 (u ifuel
(10 V 1) () = { AR
o1 (uv) if uv € By,
(o1 Vor)(uv) =< oa(uv) ifuv € B,
pr(u) App(v) ifue Eyandv € Es.
A strong fuzzy complete bipartite graph is a strong fuzzy graph with its underlying crisp graph
is a complete bipartite graph [10]. A fuzzy graph G is called a path if its underlying crisp graph
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is a path. A path P of length n — 1 on n vertices in a fuzzy graph G [4] is a sequence of distinct
vertices vy, v2,v3, . . ., Up, such that o(v;, v;41) > 0,7 = 1,2,3,...,n — 1, also we denote this
by P,. A path P on the vertices vy, vy, ..., v,, n > 3 is called a fuzzy cycle if o(vyv,) > 0 and
there exists at least two edges e; and e, in P such that o(e;) = o(e2) and is denoted by C,.

The vertices v; and v,, are called the end vertices of P. The strength of a path is defined
as the weight of the weakest edge of the path [4]. A path in a fuzzy graph G is a partial fuzzy
graph which itself is a path. A path P in a fuzzy graph is said to connect the vertices u and v of
G strongly if its strength is maximum among all paths between « and v. Such paths are called
strong paths [15]. Any strong path between two distinct vertices v and v in G with minimum
length is called an extra strong path between them [13]. There may exists more than one extra
strong paths between two vertices in a fuzzy graph G. But, by the definition of extra strong path,
each such path between two vertices has the same length. The maximum length of extra strong
paths between every pair of distinct vertices in G is called the strength of the graph G [13]. For
a fuzzy graph G, with the underlying crisp graph is a path P = vjv; ... v, on n vertices then the
strength of the graph G is its length (n — 1) [13]. The strength of a strong fuzzy complete graph
is one [13].

Here after for a fuzzy graph G, we use .%(G) to denote its strength. The following theorems
determine the strength of a fuzzy cycle.

Theorem 2.1. [14] In a fuzzy cycle G of length n, suppose there are | weakest edges where
I < [2fL]. If these weakest edges altogether form a subpath then . (G) is n — L.

Theorem 2.2. [14] Let G be a fuzzy cycle with crisp graph G* a cycle of length n, having |
weakest edges which altogether form a subpath. If | > 1], then .7 (G) is [%].

Theorem 2.3. [14] Let G be a fuzzy cycle with crisp graph G* a cycle of length n, having |
weakest edges which do not altogether form a subpath. If | > [2] — 1 then the strength of the

2
graph is %] and if | = [2] — 1 then /' (G) is [%£1].

Theorem 2.4. [14] In a fuzzy cycle of length n suppose there are | < [%]—1 weakest edges which
do not altogether form a subpath. Let s denote the maximum length of a subpath which does not
contain any weakest edge. If s < [5] then the strength of the graph is 3] and if s > [5] then the
strength of the graph is s.

Lemma 2.5. The diameter of the Cartesian product of the graphs P> with vertex set {u,us} and
a butterfly graph with vertex set {vy, vy, v3, 04,05} is 3.

Lemma 2.6. [8] In a strong fuzzy graph G if any two vertices are adjacent the the strength of
the u —v pathin Gis 1.

Theorem 2.7. [8] Let G be a strong fuzzy graph with its underlying crisp graph a butterfly graph.
Then the strength of G is 2.

Definition 2.8. [16] For « = 1,2, let G;(V;, i, 0;) be two fuzzy graphs with underlying crisp
graphs G;(V;, E;). Their Cartesian product G, denoted by G,[JG, is the fuzzy graph G(V, u, o)
with the underlying crisp graph G(V, E), the Cartesian product of the crisp graphs G1(V1, E)
and G,(Va, E») with vertex set V = V; x 1, and edge set £ = {(u, uz)(u,v2)|u € Vi,upvy €
By} U{(ur,w)(v,w)|w € Va,uyv; € E;} and whose membership functions p and o are defined
as

plur,uz) = pr(ur) A pa(ua); (ur, up) €V,

ul(ul) A\ 0'2(UQU2) if uy = vy and upv, € B,
U((u17u2)(vlﬂv2)) = .
/LQ(UZ)/\Ul(U]’l}l) if u, = v, and ujvy € E.

Notation 2.9. Unless otherwise specified for Vi = {u,up,...,u,} and Vo = {v;,v2,..., 0}
the notation w;; is used to denote the vertex (u;,v;) € Vi x V5.

Lemma 2.10. Let G1(Vi, 11, 01) and G2(Va, pa, 02) be two fuzzy paths, each has P, as its un-
derlying crisp graph. Then the Cartesian product G10G; of Gy and G5 is a fuzzy cycle.



150 Chithra K. P. and Raji Pilakkat

Proof. Let G| and G, be two fuzzy graphs with P, as their underlying crisp graph. The fuzzy
graph GUJG; is depicted in Figure 1.

u v Wi a W,,
1 1
d b
u v,
2 2
W, ” C W2 2
G, G, G=G,0G,

Figure 1. The fuzzy paths GG1, G and their Cartesian product GG,

Suppose that o (U1UQ) < oy (’Uﬂ}z). Then U(wnw]z) = O’(’LUZ]’LU22) = O'(U]Uz) and 0(w11w21) =
o(wipwn) = o(ujuy). Thus there are at least two weakest edges in G1[JG,. Hence G10JG, is a
fuzzy cycle since the underlying graph of GG, is a cycle.

Note 2.11. If G| and G, are two strong fuzzy graphs then o(ujuz) = pi(ur) A pi(up) and
oa(v1v2) = pz(vi)Apa(v2). If let us suppose that py () = min{p (ur), p1(uz), p2(v1), g2 (v2)}.
Then o(wjjwi2) = o(wijway) = o(wipwan) = a say and o(wywyy) is greater than or equal to
this common value a. Thus if G| and G are strong fuzzy graphs then at least three edges of
G10G, are weakest edges.

O

Lemma 2.12. Let G| and G, be two strong fuzzy graphs. Suppose both the graphs have under-
lying crisp graphs P, on two vertices. Then the strength of the Cartesian product of G| and G,
is two.

Lemma 2.13. Let G| and G, be two fuzzy graphs with crisp graphs P> and P; respectively. Then
the strength of G\JG; is 3.

Proof. Let the fuzzy graphs G, G, and their Cartesian product GG, be as depicted in Figure
2.

Y, Y, W, a Wip € Wi,
o—0
G1 b d f
v v, v,
@ @ ® W c w g w
21 22 23
G2
G=G,0G,
W4 a W, Wio e 13
b d d f
w,, W, w, g e
H, H,

Figure 2. The fuzzy subgraphs GG and G», their Cartesian product G{LJG; and two partial fuzzy
subgraphs H; and H, of G10JG,
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The two partial fuzzy subgraphs H; and H, of G;JG, shown in Figure 2 are fuzzy cycles by
Lemma 2.10. Theorem 2.12 shows that both H; and H, have strength 2. Suppose the weakest
edge of H; has weight « and those of H, have weight .

Case 1. o > S3.
In this case d > «.

Subcase 1.d > 3. Thene = g = f = 8 — (1). Let u and v be two vertices of G. If u and v
are in V' (H; ), then the length of the extra strong path joining u and v is < the strength of H;, ie
2. Because, if a u — v path P passes through a vertex in V(G) \ V(H;) then it has strength < any
u — v path in H; and its length must be greater than or equal to any u — v path in Hy, then either
its strength is « or 3, according as the path is a subpath of H; or it contains at least one edge of
G\H,.

If w and v are in V(G\H;) then u,v € {w3, w3} and hence adjacent. Therefore, the extra
strong path joining « and v is w3ws3, which is of length one.

If wisin V(G\H,) and v is inV (G\ H}). Then all the paths joining « and v must pass through
an edge having weight /3. Therefore, all the paths joining « and v have same strength. So, length
of the extra strong path joining v and v is < 3.

In particular if v = w;; and v = wy3 or u = wy; and v = w3 then the length of extra strong
path is equal to 3.

Subcase 2. d = 3.

Then p1(uy) = B or pi(up) = B or uz(vy) = B. In the first case d = f = e = 3. In the
second case d = e = g = (. In these cases also as in Subcase 1 we can prove that the strength
of G is 3.

Case 2. a < (3.
The proof follows by interchanging the roles of H; and H,.

O

Theorem 2.14. Let G| and G5 be two strong fuzzy graphs with respective underlying crisp
graphs P; and P,,. Then the strength of Cartesian product G\JG, of Gy and G; is n.

Proof. Let G1(V1, 1, 01) and Ga(Va, pa, 02) be two fuzzy graphs with underlying crisp graphs
P, with vertex set {u;, uy} and P,, with vertex set {vy, v, ..., v, } respectively.

Let G(V, u, o) be the Cartesian product G10JG, of G and G, with underlying crisp graph
G(V, E) where the vertex set V = {(u;,vj) = w;j : u; € Vi,v; € Va,i=1,2,j=1,2,...,n}
and edge set E = {w;jw;j+1: 1 <j<n-—1,i=12}U{w,wy;:5=12,...,n}

We prove the theorem by induction on n. The result is trivial when n = 1 and the result is
true for n = 2, and n = 3 by Lemmas 2.12 and 2.13. When n = 2, ie, when G and G, are two
fuzzy graphs with respective crisp graphs P, we proved that, the strength of the graph is 2, by
showing that if v = w;; and v = wy, (or u = wy; and v = wyy) then length of the extra strong
u — v path is 2 and for any other v and v, it is 1. Also in the case, G is a fuzzy graph with
the underlying crisp graph P, and G a fuzzy graph with underlying crisp graph P3;, we proved
that the length of any extra strong v — v path is 3, when u = w;; and v = wp3 or u = wy; and
v = wy3. For all other choices of « and v the length of the extra strong v — v path is < 3 and the
extra strong wy; — w3 path is wijwppw;3.

We assume that the result is true for n = m, where m > 3. That is if G is the fuzzy path P,
with vertex set {u,u,} and G is a fuzzy path P, with vertex set {v;, v2, ..., v,,} then assume
that length of the extra strong path joining the vertices w;; and wj ,, or the vertices wy; and wy ,,
in G|0G, is m and if v = wy; and v = wy, or if u = wy; and v = wy,, then the length of the
extra strong v — v path is m — 1, and in fact wy wy; . . . Wi,y 1 the extra strong wy; — wy,, path. u
and v are any other vertices of G1LJG, then the length of the extra strong v — v pathis < m — 1

Let us suppose that G; be the fuzzy path on the vertex set {u;,u,} and G, be the fuzzy path
on the vertex set {vy, v2,...,Vm41}. For 1 < p < ¢ <m + 1, H,, denotes the maximal partial
fuzzy subgraph of G with vertex set {w;;;i = 1,2,p < j < ¢}. (See Figure 3).
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Clearly, H] n+l = G]D GQ.

W, W Wi 12 Wi
v 12
w,
V2 2 sz W Wa Wos
H12 Hi
Y
' W,
\ 3 _ _ n+1
1
Uy |
Vn+1@

2n+1

H

n
Figure 3. Partial fuzzy subgraphs H, , Hj3 and H; ,,.; of G = G;0G,

Let v and v be two non -adjacent vertices of GL1G,. We assert that if v = w;; and v =
wg; € Hp e then any extra strong v — v path of G lie in Hy,, and the length of any extra
strong v — v path in G;JG, is < m + 1, by the induction hypothesis when « = w,; and when
v = w1 m+1 then the length of the extra strong v — v path is m + 1.

Case 1. Suppose that v and v are in {w;; : i = 1,2;j =2,3,...,m}.

Then any path joining v and v in G can be viewed either as a path in the maximal partial fuzzy
graph H,,, with vertex set {w;; : i = 1,2,1 < j < m} or as a path in the maximal partial fuzzy
graph H,,, 1 with vertex set {w;; : i = 1,2;2 < j < (m + 1)}. Note that both these graphs
have 1P, as their underlying crisp graphs. Therefore by induction hypothesis the length of
the extra strong u — v path is < m < (m + 1)

Case 2. u, v € {wi1, W21, Wimt1, W2 m+1}-

Suppose u € {wyj, w1} and v € {w) i1, W2 my1}- Then we can prove the result in two
steps.

(1) If u = wy; and v = Wiy (Or w = wyy and v = wyy,41). Any path P, in Hj,, ;1 joining
wyy and wy,, 1| can be considered as sum of two paths P! and P?> where P! is a path in Hy,,
joining wy; and wy,, or it is a path joining wy; and ws,, in Hi,, and P%is P N H,, 1.
Note that the strength of the path P is minimum of strength of the paths P’ : i = 1,2. By
induction hypothesis if P! is a path joining wy; and wy,, then it has maximum strength if
p! = W W12, 4wy, - SINCE Wiy, and wy .4 are adjacent, the path wy,, w41 is the extra
strong path joining wy,, and wi ,,+1. In the second case, that is P’ is a path from wy; to
Way, in Hy,, and P> = PN H,, ;.1 then by induction hypothesis P! has length m when
P! is an extra strong path. Therefore in this length of the path P is m + 2 and it has strength
< the strength of the path wjjwyz ... w; m41. Therefore, we can conclude that the path P
has maximum strength if P! = wjws ... wy, and P? = wiymwi ma. Also the length of
P’ is minimum among all paths in Hy,, between wy; and wy .

(ii) Ifu= w11 and v = Woam+1 (01‘ U = w1 and v = w1m+1).

In this case as in the proof of (i) we can prove that the strength of v — v path is m + 1 in
Hi 1.

Hence the theorem. O
Theorem 2.15. Let G| and G, be two strong fuzzy graphs with the underlying crisp graphs the

path P, and the path P, on m and n vertices respectively. Then the strength of the Cartesian
product G = G10G, of Gy and G is m +n — 2.
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Proof. For a fixed n, we prove this theorem by induction on m. If m = 1 then G is a fuzzy
trivial graph. Thus when m = 1, G = G UG, is a copy of P,, a fuzzy path on n vertices. If
n = 1, its strength is zero. If n > 1 then its strength is n — 1. In either case we have the strength
is m + n — 2. Assume that the result is true for m = k > 1. To prove the result for m = k + 1,
let G| and G, be strong fuzzy graphs with underlying crisp graphs P+ and P, respectively and
let G be their Cartesian product. If n = 1 then G is a copy of GG;. Therefore strength of G is
k = m + n — 2 thus in this case the theorem holds. So assume that n > 1. Also let u,v € V(G).

W
k+12 Wirtir ket Wieqig Wiaan

Figure 4. Cartesian product of two fuzzy graphs with underlying graphs Py and P,,.

Casel.u,ve{w;:1<i<k1<j<n}oru,ve{w;:2<i<k+11<j<n}. LetH
and H> be the two maximal partial fuzzy subgraphs of G with vertex set {w;; : 1 <i <k, 1 <
J<n}{w;:2<i<k+1,1<j <n}respectively. Then any extra strong path joining u and
v in G can be either a path in H; or in H; of G.

To prove this assertion we proceed as follows. Let us suppose that u,v € V(H;). Sup-
pose P is an extra strong v — v path in G, which passes through at least one of the vertices
wil, Wy, - - ., Wi,. Then, we claim that P does not pass through any of the vertices w11, Wk12,
e, Wgt1n- If SO, it contains a subpath Wi W41 1 Wh+1 141 - - - W41 jWhj of GG, which can be
viewed as a path of the maximal partial fuzzy subgraph with vertex set {wgjwgs - . . WenWr+11 - - -
Wkt1 n—1Wk+1x } Of G which is of the form P,[JP,,. Therefore the extra strong path joining wy;
and wy; 1S Wk Wy 141 - . - wi; by the proof of Theorem 2.14. Therefore we can conclude that every
path like P is contained in H;. Hence its length by induction < k 4+ n — 2. Similar is the case
when u,v € V(H).

Case2.u e {wy:1=12,...,n}andv € {wpyy; : L =1,2,...,n}.

Let us suppose that u = wy; and v = wy4y. Forl = 1,2,...,k + 1 we denote the path
w; Wi ... Wiy, With vertices wjy, wyo, ..., w;, in G by L;. We claim that for a fixed [,] =
1,2,...,n the edge wy, 1wy has strength greater than or equal to the strength of any path
from v to any vertex w of L;. Suppose a path P, from v to a vertex of L, contains a sub-
path Q1 = Wg41jWkt1j—1 ... Wgt1 Of Ly4y, then the path P; has strength less than or equal
to that of the edge wy.1wy;. For if the edge w1 ;wk; is not a weakest edge of the cycle
C' W 41 Wht ] 141 Wkt 1 [ Wk Wk 1+ then Weight of Wit Wrt1141 < weight of wy41 wg . There-
fore the strength of P} < strength of wy 1wk .

If wi 1wy is a weakest edge of C' then the subpath )1 of P, which belongs to Ly has
strength > strength of wywy;. If @) has strength greater than that of wy;,wy; then all the
edges Wy41(Wki, - - ., Wkt1 jWg; have weight equal to that of wy1;wy;. Therefore we can con-
clude that in this case the path P; has strength < that of wy.;wy;. If P contains no subpath of
L1 then any path from v to a vertex of Ly, pass through the edge vwy;. Hence its strength must
be less than or equal to the strength of the edge vwy;. Hence the path having minimum length
and with maximum strength from wy1; to a vertex of Ly is just the edge wy41;wk;-
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By the same argument, the edge wy;wy_1; has the maximum strength and minimum length
from wy; to any vertex in Ly_;. Therefore the path wyjwiwg—_1; is the path from wy; to
L_y. Proceeding similarly we get the path w4 1; . . . wy; is the path with maximum strength and
minimum length from wy1; to any vertex of Li. Proceeding similarly wy; ... ws; is the path
with maximum strength and minimum length path joining w;; and wy;. Therefore the strength
oftheu —vpathis< (n—1)+k=k+n—1.

When v = w;; and v = w4 1,, the strength of the u — v path is equal to k£ 4+ n — 1. Thus the
theorem is true for m = k + 1. Therefore the theorem follows by induction. O

Next we consider the Cartesian product of the fuzzy graphs P, and a fuzzy cycle C,,. Suppose
Vi = {u1,up}, and V5 = {w, v,...,v,} are the vertex set of G| and G, respectively. Then the
Cartesian product of Gy and G, is the fuzzy graph G(V, i, o) where the underlying crisp graph
is G(V, E) with vertex set V = {w;;,i =1,2,7 = 1,2,...,n} and edge set £ = {w;jw;j;+1,1 <
J < nji = 12} U{wjjwy,1 < j < n}U{wjwip,i = 1,2} where p(w;;) = pi(uw;) A
,uz(vj),Vwij eV
o(wijwij+1) = pi(ui) A o2(vjvj41),ui € Vi, (v5,v41) € B;
o(wijwy;) = or(uuz) A pa(vy); o(wiiwin) = pi(u;) A oz (vivy,).

For example

vy v, Ve ow w

Figure 5. Cartesian product of the fuzzy graphs G| with underlying crisp graph P, and G, with
underlying crisp graph C,,.

Theorem 2.16. Suppose G| and G, are two strong fuzzy graphs with underlying crisp graphs
the path P, with vertex set Vi = {uy,us} and the cycle C,, with vertex set Vo = {vj,va,...,v,}
respectively and the weight of the weakest vertices of G is greater than the weight of the weakest
vertices of Gy. If the weakest vertices of G, altogether form a subpath of length | in G, then the
strength of the Cartesian product of Gy and Gy is (n — 1+ 1) if | < 2] and [2] if | > [=F].

Proof. Let u and v be two non-adjacent vertices of G. Without loss of generality assume that

vy, v2,...,v—1 are the weakest vertices of G,. Also assume that the weight of each v;,i =
1,2,...,1 — 1 is w and these vertices altogether form a subpath in GG,. Then in G, the vertices
Wi, W12, ..., Wy —1 and wyy, woa, . . ., wy— have the same weight w (See Figure 6).

w W

Figure 6. The Cartesian product of G| and G, — {vy,...,v—1}.

Case 1.1 < [2F1].

If u,v € V(G) — {wi1,...,wy_1,ws1,...wy_1} then the strength of the u — v path in G
is < n — [ 4 1, since the extra strong paths joining » and v lie completely in the maximal
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partial subgraph G |[J(G2 — {v1,v2,...,v-1}) of G with underlying crisp graph P,00P,__).
Therefore by Theorem 2.15 the length of the extra strong v — v pathin G <n — [+ 1.

If u,v € {wyy,...,wy—1,wa,...,wr;—1} then all the u — v paths have same strength in G.
So all the extra strong paths joining « and v lie in the maximal partial subgraph GG of G,
where G is the maximal partial fuzzy graph of G, with vertex set {vi, v2,...,v;—1} as shown in
Figure 6. Also since | < [”T‘“] the length of the extra strong u —v pathis <! —1<n -1+ 1.

Ifue {w“,...,wl I—1, W2 1y...,W2 171} and v € V(G) — {wlh...,wl 1—2,W2 1yen-y
wy ;—2} or vice versa then all the paths joining u and v have same strength. So the length of the
extra strong v — v path is the minimum distance between u and v in the underlying crisp graph
of G, BLOC,, whichis < (n —1+1).

If w = wy; and v = w; ,, then the length of the extra strong u — v path is equal ton — [ + 1.
Case 2.1 > [2f1].

Ifu,v € V(G)\ {wi1,...,w1—1,wa1, ..., wy—1} then as in Case 1 strength of u — v path in
Gisn—I1+1 < [%] Ifu,’u c {w“, e, W=, W21, - - .,’wzl_l} oru € Gf{w“, co,Wp—1, W21,
coywy—1}and v € {wyy,...,wy—1,Wa1,...,wy;—1} then all the u — v paths must have same

strength in G, and therefore the length of the extra strong path joining v and v is < [%], since

! > [%H]. When u = wy; and v = w), where k = [%] then strength of the u — v path in G is
exactly equal to [%]. Hence the Theorem. i

Theorem 2.17. Let G1(V1, 1, 01) and G2 (Va, 2, 02) be two strong fuzzy graphs with underlying
crisp graphs K\ =< u > and the cycle C,, = vi,va,...,v,,v; respectively. Let G(V, u, o) be
the Cartesian product of G| and G,. If v be a weakest vertex of G, then

y(G) _ [%] if/il(u). < /1'2(1))
S (G,)  otherwise
Proof. If p1(u) < pa(v) then all the vertices of G10JG, have the same weight p (u). Therefore
it is a regular fuzzy cycle. Hence by Theorem 2.2, strength of GG, is [].
If p11 (u) > pa(v), then,

) pe(vi) i pa(vi) < pa(u)
pluvi) = { pi(u)  otherwise

Thus a vertex (u,v;) of G is a weakest vertex of G if and only if v; is a weakest vertex of G».
Therefore, the strength .7 (G) of G is that of G». O

Theorem 2.18. Suppose G1(V1, u1, 01) and Go(Va, o, 02) are two strong fuzzy graphs with un-
derlying crisp graphs the path Py = ujuy and C,, = v1v; ..., respectively. Suppose that
p1(ur) < py(up) A pz(vr) A pz(v) Ao A pp(vy). Let G = GiOG, be the Cartesian product of
G and Gy. Then the strength ¥ (G) of the Cartesian product G of Gy and G, is,

1
A(G) = max {Y(GZDGg), {" er W } :
where G5 is the null graph with vertex set {u,}.

Proof. Let u and v be two distinct vertices of G.

Case 1. i (u2) > pa(v1) A pa(v2) ... A pa(vy)

Subcase 1. Let u,v € {w;j,1 < j < n}. Since p(wi;) = pi(ur);1 < j < n, all the edges
having w;; as one of the end vertices, | < j < n have weight equal to z;(u;). Therefore, the
length of the extra strong path joining v and v is the minimum length of the path joining « and v
in G. That is less than or equal to [%].
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Subcase 2. Let u,v € {wy;,1 < j <n}

Since p(wi;) < p(wy;), the extra strong path joining w and v lies in the maximal partial fuzzy
subgraph G3UJG, of G. So we have by Theorem 2.17, the length of the extra strong u — v path
is the strength of G».

Subcase 3. Letu € {wy; : 1 < j <n}andv € {wp; : 1 <j <n}.

Since py(u1) < py(uz) A pa(vi) A ... A pa(vy), all the uw — v paths in G have the strength
w1 (up). So length of the extra strong u — v path in G is the length of the shortest v — v path in G
which is < [2H].

Case 2. 11 (uz) < pa(v1) A pa(v2) ... A pa(vp).

Subcase 1. y1;(u;) = pi(uz). Then p(w;j) = pi(ur) Vi, j. Therefore, the length of the extra
strong path joining v and v in G is the minimum length of the path joining u and v in G, which
is less than or equal to ["1].
Subcase 2. 1 (u1) < p1(uz). Then p(wi;) = pi(ur) and p(wz;) = pi(u2) Vi, 5.
If uorv € {w;j,1 < j < n}, then all the paths joining v and v have weight y; (u;). Therefore,
the length of the extra strong path joining u and v is the minimum length of the path joining u
and v in G which is [5].

If wand v € {wy;,1 < j < n}, then the extra strong path joining v and v lie in the subgraph
G30G,. So by Theorem 2.17 the strength of G'is [%].

O

Note 2.19. Let G(V, i, 0) be a fuzzy graph. If W is a subset of V then < W > denotes the
maximal partial fuzzy subgraph of G on W.

Definition 2.20. The fuzzy book is defined as the Cartesian product of graphs G| with underly-
ing crisp graph P, and fuzzy star graph S,,, where n > 2. Let V(P,) = {uj,up} and V(S,,) =
{vi,v2,...,v,}. Fori =2,3,..., n, the maximal partial fuzzy subgraph < { wy;, w2y, wy;, wa; } >
with vertex set < {wiy, wy1, w4, wy; } > is called a fuzzy page of the fuzzy book.

The underlying crisp graph of any fuzzy page is P,UP;.

Note 2.21. The crisp graph of the union of two fuzzy pages < {w;1, wa, wi;, wo; }
> and < {wi, wor, wij, wo} > is PUP3, 2 <14 # j < n.Itis called a fuzzy Domino graph.

W,

W5 14 Wi, w,,
U V2 Wn /
Vs v, Vs
u, ® Wog >
4 W21 23
(a) (b) ()

Figure 7. (a)The fuzzy path G| = P>, (b) the fuzzy star graph G, = Ss, (c) the Cartesian product
of G| and G,

Theorem 2.22. Let G| and G, be two strong fuzzy graphs with underlying crisp graphs the path
P, and the star graph S,, respectively. Let V(Py) = {uy,uz} and V(Sy,) = {v1,v2, . .., v, } with
vy as the central vertex. Then the strength of the Cartesian product G = G1LJG is 3.

Proof. Let {wi1, w12, ..., Wi, w1, wn, ..., W, }, where n > 3, be the vertex set of G. Clearly
wywsy is the common edge of the pages of G;[JG,. Let v and v be two non-adjacent vertices of
G (See Figure 7 ). Then v and v lie on the same page or different pages of G. For ¢ # j, denote
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the partial fuzzy subgraph < {wi, wa1, wi;, wa;} > U < {wii, w1, wi;, wa;} > of BUS, by
H;;. Therefore any extra strong path joining « and v can be considered as a path in H;; for some
i and j. Since the underlying crisp graph of H;; is P,[1P5, the length of any extra strong path
joining » and v in G is less than or equal to 3 , by Theorem 2.13.
In particular if u = w; and v = w»3, then any extra strong path joining v and v lie completely
in Hj3 and hence has length exactly 3. Hence the theorem.
O

Now we are going to find the strength of the Cartesian product of fuzzy path and a fuzzy
butterfly graph.

Theorem 2.23. Let G1(Vi, p1,01) and Go(Va, pa,02) be two strong fuzzy graphs with crisp
graphs the path P, with vertex set {uy,u,} and the butterfly graph with vertex set {vy, vy, ..., vs}
respectively. Then the strength of the Cartesian product G(V, p, o) of Gy and G, is 3.

Proof. First of all assume that the degree of the vertex v; of G, is 4 and 1 (u1) < py(uz).
Let u and v be any two non-adjacent vertices of G = GG, with vertex set {w1, w12, . . ., w;s,
war, W2, .. ., W5}

Case 1. y11(uy) or puy(uz) < pa(vr) A pa(v2) Ao A pa(vs).

Then all the u — v paths passing through any of w;;,j = 1,2,...,5 have strength s (u;),
because every edge incident with w;; has weight 11 (u1). Therefore if at least one of u and v
belongs to {w;;, w1y, ..., w;s} then the extra strong u — v paths are the shortest © — v paths in
the underlying crisp graph of G and therefore has length less than or equal to 3.

If u,v € {wy1,w,...,ws} then any extra strong u — v path lie in the maximal partial fuzzy
subgraph with vertex set {wy, wx, ..., wss} which is a strong fuzzy butterfly graph. Therefore,
the length of any extra strong © — v path in G is 2.

Case 2. jip(vj) less than y;(u;) for at least one j. Let us suppose that ps(v;) < po(vi) A
p2(v2) .. A pa(vs).

Subcase 1. v; = v;

Then all the paths passing through w;;,7 = 1,2 have strength ps(v1). The fuzzy graph of G
can be viewed as the union of two fuzzy subgraphs H; and H», as shown in Figure 8. Note that
P, is the underlying crisp graph of both H; and Hj.

'
13 )2 12 V. W 14 W,
W,
23 Woo W, W, Wos Vo o Vs W, W, Wy
G H H

Figure 8. Cartesian product G = G|0LG; of a fuzzy path G on 2 vertices and G, a fuzzy
butterfly graph and the fuzzy subgraphs H; and H; of G

Suppose u and v belong to V' (H; ). Then any extra strong u — v path lie in Hy, since pu(wy;) =
w(wy) = pa(vr), all the u — v paths through w;; and wy; have the same strength. Therefore the
length of the extra strong v — v path is < 2. Similarly if u and v € V (H;) the length of any extra
strong u — v path is < 2.

Letu € V(H;) and v € V(H;) \ V(H;). In this case all the v — v paths pass through wy;
or wy; or both. Therefore all the « — v paths have same strength. Hence the length of the extra
strong path joining « and v is less than or equal to the minimum distance between v and v in G
which is 3.
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Subcase 2. v; # v,

Without loss of generality assume that v; = v,. Then by our assumption, i, (v2) < p2(vi) A
p2(v2) Ao A pa(vs),

Let w or v € V(H;). If at least one of the vertices v and v € {w12, wy }, then all the u — v
paths have strength u,(v2). So the length of any extra strong v — v path in G is < 3. If v and
v ¢ {wja, wxn} then all the extra strong u — v paths lie in the graph H in Figure 9, which is
obtained by deleting the vertices wj,, wy; from G.

Figure 9. A fuzzy subgraph H of G

In this case if u and v € V(H}) then either u = w3, and v = wy1 or u = wy; and v = ws3. In
both these cases if a path joining » and v pass through a vertex of H; then it must pass through
wy and wsy; and any such path have strength < p(wy;) A p(wsr). Thus each extra strong path
lies in the maximal partial fuzzy subgraph with vertex set {wy, w2, w3, wa3 }. Hence the length
of the extra strong u — v path is 2 by Theorem 2.12. Now suppose u and v € V (H,), if any of
the w — v path through w3 ( or wy3), definitely will pass through w,3  (or wi3), wyy and wy;.
Any such path has strength < p(wi1) A u(wyr). So every extra strong path lies in H,. Therefore,
the length of any extra strong u — v path is 2.

If u = w3 and v = wys then any u — v path in H has length > 3, Also any u — v path through
the vertices w4 or wy4 has length > 3 and strength < any other v — v path in H. Therefore the
strength of the v — v path is the minimum distance between u and v, which is 3. Hence we can
conclude that .7 (G) = 3. i
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