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Abstract. The foremost molecular descriptors are bond additive, i.e., the sum of edge con-
tributions. These descriptors are named as adriatic indices. The peculiarly interesting subclass
of these descriptors consists of 148 discrete adriatic indices. In this research work, concentrated
on the min-max type degree indices for certain classes of derived-regular graph and the relations
among them have been found. This kind of results may improves the significance of indices.

1 Introduction

The graphs considered here are finite, undirected, without loops and multiple edges. Let G =
(V, E) be a connected graph with |V (G)| = n vertices and |E(G)| = m edges. The degree
dg(v) of a vertex v is the number of vertices adjacent to v. The edge connecting the vertices u
and v will be denoted by uv. Recently, automated computer treatment of chemical structures and
QSAR are greatly applied through graph theory. Usually chemical structures under considera-
tion are molecules, we call this type of chemical graph a molecular graph. They are created by
replacing atoms and bonds with vertices and edges respectively. A molecular graph is a graph in
which the vertices correspond to the atoms and the edges to the bonds of a molecule. A single
number that can be computed from the molecular graph, and used to characterize some property
of the underlying molecule is said to be a topological index or molecular structure descriptor.
Numerous such descriptors have been considered in theoretical chemistry, and have found some
applications, especially in QSPR/QSAR research [3, 7, 8].

Definitions: Let 1);(G) be the min-max type degree index where k € {—;7 1,1,-1,2, —2}
defined as

(@) = Y (Tm)k

w€E(G)
Now,
e Letk = —% correspond to min-max rodeg index defined as
min(dy, dy)
G = .
7/}_%( ) ; maa:(du,dv)

e Letk = % correspond to max-min rodeg index defined as

@ = Y% M‘

min(dy, dy)
wveE(Q)
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» Let kK = —1 correspond to min-max deg index defined as
B min(dy, dy)
PO = D el d,)
w€EE(G)

« Let £ = 1 correspond to max-min deg index defined as

0@ = Z max(dy, dy,)

R min(dy, dy)
» Let k = —2 correspond to min-max sdeg index defined as
) 2
B min(d,,d,)
v-2(G) = Z (max(du, dv)> ’
weE(Q)

+ Let k = 2 correspond to max-min sdeg index defined as
2
B max(dy, d,)
wZ(G) - Z (min(du,du)> ’
weB(Q)

s Let £(G) = ¢¥1(G) 4+ ¢—1(G) be the symmetric division deg index defined as

() = 3 (min(du,dv)+max(du,dv)).

wweB@) max(dy,dy)  min(dy,d,)

These indices are the best predictor of enthalpy of vaporization for octane isomers, log water
activity coefficient for polychlorobiphenyies and total surface area for polychlorobiphenyles.
For more details, we refer to [4, 12, 14, 15].

In forthcoming sections, we establishing min-max degree based adriatic indices of regular and
complete bipartite graph using some operators such as line, subdivision, semi total (vertex and
edge)graph, total graphs, jump graph, para-line graph.

2 Line graph

The line graph L(G) is the graph with vertex set V(L) = E(G) and whose vertices correspond
to the edges of G with two vertices being adjacent if and only if the corresponding edges in G
have a vertex in common. For more details, we refer to [1, 13].

Theorem 2.1. Let G be a r- regular graph with n > 2 vertices. Then

nr

(L(G) = T (r—1)
and
S(L(G)) = nr(r — 1)

Proof. Let G be ar- regular graph with n > 2 vertices. By algebraic method, we have |V (L(G))| =
%t and |[E(L(G))| = % (r — 1). Since line graph of a r - regular graph is (2r — 2) - regular.

k

max duvdv
Let, v (G) = Z (mm((dd))>
uv€E(Q) v

v LE)= Y (j:j)%(’?(r—l))

weE(G)
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Similarly, if & = 1,1, —1,2, =2 then ¢4 (L(G)) = 2 (r — 1).

B min(dy,dy,)  max(dy,dy)
Let,€(G) = GZE(@<max(du,dv) + min(dy, dy)

EHEEDS (53 + 3:9 (nzr“" - ”)

weE(G)

=nr(r—1).

Theorem 2.2. Let K, 5 be a complete bipartite graph with 1 < r < s vertices. Then

G(L(Ky) = Sr+s—2)
and
E(L(K,s) = rs(r+s—2).

Proof. Let K, s be a complete bipartite graph with 1 < r < s vertices. By algebraic method,
we have |V(L(K,))| = rs and |E(L(K,))| = 3rs(r + s — 2). Since line graph of complete
bipartite graph K, 4 is a (r + s — 2)-regular graph.

du7dv *
Let,yx(G) = ) (ﬂn%d)))
uw€E(G) o
) ~z
Vo1 (LK) = ) <:IZ—2) (T;(r T 2>>
weE(Q)
= r—zs(r +s5-2).

Similarly, if & = 1,1, —1,2, =2 then ¢4 (L(K,..)) = %2 (r + s — 2).

B min(dy,dy,)  max(dy,dy)
Let,{(G) - Z (max(du,dv) + min(du,du)>

weEE(G)
r+s—2 r+s—2\/(rs
SLED = X (s s ) (20T =2)
weE(G)
=rs(r+s—2).

By above result with = s, we have complete regular bipartite graph K, , with r > 1.

3 Subdivision graph

The subdivision graph S(G) is the graph obtained from G by replacing each of its edges by a
path of length two, or equivalently, by inserting an additional vertex into each edge of G. For

more details, we refer to [9].

Theorem 3.1. Let G be a r- regular graph with n > 2 vertices.

nr(%)k, if r=1
Ve(S(G))= | nr, if r=2
nr(5)k, ifr>2
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and

2nr, if r=2

£(5(G)) = {(;@n if r=1andr>2

Proof. Let G be ar-regular graph with n > 2 vertices. By algebraic method, we have |V (S(G))| =
n+ 5% and |E(S(G))| = nr.

We have two partitions of the vertex set V(S(G))) as follows:
Vi = {v e V(S(G)) : ds(z)(v) = 2}: [Vi| = &F and
Vs = {0 € V(S(G) : dsia)(v) = r: [Va] = m.

Also we have the edge set E} = {uv € E(S(G)) : dgg)(u) = 2,dg(c)(v) =} |E(S(G))| =
|Ey| = nr.

The proof technique is homologous to earlier theorem. O

Theorem 3.2. Let K, 5 be a complete bipartite graph with 1 < r < s vertices. Then

k
rs(i +§) , ifr=l=s
wk(S(Kr’s))z 27“8, lfr:Z:s

k
) , ifr>2ands>2

<
©»
/N
IS
+
wlw

and

5(4—‘;2>+T’<4-§Sz>, ifr:]:S

S(S(Kr,s))= 4-7"57 if}":Z:s
5(4?2> + r<44552>, if r>2ands>2

Proof. Let K, ; be complete bipartite graph with (r + s) vertices and |V}*| = r,|V}*| = s,
V(K,,) = V{*UV; for 1 <r < svertices. Every vertex of V* is incident with s edges and every
vertex of V" is incident with r edges. By algebraic method, we have |V (S(K, ;))| =r+s+rs,
and |E(S(K,))| = 2rs.

We have three partitions of the vertex set V (S(K, )) as follows:

Vi ={v e V(S(Krs))  dsx,,. ) (v) = 115 Vi] = s,

V= {v € V(S(K,.2) : dgr, ) (0) = s}: [Va] = r and

Vi={ve V(S(KT,S)) : dS(KT,S)(U) =2}; |Vl =rs.

Also we have two partitions of the edge set E(S(K, 5)) as follows:
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Ey={uwwe E(S(K,s)): dS(Km>(u) = 2,dS(K7‘Y5)(v) =r};|E| =rs, and
E, ={uv e E(S(K,;)): dS(Kw)(u) = 27ds(K,,,5)(U) =s}; |Ey| =rs.
Then (S(K.s)) = 2, lds(x, . (u) xdsx, ) (e)]-

The proof technique is homologous to earlier theorem. O

4 Vertex-semi total graph

The vertex-semi total graph T (G) with vertex set V(G)U E(G) and edge set E(S)UE(G) is the
graph obtained from G by adding a new vertex corresponding to each edge of G and by joining
each new vertex to the end vertices of the edge corresponding to it.

Theorem 4.1. Let G be a r- regular graph with n > 2 vertices. Then

nr if r=]
w0
and
_ ) 2nr+mnr, ifr=l
€h(G))= {n(rz +r), ifr>l

Proof. Let G be ar- regular graph with n > 2 vertices. By algebraic method, we have |V (T3 (G))| =
2 + pand [E(Ti(G))| = 2. We have two partitions of the vertex set V (7}(G))) as follows:

Vi={veV(Ti(Q)): dT]((;)(fu) =2} |[Vi| = % and

Vo ={v e V(TI(G)) : dry)(v) = 2r}; [Va] = n.

Also we have two partitions of the edge set F(7}(G)) as follows:

Ey = {uw € E(T1(G)) : dgy()(u) = 2,dr, () (v) = 2r}; | Ey| = nr, and

E, ={uwv € E(T1(G)) : dpyc)(u) = dpyq)(v) = 2r}; | Ea| = 5.

The proof manner is analogous to previous theorem. O

Theorem 4.2. Let K, ; be a complete bipartite graph with 1 < r < s vertices. Then

3rs, if r=1=s
(T (Ko ))= T8(1+(7°)’“+(;?)’“)7 if r>2and s=1

rs(l + (s)F + (f)k>, if s>2andr=1

and
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6rs, ifr=1=s
S(T1(K )= 4 s(1 12+ (r + 5)%), f r>2ands=1
(2 4+ 72+ (1 +82)r+2rs, ifs>2andr=1

Proof. If K, s is a complete bipartite graph with (r + s) - vertices and rs - edges, where
Vi*| = r |V3'| = s, V(K,,s) = ViUV for 1 < r < s vertices. Every vertex of V/* is in-
cident with s edges and every vertex of V" is incident with  edges. By algebraic method, we
have |V (T1(K,,s))| =7+ s +rs, and |[E(T\ (K, ,))| = 37s.

We have three partitions of the vertex set V(7' (K, 5)) as follows:

Vi ={v e V(Ti(Ky;)) : dry(k, ) (v) = 2r}; [Vi] = s,

Vo ={veV(Ti(K,s)): dTl(Km)(v) =2s}; |Va| = r, and
Vi={veV(Ti(K,s)): dTl(Km)(v) =2} [Vs| =rs.

Also we have three partitions of the edge set E(7 (K, 5)) as follows:

E; ={w € E(T\(K,s)) : dTl(K,,w(u) = 2r, dTl(KT,s)(U) =2} |E1| =rs,

E, ={uw € E(T\(K,s)) : dTl(KT»,s)(“) = 2s, dTl(Kr,s)(U) =2};|F,| = rs, and
By = {uv € B(T\(K,)) : dry(x, ) (u) =27, dp,(x, ) (v) = 28}; | B3| = rs.

Hence applying the topological indices definitions we get required results. O

By above result with r = s, we have complete regular bipartite graph K, , with r > 2

5 Edge-semi total graph

An edge-semi total graph 75 (G) with vertex set V(G) U F(G) and edge set E(S) U E(L) is the
graph obtained from G by inserting a new vertex into each edge of GG and by joining with edges
those pairs of these new vertices which lie on adjacent edges of G.

Theorem 5.1. Let G be a r- regular graph with n > 2 vertices. Then

nr

w(B(G) = S r=1)+nr(2)"
and
€n©) = i)

Proof. Let G be ar-regular graph with n > 2 vertices. By algebraic method, we have |V (T3(G))| =
;77"H+ n and |E(T>(G))| = 5 (r + 1). We have two partitions of the vertex set V(T1>(G))) as
ollows:

Vi ={v e V(Ta(G)) : dpy(e)(v) = r}; [Vi] = n and

Vo ={v e V(12(G)) : dryc) (v) = 2r}: [Va| = 5

Also we have two partitions of the edge set E(75(G)) as follows:

Ey ={uwv € E(T»(Q)) : de(G)(U) =, de(G)(U) =2r};|Ey| = rn, and
™

FE, = {U’U € E(Tz(G)) : dTZ(G)(u) = de(G)(v) = 21"}; |E2‘ = 7(7’ — 1)

Hence applying the topological indices definitions we get required results. O
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Theorem 5.2. Let K, ; be a complete bipartite graph with 1 < r < s vertices. Then

) = (T ) Lo
and
2+ (r+s)? 2+ (r+s)?
(D(Krs) = < :;T(_:;)) ;:+_;)))rs+rs(r+s—2)

Proof. Let K, ; be complete bipartite graph with (r + s) vertices and |V{*| = r, |V, = s,
V(K,s) = Vi*UV for 1 <r < svertices. Every vertex of V}* is incident with s edges and every
vertex of V" is incident with r edges. By algebraic method, we have |V (T>(K, )| = r+s+rs,
and |E(T5(K,s))| = sr[l + 3(r + 5)].

We have three partitions of the vertex set V (7>(K, 5)) as follows:
Vi={veV(r(K,,)): de(KT,S)(U) =r},

Vo ={v e V(Ta(K,s)) : dpyk, ) (v) = s}, and

Vs ={v e V(Tr(K,s)) : dry(k, ) (v) = 7 + s}.

Also we have three partitions of the edge set E(T>(K, 5)) as follows:

E) ={uw € E(TA(K,5)) : dT2<Km)(u) =7, de(Kr,s)(”) =r+ s} |E| =rs,

E, ={w € E(Th(K,;)) : de(Km)(U) =s, de(KT,S)(”) =r+ s} |Ey| =rs, and

E3 ={uw € E(Tr(K,5)) : de(Km>(u) = dTZ(KT,s>(v) =r+sh|Es] = %Ts [r+s—2].

Applying these cardinalities in topological indices definitions we get required results. O

By above result with r = s, we have complete regular bipartite graph K, , with r > 1

6 Total graph

The total graph of a graph G is denoted by T'(G) with vertex set V(G) U E(G) and any two
vertices of T'(G) are adjacent if and only if they are either incident or adjacent in G. For more
details, we refer to [1].

Theorem 6.1. Let G be a r- regular graph with n > 2 vertices. Then
2

U(T(G) = % +nr
and
(T(@) = nrt42nr

Proof. Let G be a r- regular graph with n > 2 vertices. By algebraic method, we have the vertex
set Vi = {v € V(T(G)) : dp)(v) = 2r}; [V(T(G))| = [Vi] = % + nr, and the edge set
2
Ey = {uw € E(T(G)) : dr(c)(uv) = dr)(v) = 2rE |[E(T(G))| = |E1| = % +nr.
_ max(dy,d,) ¥
wveE(G)
2 *% 2
T nr
weE(G)
2

:7+nr
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Similarly, if k = 1,1, —1,2, =2 then 4 (G) = 2 + nr.

Let, £(G) = Z (mm(du7du)+max(du,dv)>

g7 max(dy,dy)  min(dy,dy)

Z %4-% er—i—nr
2r  2r 2

weE(G)

§(T(@))

= nr? + 2nr.

Theorem 6.2. Let K, ; be a complete bipartite graph with 1 < r < s vertices. Then

3rs+ S (r+s—-2), if r=I=s

k
s 2r 2s rs e
Dn(T(Ky.s))= rs(r—l— s +T+S> + 5 (r+s-2), ifr=lands>I

k
rs<i’; tae :IZ) +5(r+s-2), ifr>lands=I

and

6rs+rs(r+s—2), if r=1=s
€(T(Kry))= é(6(7‘2+82)+(T+8)2+2’I‘S(T+S—2)>, if r=1and s>1

i <6(r2 +82)+ (r+s)>+2rs(r+s— 2)), if r>1ands=1

Proof. Let K, s be complete bipartite graph with (r + s) vertices and |V{*| = r,|V,"| = s,
V(K,s) = V{*UV; for 1 <r < svertices. Every vertex of V* is incident with s edges and every
vertex of V" is incident with r edges. By algebraic method, we have |V (T(K,.;))| = r+s+rs,
and |E(T(K,.,))| = 3rs(r+s—2) +3rs.
We have three partitions of the vertex set V (7'(K,.,)) as follows:

Vi={ve V(T(KT,S)) : dT(Kr,s)(v) =riVi|l =,

Vo ={veV(T(K,s)): dT(Km)(v) = s};|V5| = s, and

Vi={veV(T(K,,)): dT(Km)(v) =r+sh |5 =rs.

Also we have four partitions of the edge set E(T'(K, ,)) as follows:

Ey ={w € E(T(K,s)): dT(K,,S)(U) =2s,dg(v) =2r}; |Eq| =rs,

E,={uw € E(T(K,s)) : dT(KT’S)(u) = 2s, dT(Km)(v) =r+s};|Ey| =rs,

Ey={uww € E(T(K,s)): dT(KT,S)(U) = 2r, dT(Km)(v) =71+ s};|Es| = rs, and

E4 = {U’U € E(T(Krys» : dT(Kr,s)(u) = dT(KT,S)(U) =7r—+ 5}; |E4‘ ES %’I"S (’I" + s — 2)

Using these values in topological indices definitions we get required results. O
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7 Jump graph

The jump graph J(G) of a graph G is the graph defined on E(G) and in which two vertices are
adjacent if and only if they are not adjacent in G.

Theorem 7.1. Let G be a r- regular graph with n > 2 vertices. Then

wo@) = weorrl
and
(IE) = nr(n —22T+1)

Proof. Let G be ar- regular graph with n > 2 vertices. By algebraic method, we have |V (J(G))| =
% and |[E(J(G))| = M. Since jump graph of a r - regular graph is n — 2r 4 1 - regular.

Theorem 7.2. Let K, 5 be a complete bipartite graph with 1 < r < s vertices. Then

on(J(EK,y)) = L;(m —r—s+1)
and
EJ(Kys) = rs(rs—r—s+1)

Proof. Let K, ; be a complete bipartite graph with 1 < r < s vertices. By algebraic method, we
have |V (J(K,,))| = rs and |E(J(K,))| = 3rs(rs—r—s+1). Since jump graph of complete
bipartite graph K, is a (rs + r + s + 1)-regular graph.

Let,gu(G) = <Tm>k

uwv€E(G)
1
B rs+r+s+1\ 2(rs(rs—r—s+1)
by (@) = ) <rs+7“+s+l> < 2 )
weE(G)

_rs(rs—r—s+1)
— 5 .

Similarly, if k = 1,1, —1,2, =2 then ¢ (G) = mrs—r—stl)

Let,&G) = 3 (m"”(du»dv)eraw(du,dv))

weBl@) max(dy,dy)  min(dy,dy)

Z (rs+r+s+1+rs+r+s+l)<rs(rs7"s—i—l))

rs+r+s+1 rs+r+s+1 2

§(J(G) =

wEE(G)

=rs(rs—r—s+1).

8 Para-line graph

Let us define the para-line graph of a graph G. Given a graph G, insert two vertices to each edge
zy of G. Those two vertices will be denoted by (z,y), (y, z) where (z,y) (resp. (y, z) is the one
incident to x (resp. y). We define the vertex set and the edge set as follows:

V(P(G)) = (z,y) € V(G) x V(G);zy € E(G)
E(P(G)) = ((z,w), (,2)); (z,w), (z,2) € V(P(G)),w # 2) U((z,9), (y,2); 7y € E(G)).

The resultant graph is called a para-line graph and denoted by P(G).
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Theorem 8.1. Let G be a r- regular graph with n > 2 vertices. Then

vp(P(G)) = mr

§P(@) = 2mr

Proof. Let G be a r-regular graph with n < 2 vertices. By algebraic method, we have |V (P(G))| =
2m and |E(P(G))| = mr. Since para-line graph of a r - regular graph is r - regular.

Let,(G) = ) (W)k

weEE(G)

=mr.

Similarly, if & = 1,1, —1,2, -2 then ¢4 (G) = mr.

Let,6(G) = Y (mi”(du’dq;)+max(du,dv)>

i max(dy,d,)  min(dy,dy)

aren= ¥ (Z+7)(mn)

weE(G)

=2mr.

Theorem 8.2. Let K. ; be a complete bipartite graph with 1 < r < s vertices. Then

s rs(r—1) rs(s—1) .
ka(P(Krs)): (7‘) rs + 3 + 5 5 lfs>r
k
<:> rs+ Ts(rz—l) + 7‘5(52—1)7 ifr>s
and

2rs+rs(r—1) +rs(s — 1), if r=s
§(P(K,s))= (i N g>7‘8 trs(r—1) +rs(s—1), ifs>r

(Z + i)rs +rs(r—1)+rs(s—1), ifr>s

Proof. Let K, , be complete bipartite graph with (r + s) vertices and |V}*| = r, |V, = s,
V(K,,) = V" UV, for 1 <r < s vertices. Every vertex of V}* is incident with s edges and
every vertex of V" is incident with r edges. By algebraic method, we have |V (P (K, ))| = 2rs,
and | B(P(K,.,))| = (5.

We have three partitions of the vertex set V(P(K, 5)) as follows:
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Vi ={v e V(P(K:s)) : dp,, ) (v) = 7}

Vo ={veV(P(K,,)): dp(KT,S)(v) =r}, and

V= {v € V(P(K,,.)) : dpge,y(v) = 5},

Also we have three partitions of the edge set E(P(K, )) as follows:

E; ={w € E(P(K,;)): dP(Km)(U) =, dP(KT‘S)(v) = s} |El| = rs,

By = {uv € E(P(K,,)) : dpx, ) (u) = s,dpx, ) (v) = r};|Ea| = rs(51), and

By ={uv € E(P(K,,)) : dpx,.)(u) = dp(x, ) (v) = s}; | B3| = rs(551).

Applying these cardinalities in topological indices definitions we get required results. O

Remark In theorem 2.1, 2.2, 6.1,7.1, 7,2, 8.1 we notice that that, min-max type degree index
of graphs (line, total, jump, para-line) values are expressed as twice of the corresponding SDD
index.
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