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Abstract. In this paper, using the shear construction method, Inequalities that are both neces-
sary and sufficient for the harmonic shears of analytic functions involving Wright’s generalized
hypergeometric functions are derived. As in special case, some inequalities for harmonic shears
of analytic functions involving generalized hypergeometric functions are also obtained.

1 Introduction and preliminaries

Let SH denotes a class of functions f which are harmonic, univalent and orientation preserving
in the open unit disc ∆ = {z : |z| < 1} and are normalized by f(0) = h(0) = fz(0) − 1 = 0.
Since ∆ is simply connected, a function f ∈ SH has the canonical representation given by h+g,
where h and g are the members of linear space A(∆) of all analytic functions in ∆ and where h
and g can be written as a power series representation

h(z) = z +
∞∑
n=2

anz
n, g(z) =

∞∑
n=1

bnz
n, |b1| < 1. (1.1)

We call h the analytic part and g the co-analytic part of f. A necessary and sufficient condition
for a harmonic function of the form f = h+ g to be locally univalent and sense preserving in ∆

is that |g′(z)| < |h′(z)| for all z in ∆. The analytic dilatation of a harmonic mapping f = h+g is
defined by ω(z) = (g′(z)/h′(z)) . Thus if f is locally univalent and sense preserving, then |ω(z)|
< 1 in ∆.

A subclass TSH of SH is well known in the literature. A function f = h+ g is said to be in
the class TSH if h and g are of the form

h(z) = z −
∞∑
n=2

|an| zn and g(z) =
∞∑
n=1

|bn| zn, |b1| < 1. (1.2)

In case g(z) = 0, ∀z ∈ ∆, the class SH reduces to a well known class S of univalent functions
and the class T SH reduces to T introduced and studied by Silverman [18, 19]. We further denote
a subclass T S0

H of T SH for which fz(0) = 0.
A domain D ⊂ C is said to be convex in the direction α (0 ≤ α < 2π) , if for all a ∈ C, the

set D ∩ {a+ teiα : t ∈ R} is either connected or empty. In particular, a domain D ⊂ C is said to
be convex in the horizontal direction (or a CHD domain) if its intersection with each horizontal
line is connected (or empty). The domains which are convex in every direction are called convex
domains.

We say a univalent harmonic function f is convex in the direction α (0 ≤ α < 2π) if the
domain f (D) is convex in the direction α. In particular, a univalent harmonic function f is
called a CHD map if its range is a CHD domain.

Construction of a univalent harmonic mapping f with prescribed dilatation ω can be done
effectively by a method known as the “shear construction” method which was devised by Clunie
and Sheil-Small [7] (see also [8, 9, 10, 14]). The basic shear construction theorem of a harmonic
univalent function discovered by Clunie and Sheil-Small [7] is as follows.
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Theorem A: For analytic functions h and g, assume the harmonic function f = h+ g is locally
univalent in a simply connected domain D. Then a univalent function f maps D onto a CHD
domain if and only if the analytic function h− g is univalent and maps D onto a CHD domain.

For more details on "shear construction" method one may refers [5, 7, 8, 9, 10, 14, 17].
We also have following result of Clunie and Sheil-Small [7].

Theorem B: A functions f = h + g is harmonic convex if and only if the analytic functions
h− eiαg, 0 ≤ α < 2π, are convex in the direction α

2 and f is suitably normalized.
The following two subclasses T [A,B] and C [A,B] of the class T introduced and studied by

Silverman [18, 19].

Definition 1.1. [15] A function h ∈ T of the form given in (1.2) is said to be in T [A,B] if, for
some constant A and B such that −1 ≤ B < A ≤ 1, it satisfies

∞∑
n=2

{
(n− 1)

1−B
A−B

+ 1
}
|an| ≤ 1;

and is said to be in the class C [A,B] , if zh′ ∈ T [A,B] .

It was observed in [15] that the functions of the classes T [A,B] and C [A,B] are univalent.
Note that the class T [1,−1] = T ∗ was studied in [18, 19].

Adopting the "shear construction" method, introduced by Clunie and Sheil-Small [7] (see also
[8, 9, 10, 14]), Sharma, Ahuja and Gupta in 2014 defined two classes TH [A,B] and CH [A,B]
as follows:

Definition 1.2. [17] Let a function φα defined by

φα(z) = Hα(z)− e2iαGα(z) (1.3)

be convex in the direction α ∈ {0, π/2} , where

Hα(z) = z −
∞∑
n=2

|an|
1− e2iα |b1|

zn, Gα(z) =
∞∑
n=2

|bn|
1− e2iα |b1|

zn (1.4)

are analytic in ∆, |b1| < 1 and α ∈ {0, π/2}). Then the harmonic shear Fα = Hα +Gα of φα, is
said to be in the class TH [A,B] if φα ∈ T [A,B]. Further, we say that Fα = Hα +Gα is in the
class CH [A,B] if zφ′α(z) ∈ T [A,B] .

They [17] also observe that the analytic function φα considered in (1.3) may also be expressed
as

φα(z) =
h(z)− e2iαg(z)

1− e2iα |b1|
where h and g are of the form (1.2).

Here it is worth mentioning that for a CHD map φ0 defined by

φ0(z) = H0(z)−G0(z),

where

H0(z) = z −
∞∑
n=2

|an|
1− |b1|

zn, G0(z) =
∞∑
n=2

|bn|
1− |b1|

zn (1.5)

are analytic in ∆, |b1| < 1, there exists a dilatation ω0, such that the harmonic shear F0 = H0+G0
of φ0 may be obtained by solving the differential equations:

H ′0 −G′0 = φ′0, ω0H
′
0 −G′0 = 0.

Also, for a map φπ/2 convex in vertical direction, defined by

φπ/2(z) = Hπ/2(z) +Gπ/2(z),
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where

Hπ/2(z) = z −
∞∑
n=2

|an|
1 + |b1|

zn, Gπ/2(z) =
∞∑
n=2

|bn|
1 + |b1|

zn (1.6)

are analytic in ∆, there exists a dilatation ωπ/2, such that the harmonic shear Fπ/2 = Hπ/2+Gπ/2
of φπ/2 may be obtained by solving the differential equations:

H ′π/2 +G′π/2 = φ′π/2, ωπ/2H
′
π/2 −G

′
π/2 = 0.

The Wgh functions have an increasingly significant role in various types of applications (see [20,
21]). Generalized hypergeometric functions, generalized Mittag-Leffler functions and Bessel-
Maitland (Wright generalized Bessel) functions are some special cases of Wgh functions; one
may refer to [22, 23]. Several results on harmonic functions by involving hypergeometric func-
tions have recently been studied in [1] to [4]. Involvement of the Wright generalized hypergeo-
metric function (Wgh) in the harmonic functions has recently been investigated amongst others
in [6, 12, 13, 16].

Let Ai > 0 (i = 1, ..., p) and Bi > 0 (i = 1, ...., q) such that 1 +
∑q
i=1 Bi −

∑p
i=1 Ai ≥ 0.

Following the definition and terminology in [20, 22, 24], a Wright’s generalized hypergeometric
(Wgh) function for non-negative integers p and q, αi ∈ C

(
αi
Ai
6= 0,−1,−2, ...; i = 1, ...., p

)
and

βi ∈ C
(
βi
Bi
6= 0,−1,−2, ...; i = 1, ...., q

)
is defined by

pψq ([(αi, Ai)] ; z) ≡ pψq

[(
(αi, Ai)1,p

(βi, Bi)1,q

)
; z

]
=
∞∑
n=0

p∏
i=1

Γ (αi + nAi)

q∏
i=1

Γ(βi + nBi)

zn

n!
, z ∈ ∆. (1.7)

By involving Wgh functions as defined by (1.7), consider an analytic function Φ1(z) defined
by

Φ1(z) =
W1(z)− e2iαW2(z)

1− e2iαd1
, z ∈ ∆ (1.8)

where

W1(z) = z

q∏
i=1

Γ(βi)

p∏
i=1

Γ (αi)
pψq

[(
(αi, Ai)1,p

(βi, Bi)1,q

)
; z

]
, (1.9)

W2(z) =

s∏
i=1

Γ(δi)

r∏
i=1

Γ (γi)
rψs

[(
(γi, Ci)1,r

(δi, Di)1,s

)
; z

]
− 1 (1.10)

and

d1 =

r∏
i=1

(γi)Ci
s∏
i=1

(δi)Di

(1.11)

for positive integers Ai, Bi, Ci, and Di and for αi > −Ai (i = 1, ..., p) , satisfying
p∏
i=1

(αi)Ai <

0, and βi. > 0 (i = 1, ..., q) , γi > 0 (i = 1, ..., r) , δi > 0 (i = 1, ..., s) with

r∏
i=1

(γi)nCi
s∏
i=1

(δi)nDi

<

n

∣∣∣∣ p∏
i=1

(αi)Ai

∣∣∣∣ p∏
i=1

(αi +Ai)(n−2)Ai

q∏
i=1

(βi)(n−1)Bi

, n ≥ 2;

r∏
i=1

(γi)Ci
s∏
i=1

(δi)Di

< 1.
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In view of the parametric constraints cosidered above and
p∏
i=1

(αi)Ai < 0, we have

p∏
i=1

Γ (αi) =

p∏
i=1

Γ (αi +Ai)

p∏
i=1

(αi)Ai

= −

p∏
i=1

Γ (αi +Ai)∣∣∣∣ p∏
i=1

(αi)Ai

∣∣∣∣
and hence, the function Φα(z) defined by (1.8) may also be written in the form

Φα(z) = Hα(z)− e2iαGα(z) (1.12)

where

Hα(z) = z −

∣∣∣∣ p∏
i=1

(αi)Ai

∣∣∣∣ q∏
i=1

Γ (βi)

p∏
i=1

Γ (αi +Ai)

∞∑
n=2

θn
1− e2iαd1

zn, (1.13)

Gα(z) =

s∏
i=1

Γ(δi)

r∏
i=1

Γ (γi)

∞∑
n=2

φn
1− e2iαd1

zn (1.14)

and

θn =

p∏
i=1

Γ (αi + (n− 1)Ai)

q∏
i=1

Γ(βi + (n− 1)Bi)

1
(n− 1)!

, φn =

r∏
i=1

Γ (γi + nCi)

s∏
i=1

Γ(δi + nDi)

1
n!
, (1.15)

and d1 is given by (1.11). Using Φα(z) defined by (1.12), we get a harmonic shearFα = Hα+Gα
and obtain following results.

Based on the above defined classes, Sharma and gupta [17] proved following results observ-
ing various equivalent class conditions considered in [17], we mention these results in form of
following Lemmas.

Lemma 1.3. Under the parametric conditions stated as above, let Hα and Gα, respectively, be
functions of the form (1.13) and (1.14) with θn, φn given by (1.15). Let

Φα(z) = Hα(z)− e2iαGα(z) ∈ T [A,B]

be convex in the direction α ∈ {0, π/2} and let Fα = Hα + Gα ∈ TS0
H be its harmonic shear,

convex in the same direction α. Then Fα = Hα + Gα ∈ TH [A,B] if and only if the inequality

∞∑
n=2

∣∣∣∣ p∏
i=1

(αi)Ai

∣∣∣∣ q∏
i=1

Γ (βi)

p∏
i=1

Γ (αi +Ai)

{
(n− 1)

1−B
A−B

+ 1
}
θn (1.16)

+e2iα
∞∑
n=1

s∏
i=1

Γ(δi)

r∏
i=1

Γ (γi)

{
(n− 1)

1−B
A−B

+ 1
}
φn

≤ 1

is satisfied.
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Lemma 1.4. Under the hypothesis of Theorem 1.3, the function Fα = Hα + Gα ∈ CH [A,B] if
and only if the inequality

∞∑
n=2

∣∣∣∣ p∏
i=1

(αi)Ai

∣∣∣∣ q∏
i=1

Γ (βi)

p∏
i=1

Γ (αi +Ai)
n

{
(n− 1)

1−B
A−B

+ 1
}
θn (1.17)

+e2iα
∞∑
n=1

s∏
i=1

Γ(δi)

r∏
i=1

Γ (γi)
n

{
(n− 1)

1−B
A−B

+ 1
}
φn

≤ 1

is satisfied.

In the following two Lemmas 1.5 and 1.6, we consider an analytic function Ψα(z) defined
by

Ψα(z) =
z
(

2− W1(z)
z

)
− e2iαW2(z)

1− e2iαd1
(z ∈ U) , (1.18)

where W1(z) and W2(z) are of the form (1.9) and (1.10), d1 is given by (1.11) for positive
integersAi, Bi, Ci, Di and for αi > 0 (i = 1, ..., p) , βi. > 0 (i = 1, ..., q) , γi > 0 (i = 1, ..., r) ,
δi > 0 (i = 1, ..., s) with

r∏
i=1

(γi)nCi
s∏
i=1

(δi)nDi

<

n
p∏
i=1

(αi)(n−1)Ai

q∏
i=1

(βi)(n−1)Bi

(n ≥ 1) ,

r∏
i=1

(γi)nCi
s∏
i=1

(δi)nDi

< 1.

The function Ψα(z) may also be written in the form

Ψα(z) = Lα(z)− e2iαGα(z), (1.19)

where

Lα(z) = z −

q∏
i=1

Γ (βi)

p∏
i=1

Γ (αi)

∞∑
n=2

θn
1− e2iαd1

zn, (1.20)

Gα(z), d1 and θn are given by (1.14), (1.11) and (1.15).

Lemma 1.5. Let Lα and Gα be given by (1.20) and (1.14), respectively, with θn, φn given by
(1.15) with positive values of αi, βi, γi and δi. Let
Ψα(z) = Lα(z)− e2iαGα(z) ∈ T [A,B] be convex in the direction α ∈ {0, π/2} and
Eα = Lα + Gα ∈ TS0

H be its harmonic shear, convex in the same direction α. Then, the function
Eα = Lα + Gα ∈ TH [A,B] if and only if

∞∑
n=2

q∏
i=1

Γ (βi)

p∏
i=1

Γ (αi)

{
(n− 1)

1−B
A−B

+ 1
}
θn + e2iα

∞∑
n=1

s∏
i=1

Γ(δi)

r∏
i=1

Γ (γi)

{
(n− 1)

1−B
A−B

+ 1
}
φn ≤ 1

is satisfied.

Lemma 1.6. Under the hypothesis of Lemma 1.5, Eα = Lα + Gα ∈ CH [A,B] if and only if

∞∑
n=2

q∏
i=1

Γ (βi)

p∏
i=1

Γ (αi)
n

{
(n− 1)

1−B
A−B

+ 1
}
θn + e2iα

∞∑
n=1

s∏
i=1

Γ(δi)

r∏
i=1

Γ (γi)
n

{
(n− 1)

1−B
A−B

+ 1
}
φn ≤ 1,

is satisfied.
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Since, wright’s generalized hypergeometric (Wgh) function defined by (1.7) is entire function
if 1 +

∑q
i=1 Bi −

∑p
i=1 Ai > 0, also it is analytic for |z| <

q
i=1(Bi)

Bi

p∏
i=1

(Ai)
Ai

if

1 +
∑q
i=1 Bi −

∑p
i=1 Ai = 0. However if 1 +

∑q
i=1 Bi −

∑p
i=1 Ai = 0 and |z| =

q
i=1(Bi)

Bi

p∏
i=1

(Ai)
Ai

, then

wgh function is analytic for <{
∑q
i=1 βi −

∑p
i=1 αi}+

p−q
2 > 1

2 (for more details one may refer
to [11]).

Throughout this paper, we consider (1.7) Wgh functions pψq
[
((αi,Ai)1,p
(βi,Bi)1,q

); z
]
and rψs

[
((γi,Ci)1,r
(δi,Di)1,s

); z
]

with additional condition that Ai, Bi, Ci, and Di are positive integers satisfying the condition
q
i=1 (Bi)

Bi ≥
p∏
i=1

(Ai)
Ai , in the case

1 +
q∑
i=1

Bi −
p∑
i=1

Ai = 0,

s
i=1 (Di)

Di ≥
r∏
i=1

(Ci)
Ci , in the case

1 +
s∑
i=1

Di −
r∑
i=1

Ci = 0,

which ensure that the wgh functions are defined at z = 1.
In this paper, using the shear construction method, Wright’s generalized hypergeometric

inequalities that are both necessary and sufficient for the harmonic univalent functions Fα =
Hα+Gα ∈ TS0

H which are the harmonic shear of analytic functions for the classes TH [A,B] and
CH [A,B] are derived which are convex in the direction α ∈ {0, π/2} (that is convex in the hor-
izontal direction or vertical direction). Further these necessary and sufficient Wright’s general-
ized hypergeometric inequalities for another harmonic univalent functions Eα = Lα+Gα ∈ TS0

H

for the classes TH [A,B] and CH [A,B] are obtained. As in special case, some inequalities for
harmonic shears of analytic functions involving generalized hypergeometric functions are also
obtained.

2 Main Results

Theorem 2.1. Let under the hypothesis of Lemma 1.3, Hα and Gα, respectively be of the form
(1.13) and (1.14) and let Φα(z) = Hα(z) − e2iαGα(z) ∈ T [A,B] be convex in the direction
α ∈ {0, π/2} . Let Fα = Hα + Gα ∈ TS0

H be the harmonic shear of Φα in the same direction α.
Then in case
q
i=1 (Bi)

Bi =
p∏
i=1

(Ai)
Ai ,si=1 (Di)

Di =
r∏
i=1

(Ci)
Ci , 1 +

∑q
i=1 Bi −

∑p
i=1 Ai = 0,

1 +
∑s
i=1 Di −

∑r
i=1 Ci = 0, under the validity condition

q∑
i=1

βi −
p∑
i=1

αi +
p− q

2
>

3
2
,

s∑
i=1

δi −
r∑
i=1

γi +
r − s

2
>

3
2
, (2.1)

Fα ∈ TH [A,B] if and only if

λ1

[
1−B
A−B pψq ([(αi +Ai, Ai)] ; 1) + pψq ([(αi, Ai)] ; 1)

]
(2.2)

+e2iαµ

[
1−B
A−B rψs ([(γi + Ci, Ci)] ; 1) +

A− 1
A−B rψs ([(γi, Ci)] ; 1)

]
≤ e2iα A− 1

A−B
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holds, where

λ1 =

∣∣∣∣ p∏
i=1

(αi)Ai

∣∣∣∣ q∏
i=1

Γ (βi)

p∏
i=1

Γ (αi +Ai)
, µ =

s∏
i=1

Γ(δi)

r∏
i=1

Γ (γi)
. (2.3)

Proof. To show that Fα = Hα + Gα ∈ TS0
H ∈ TH [A,B] , by Lemma 1.3 we need to show

S1 :=
∞∑
n=2

λ1

{
(n− 1)

1−B
A−B

+ 1
}
θn + e2iα

∞∑
n=1

µ

{
(n− 1)

1−B
A−B

+ 1
}
φn ≤ 1,

where θn and φn are given by (1.15). Under the validity condition (2.1) which ensures the
convergence of

pψq ([(αi +Ai, Ai)] ; 1) ,p ψq ([(αi, Ai)] ; 1) ,r ψs ([(γi + Ci, Ci)] ; 1) ,r ψs ([(γi, Ci)] ; 1) ,

we obtain from (1.15),

∞∑
n=2

(n− 1) θn = pψq ([(αi +Ai, Ai)] ; 1) ,
∞∑
n=2

θn = pψq ([(αi, Ai)] ; 1)−

p∏
i=1

Γ (αi)

q∏
i=1

Γ(βi)
(2.4)

and

∞∑
n=1

(n− 1)φn = rψs ([(γi + Ci, Ci)] ; 1)− rψs ([(γi, Ci)] ; 1) +

r∏
i=1

Γ (γi)

s∏
i=1

Γ(δi)
, (2.5)

∞∑
n=1

φn = rψs ([(γi, Ci)] ; 1)−

r∏
i=1

Γ (γi)

s∏
i=1

Γ(δi)
.

Hence, on using (2.4) and (2.5), we get
S1 ≤ 1

if and only if (2.2) holds.

Theorem 2.2. Under the same hypothesis of Theorem 2.1, let
Fα = Hα+Gα ∈ TS0

H be the harmonic shear of Φα in the direction α. Then in case qi=1 (Bi)
Bi =

p∏
i=1

(Ai)
Ai ,si=1 (Di)

Di =
r∏
i=1

(Ci)
Ci ,

1 +
∑q
i=1 Bi −

∑p
i=1 Ai = 0, 1 +

∑s
i=1 Di −

∑r
i=1 Ci = 0, under the validity condition

q∑
i=1

βi −
p∑
i=1

αi +
p− q

2
>

5
2
,

s∑
i=1

δi −
r∑
i=1

γi +
r − s

2
>

5
2

(2.6)

Fα ∈ CH [A,B] if and only if

λ1

[
1−B
A−B pψq ([(αi + 2Ai, Ai)] ; 1) +

A− 3B + 2
A−B pψq ([(αi +Ai, Ai)] ; 1)

+ pψq ([(αi, Ai)] ; 1)] (2.7)

+e2iαµ

[
1−B
A−B rψs ([(γi + 2Ci, Ci)] ; 1) + rψs ([(γi + Ci, Ci)] ; 1)

]
≤ 0 (2.8)

holds, where λ1 and µ are given by (2.3).
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Proof. To show that Fα ∈ CH [A,B] , by Lemma 1.4 we need to show that

S2 :=
∞∑
n=2

λ1n

{
(n− 1)

1−B
A−B

+ 1
}
θn + e2iα

∞∑
n=1

µn

{
(n− 1)

1−B
A−B

+ 1
}
φn ≤ 1,

where λ1 and µ are given by (2.3). After some simple calculations S2 can be written as

S2 =
∞∑
n=2

λ1

{
(n− 2)(n− 1)

1−B
A−B

+ (n− 1)
A− 3B + 2
A−B

+ 1
}
θn +

µe2iα
∞∑
n=1

{
n(n− 1)

1−B
A−B

+ n

}
φn.

Under the validity condition (2.6), using (2.4), (2.5) and
∞∑
n=2

(n− 2) (n− 1)θn = pψq ([(αi + 2Ai, Ai)] ; 1) ,

∞∑
n=1

n(n− 1)φn = rψs ([(γi + 2Ci, Ci)] ; 1)

∞∑
n=1

nφn = rψs ([(γi + Ci, Ci)] ; 1) ,

we get
S2 ≤ 1

if and only if (2.8) holds.

Now, we give following Theorems 2.3 and 2.4 giving Wgh inequalities for function Eα ∈
TS0

H considered in Lemma 1.5 to be in TH [A,B] and CH [A,B] , respectively. Proof of these
Theorems is similar to the proof of Theorems 2.1 and 2.2 hence, we may omit the proof.

Theorem 2.3. Let under the hypothesis of Lemma 1.5, Lα and Gα be given, respectively, by (1.20)
and (1.14). Let Ψα(z) = Lα(z)− e2iαGα(z) ∈ T [A,B] be convex in the direction α ∈ {0, π/2}
and Eα = Lα + Gα ∈ TS0

H be the harmonic shear of Ψα(z) in the same direction α. Then in
case
q
i=1 (Bi)

Bi =
p∏
i=1

(Ai)
Ai ,si=1 (Di)

Di =
r∏
i=1

(Ci)
Ci ,

1 +
∑q
i=1 Bi −

∑p
i=1 Ai = 0, 1 +

∑s
i=1 Di −

∑r
i=1 Ci = 0, under the validity condition

<

{
q∑
i=1

βi −
p∑
i=1

αi

}
+
p− q

2
>

3
2
,<

{
s∑
i=1

δi −
r∑
i=1

γi

}
+
r − s

2
>

3
2
,

Eα ∈ TH [A,B] if and only if

λ2

[
1−B
A−B pψq ([(αi +Ai, Ai)] ; 1) + pψq ([(αi, Ai)] ; 1)

]
+e2iαµ

[
1−B
A−B rψs ([(γi + Ci, Ci)] ; 1) +

A− 1
A−B rψs ([(γi, Ci)] ; 1)

]
≤ 2 +

A− 1
A−B

e2iα

holds, where

λ2 =

q∏
i=1

Γ (βi)

p∏
i=1

Γ (αi)
(2.9)

and µ is given by (2.3).
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Theorem 2.4. Let under the hypothesis of Theorem 2.3, Eα = Lα + Gα ∈ TS0
H be the harmonic

shear of Ψα in the same direction α. Then in case
q
i=1 (Bi)

Bi =
p∏
i=1

(Ai)
Ai ,si=1 (Di)

Di =
r∏
i=1

(Ci)
Ci ,

1 +
∑q
i=1 Bi −

∑p
i=1 Ai = 0, 1 +

∑s
i=1 Di −

∑r
i=1 Ci = 0, under the validity condition

q∑
i=1

βi −
p∑
i=1

αi +
p− q

2
>

5
2
,

s∑
i=1

δi −
r∑
i=1

γi +
r − s

2
>

5
2
,

Eα ∈ CH [A,B] if and only if

λ2

[
1−B
A−B pψq ([(αi + 2Ai, Ai)] ; 1) +

A− 3B + 2
A−B pψq ([(αi +Ai, Ai)] ; 1)

+ pψq ([(αi, Ai)] ; 1)]

+e2iαµ

[
1−B
A−B rψs ([(γi + 2Ci, Ci)] ; 1) +r ψs ([(γi + Ci, Ci)] ; 1)

]
≤ 2

holds, where λ2 and µ are given respectively, by (2.9) and (2.3).

Now in particular, if α = 0, the function Φα(z) defined by (1.8) will be denoted by

Φ0(z) = H0(z)− G0(z), (2.10)

where

H0(z) = z −

∣∣∣∣ p∏
i=1

(αi)Ai

∣∣∣∣ q∏
i=1

Γ (βi)

p∏
i=1

Γ (αi +Ai)

∞∑
n=2

θn
1− d1

zn, G0(z) =

s∏
i=1

Γ(δi)

r∏
i=1

Γ (γi)

∞∑
n=2

φn
1− d1

zn (2.11)

and d1 is given by (1.11). Using Φ0(z) defined by (2.10), we get a harmonic shear F0 = H0+G0.
Also, taking α = π/2, the function Φα(z) defined by (1.8) is denoted by

Φπ/2(z) = Hπ/2(z) + Gπ/2(z), (2.12)

where

Hπ/2(z) = z−

∣∣∣∣ p∏
i=1

(αi)Ai

∣∣∣∣ q∏
i=1

Γ (βi)

p∏
i=1

Γ (αi +Ai)

∞∑
n=2

θn
1 + d1

zn, Gπ/2(z) =

s∏
i=1

Γ(δi)

r∏
i=1

Γ (γi)

∞∑
n=2

φn
1 + d1

zn (2.13)

and d1 is given by (1.11). Using Φπ/2(z) defined by (2.12), we get a harmonic shear Fπ/2 =

Hπ/2 + Gπ/2.
For the harmonic shear F0 and Fπ/2, we get following results from Theorems 2.1 and 2.2 on

taking α = 0 and α = π/2, for CHD map and for the map convex in vertical direction.

Corollary 2.5. Under the hypothesis of Lemma 1.3, with α = 0,H0 and G0be of the form (2.11).
Let Φ0(z) = H0(z)−G0(z) ∈ T [A,B] be convex in the horizontal direction. LetF0 = H0+G0 ∈
TS0

H be the harmonic shear of Φ0(z) in the same direction. Then F0 ∈ TH [A,B] if and only if

λ1

[
1−B
A−B pψq ([(αi +Ai, Ai)] ; 1) + pψq ([(αi, Ai)] ; 1)

]
+µ

[
1−B
A−B rψs ([(γi + Ci, Ci)] ; 1) +

A− 1
A−B rψs ([(γi, Ci)] ; 1)

]
≤ A− 1

A−B
holds, where λ1 and µ are given by (2.3).
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Corollary 2.6. Under the hypothesis of Lemma 1.3, with α = π/2,Hπ/2 and Gπ/2 be of the form
(2.13). Let Φπ/2(z) = Hπ/2(z) + Gπ/2(z) ∈ T [A,B] be convex in the vertical direction. Let
Fπ/2 = Hπ/2 + Gπ/2 ∈ TS0

H be the harmonic shear of Φπ/2(z) in the vertical direction.Then
Fπ/2 ∈ TH [A,B] if and only if

λ1

[
1−B
A−B pψq ([(αi +Ai, Ai)] ; 1) + pψq ([(αi, Ai)] ; 1)

]
−µ
[

1−B
A−B rψs ([(γi + Ci, Ci)] ; 1) +

A− 1
A−B rψs ([(γi, Ci)] ; 1)

]
≤ 1−A

A−B

holds, where λ1 and µ are given by (2.3).

Corollary 2.7. Under the hypothesis of Lemma 1.3, with α = 0,H0 and G0 be of the form (2.11)
Let Φ0(z) = H0(z)−G0(z) ∈ T [A,B] be convex in the horizontal direction. LetF0 = H0+G0 ∈
TS0

H be the harmonic shear of Φ0(z) in the horizontal direction. Then F0 ∈ CH [A,B] if and
only if

λ1

[
1−B
A−B pψq ([(αi + 2Ai, Ai)] ; 1) +

A− 3B + 2
A−B pψq ([(αi +Ai, Ai)] ; 1)

+ pψq ([(αi, Ai)] ; 1)]

+µ

[
1−B
A−B rψs ([(γi + 2Ci, Ci)] ; 1) +r ψs ([(γi + Ci, Ci)] ; 1)

]
≤ 0

holds, where λ1 and µ are given by (2.3).

Corollary 2.8. Under the hypothesis of Lemma 1.3, with α = π/2, Hπ/2 and Gπ/2 be of the
form (2.13). Let Φπ/2(z) = Hπ/2(z) + Gπ/2(z) ∈ T [A,B] be convex in the vertical direction.
Let Fπ/2 = Hπ/2 + Gπ/2 ∈ TS0

H be the harmonic shear of Φπ/2(z) in the same direction.Then
Fπ/2 ∈ CH [A,B] if and only if

λ1

[
1−B
A−B pψq ([(αi + 2Ai, Ai)] ; 1) +

A− 3B + 2
A−B pψq ([(αi +Ai, Ai)] ; 1)

+ pψq ([(αi, Ai)] ; 1)]

−µ
[

1−B
A−B rψs ([(γi + 2Ci, Ci)] ; 1) +r ψs ([(γi + Ci, Ci)] ; 1)

]
≤ 0

holds, where λ1 and µ are given by (2.3).

Further, taking α = 0, Ψα(z) (1.19) is denoted by

Ψ0(z) = L0(z)− G0(z), (2.14)

where

L0(z) = z −

q∏
i=1

Γ (βi)

p∏
i=1

Γ (αi)

∞∑
n=2

θn
1− d1

zn, (2.15)

G0(z), d1 and θn are given by (1.14), (1.11) and (1.15). Using Ψ0(z) defined by (2.14), we get a
harmonic shear E0 = L0 + G0.

Also, taking α = π/2, the function Ψπ/2(z) may also be written as

Ψπ/2(z) = Lπ/2(z) + Gπ/2(z), (2.16)
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where

Lπ/2(z) = z −

q∏
i=1

Γ (βi)

p∏
i=1

Γ (αi)

∞∑
n=2

θn
1 + d1

zn, (2.17)

Gπ/2(z), d1 and θn are given by (1.14), (1.11) and (1.15). Using Ψπ/2(z) defined by (2.16), we
get a harmonic shear Eπ/2 = Lπ/2 + Gπ/2.

For the harmonic shear E0 and Eπ/2, we get following inequalities from Theorems 2.3 and
2.4, by taking α = 0 and α = π/2, for CHD map and for the map convex in vertical direction.

Corollary 2.9. Under the hypothesis of Lemma 1.5, with α = 0, L0 be of the form (2.15) and
Ψ0(z) = L0(z) − G0(z) ∈ T [A,B] be convex in the horizontal direction. Let E0 = L0 + G0 ∈
TS0

H be the harmonic shear of Ψ0(z) in the same direction. Then E0 ∈ TH [A,B] if and only if

λ2

[
1−B
A−B pψq ([(αi +Ai, Ai)] ; 1) + pψq ([(αi, Ai)] ; 1)

]
+µ

[
1−B
A−B rψs ([(γi + Ci, Ci)] ; 1) +

A− 1
A−B rψs ([(γi, Ci)] ; 1)

]
≤ 3A− 2B − 1

A−B

holds, where λ2 and µ are given respectively, by (2.9) and (2.3).

Corollary 2.10. Under the hypothesis of Lemma 1.5, with α = π/2, Lπ/2 be of the form
(2.17), and Ψπ/2(z) = L

π/2(z) + Gπ/2(z) ∈ T [A,B] be convex in the vertical direction. Let
Eπ/2 = Lπ/2 + Gπ/2(z) ∈ TS0

H be the harmonic shear of Ψπ/2(z) in the same direction. Then
Eπ/2 ∈ TH [A,B] if and only if

λ2

[
1−B
A−B pψq ([(αi +Ai, Ai)] ; 1) + pψq ([(αi, Ai)] ; 1)

]
−µ
[

1−B
A−B rψs ([(γi + Ci, Ci)] ; 1) +

A− 1
A−B rψs ([(γi, Ci)] ; 1)

]
≤ A− 2B + 1

A−B

holds, where λ2 and µ are given respectively, by (2.9) and (2.3).

Corollary 2.11. Under the hypothesis of Lemma 1.5, with α = 0, L0 be of the form (2.15), and
Ψ0(z) = L0(z) − G0(z) ∈ T [A,B] be convex in the horizontal direction. Let E0 = L0 + G0 ∈
TS0

H be the harmonic shear of Ψ0(z) in the same direction. Then E0 ∈ CH [A,B] if and only if

λ2

[
1−B
A−B pψq ([(αi + 2Ai, Ai)] ; 1) +

A− 3B + 2
A−B pψq ([(αi +Ai, Ai)] ; 1)

+ pψq ([(αi, Ai)] ; 1)]

+µ

[
1−B
A−B rψs ([(γi + 2Ci, Ci)] ; 1) +r ψs ([(γi + Ci, Ci)] ; 1)

]
≤ 2

holds, where λ2 and µ are given respectively, by (2.9) and (2.3).

Corollary 2.12. Under the hypothesis of Lemma 1.5, with α = π/2,Lπ/2 be of the form (2.17), and
Ψπ/2(z) = Lπ/2(z) + Gπ/2(z) ∈ T [A,B] be convex in the vertical direction. Let Eπ/2 = Lπ/2 +

Gπ/2(z) ∈ TS0
H be the harmonic shear of Ψπ/2(z) in the same direction. Then Eπ/2 ∈ CH [A,B]
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if and only if

λ2

[
1−B
A−B pψq ([(αi + 2Ai, Ai)] ; 1) +

A− 3B + 2
A−B pψq ([(αi +Ai, Ai)] ; 1)

+ pψq ([(αi, Ai)] ; 1)]

−µ
[

1−B
A−B rψs ([(γi + 2Ci, Ci)] ; 1) + rψs ([(γi + Ci, Ci)] ; 1)

]
≤ 2

holds, where λ2 and µ are given respectively, by (2.9) and (2.3).

3 Special Cases

Taking Ai = 1 (i = 1, ..., p) , Bi = 1 (i = 1, ..., q) , Ci = 1 (i = 1, ..., r) ,
Di = 1 (i = 1, ..., s) , we define generalized hypergeometric (gh) functions as special case of
Wgh functions given in (1.7), as follows:

pFq(α1, ..., αp, β1, ..., βq; z) =

pFq ([αi] ; z) =

q∏
i=1

Γ(βi)

p∏
i=1

Γ (αi)
pψq

[(
(αi, 1)1,p

(βi, 1)1,q

)
; z

]
=
∞∑
n=0

p∏
i=1

(αi)n zn

q∏
i=1

(βi)nn!
(p ≤ q + 1)

rFs ([γi] ; z) =

s∏
i=1

Γ(δi)

r∏
i=1

Γ (γi)
rψs

[(
(γi, 1)1,r

(δi, 1)1,s

)
; z

]
=
∞∑
n=0

r∏
i=1

(γi)n zn

s∏
i=1

(δi)n n!
(r ≤ s+ 1) .

Denote
F1(z) := z pFq ([αi] ; z) and F2(z) := rFs ([γi] ; z)− 1 (3.1)

which are analytic at z = 1 if (in case p = q + 1, r = s + 1 ) < (
∑q
i=1 βi −

∑p
i=1 αi) > 0,

and < (
∑s
i=1 δi −

∑r
i=1 γi) > 0, the symbol (λ)n is the Pochhammer symbol defined in terms of

gamma function by

(λ)n =
Γ (λ+ n)

Γ (λ)
=

{
1, n = 0, λ 6= 0

λ (λ+ 1) ... (λ+ n− 1) , n ∈ N

}
.

Define an analytic function Ωα as follows,

Ωα(z) =
F1(z)− e2iα F2(z)

1− e2iαc1
(z ∈ U) , (3.2)

where

c1 =

r∏
i=1

Γ (γi)

s∏
i=1

Γ(δi)
. (3.3)

The function Ωα(z) defined by (3.2) may also be written in the form

Ωα(z) = Hα(z)− e2iαGα(z),

where

Hα(z) = z −
∞∑
n=2

ξn
1− e2iαc1

zn, Gα(z) =
∞∑
n=2

ζn
1− e2iαc1

zn (3.4)
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and

ξn =

p∏
i=1

(αi + 1)n−1

q∏
i=1

(βi)n−1

1
(n− 1)!

, ζn =

r∏
i=1

Γ (γi)n

s∏
i=1

Γ(δi)n

1
n!
. (3.5)

Taking Ai = 1 (i = 1, ..., p) , Bi = 1 (i = 1, ..., q) , Ci = 1 (i = 1, ..., r) , Di = 1 (i = 1, ..., s)
in Theorems 2.1, 2.2, 2.3 also in 2.4, we get inequalities involving generalized hypergeometric
functions and various special form of hypergeometric functions in particular.

Theorem 3.1. Let under the parametric conditions considered above, Hα and Gα be of the form
(3.4) and Ωα(z) = Hα(z) − e2iαGα(z) ∈ T [A,B] be convex in the direction α ∈ {0, π/2} .
Let Fα = Hα(z) + Gα(z) be the harmonic shear of Ωα(z) in the same direction α. Suppose

αi > −1 (i = 1, ..., p) , such that
p∏
i=1
αi < 0, βi > 0 (i = 1, ..., q) , γi > 0 (i = 1, ..., r) , δi > 0

(i = 1, ..., s) . Then under the validity condition (in the case p = q + 1 and r = s+ 1)

q∑
i=i

βi −
p∑
i=1

αi > 1 and
s∑
i=i

δi −
r∑
i=i

γi > 1,

Fα ∈ TH [A,B] if and only if[
1−B
A−B pFq ([(αi + 1)] ; 1) + pFq ([(αi, )] ; 1)

]
+e2iα

[
1−B
A−B rFs ([(γi + 1)] ; 1) +

A− 1
A−B rFs ([(γi)] ; 1)

]
≤ e2iα A− 1

A−B

holds.

Theorem 3.2. Let under the hypothesis of Theorem 3.1, Fα = Hα(z) +Gα(z) be the harmonic
shear of Ωα(z) in the direction α ∈ {0, π/2}. Suppose

αi > −1 (i = 1, ..., p) such that
p∏
i=1
αi < 0, βi > 0 (i = 1, ..., q) , γi > 0 (i = 1, ..., r) , δi > 0

(i = 1, ..., s) . Then under the validity condition (in the case p = q + 1 and r = s+ 1)

q∑
i=i

βi −
p∑
i=1

αi > 2 and
s∑
i=i

δi −
r∑
i=i

γi > 2,

Fα ∈ CH [A,B] if and only if[
1−B
A−B pFq ([(αi + 2)] ; 1) +

A− 3B + 2
A−B pFq ([(αi + 1)] ; 1) + pFq ([(αi)] ; 1)

]
+e2iα

[
1−B
A−B rFs ([(γi + 2)] ; 1) + rFs ([γi + 1)] ; 1)

]
≤ 0

holds.

We next consider an analytic function ϒα(z) defined by

ϒα(z) =
z
(

2− F1(z)
z

)
− e2iαF2(z)

1− e2iαc1
(z ∈ U) ,
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where F1(z) and F2(z) are given by (3.1) with αi > 0 (i = 1, ..., p) , βi. > 0 (i = 1, ..., q) ,
γi > 0 (i = 1, ..., r) , δi > 0 (i = 1, ..., s) satisfy the condition

r∏
i=1

(γi)n

s∏
i=1

(δi)n

<

n
p∏
i=1

(αi)(n−1)

q∏
i=1

(βi)(n−1)

(n ≥ 1)

and c1 is given by (3.3). The function ϒα(z) may also be written in the form

ϒα(z) = Jα(z)− e2iαGα(z),

where

Jα(z) = z −
∞∑
n=2

ξn
1− e2iαc1

zn, (3.6)

Gα(z), c1 and ξn are given, respectively, by (3.4), (3.3) and (3.5).

Theorem 3.3. Let under the parametric conditions considered above, Jα and Gα be given, re-
spectively, by (3.4) and (3.6).
Let ϒα(z) = Jα(z) − e2iαGα(z) ∈ T [A,B] be convex in the direction α ∈ {0, π/2} . Let
Eα = Jα(z) + Gα(z) be the harmonic shear of ϒα(z) in the same direction α. Suppose
αi > 0 (i = 1, ..., p) , βi > 0 (i = 1, ..., q) , γi > 0 (i = 1, ..., r) , δi > 0 (i = 1, ..., s) . Then
under the validity condition (in the case p = q + 1 and r = s+ 1)

q∑
i=i

βi −
p∑
i=1

αi > 1 and
s∑
i=i

δi −
r∑
i=i

γi > 1,

Eα ∈ TH [A,B] if and only if[
1−B
A−B pFq ([(αi + 1)] ; 1) + pFq ([(αi)] ; 1)

]
+e2iα

[
1−B
A−B rFs ([(γi + 1)] ; 1) +

A− 1
A−B rFs ([(γi)] ; 1)

]
≤ 3A− 2B − 1

A−B

holds.

Theorem 3.4. Under the hypothesis of Theorem 3.3, Eα = Jα(z)+Gα(z) be the harmonic shear
of ϒα(z) in the direction α ∈ {0, π/2} . Suppose αi > 0 (i = 1, ..., p) , βi > 0 (i = 1, ..., q) , γi
> 0 (i = 1, ..., r) , δi > 0 (i = 1, ..., s) . Then under the validity condition (in the case p = q+ 1
and r = s+ 1)

q∑
i=i

βi −
p∑
i=1

αi > 2 and
s∑
i=i

δi −
r∑
i=i

γi > 2,

Eα ∈ CH [A,B] if and only if[
1−B
A−B pFq ([(αi + 2)] ; 1) +

A− 3B + 2
A−B pFq ([(αi + 1)] ; 1) + pFq ([(αi)] ; 1)

]
+

e2iα
[

1−B
A−B rFs ([(γi + 2)] ; 1) + rFs ([(γi + 1)] ; 1)− rFs ([(γi)] ; 1)

]
≤ 2

holds.
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