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Abstract. In this paper, an idea of fuzzy sesquilinear form is introduced. Riesz representation
theorem for sesquilinear form is established in fuzzy setting.

1 Introduction

Metric, norm and inner product structures are the main tools of functional analysis. So to develop
fuzzy functional analysis, fuzzy metric, fuzzy norm and fuzzy inner product play the important
role. Several authors studied fuzzy metric space as well as fuzzy normed linear space and a large
number of papers have been published. We refer some of them which are related to our work [
see 1-14]. Study on fuzzy inner product spaces are relatively recent. Idea of real probabilistic
inner product space is introduced by Sklar [1]. Following his concept, Biswas [3], EI-Abyed
and Hamouly [4], Kohli and Kumar [9], Majumder and Samanta [10], Hasankhani, Nazari and
Saheli [7], Goudarzi and Vaezpour [6], Mukherjee and Bag [13] introduced the concept of fuzzy
inner product space in different approaches and developed many results in such spaces.

In this paper, following the definition of fuzzy inner product given by Hasankhani et.al [7], an
idea of fuzzy sesquilinear form is introduced as a fuzzy real number. Definition of bounded
fuzzy sesquilinear form is given and concept of fuzzy norm of sesquilinear form is introduced.
Riesz representation theorem for sesquilinear form has been established in fuzzy setting.

It is to be noted that Hasankhani et.al [9] considered the fuzzy real number in the sense of Kaleva
et. al [10] to define fuzzy inner product whose induced fuzzy norm is Felbin’s type [6] fuzzy
norm. In this paper we consider Xiao and Zhu [14] type fuzzy real number and the induced fuzzy
norm is Bag and Samanta [3] type fuzzy norm. In [3], it is shown that all the result which are
valid in Felbin’s fuzzy norm [6] are also valid in Bag and Samanta [3] type fuzzy norm.

The organization of the paper is as follows:

Section 2 comprises some preliminary results which are used in this paper.Riesz theorem for
fuzzy bounded linear operator is modified in section 3. Definition of fuzzy sesquilinear form is
given in Section 4. Riesz representation theorem is established in fuzzy setting in Section 5.

2 Preliminaries

In this section, some definitions and preliminary results are given which will be used in this pa-
per.

According to Mizumoto & Tanaka [11], a fuzzy real number is a mapping

z: R— [0, 1] over the set R of all reals.

x is called convex if z(¢t) > min (z(s), z(r)) where s < t <r.

If there exists ty € R such that 2(to) = 1, then z is called normal. For 0 < o < 1, a-level set
of an upper semicontinuous convex normal fuzzy set of R ( denoted by [n],) is a closed interval
[aq , ba], where a, = —oo and b, = +oo are admissible. When a,, = —oo, for instance, then



24 S. Ghosal and T. Bag

[aq , bo] means the interval (—oo , b, ]. Similar is the case when b, = +o0.
x is called non-negative if z(t) =0, Vt < 0.
For any real number r, 7 is defined by 7(¢) = 1ift = rand7(¢t) =0ift # r.
Kaleva & Seikkala [8] ( Felbin [5]) denoted the set of all convex, normal, upper semicontin-
uous fuzzy real numbers by E ( R(I)) and the set of all non-negative, convex, normal, upper
semicontinuous fuzzy real numbers by G(R*([)). A partial ordering ” < ” in E is defined by
n = §ifand only if al, < a? and b!, < 2 foralla € (0, 1] where [5], = [al, , b}] and
[0l = [a% , b%]. The strict inequality in E is defined by n < ¢ if and only if a!, < a2 and
bl < b2 foreacha € (0, 1].

According to Mizumoto and Tanaka [11], the arithmetic operations &, ©, ®, @ on E x E
are defined by

(z®y)(t) = Supser min{z(s), y(t —s)}, t € R,
(xoy)(t) = Supser min {z(s), y(s—1t)}, t € R,
(z® y)(t)) = Supser,sz0 min {x(s

g)/(%)}, t € R.

) y(
(n@8)(t) = Supser min {n(st), 6(s)}, t € R.

Definition 2.1. [5] The absolute value || of n € F(R) is defined by

(6 = { masi(0nC0) it 20
ift <0
Lemma 2.2. [8] Letn,v € F(R) and [nlo. =[5, 7], [Vla =as 7] Va e (0, 1].
Then (i)l © V]a = Mo +Ya> Mo + 7]
(i) nove =na =74, ma —7al
(iii)[n ©]a = 1570, nivalforn,y € F*(R)

(llona = [z, =lifng >0
Wnlla = [maz(0, nl, —n2),maz(|nl, n2))]

Definition 2.3. [5] Let X be a vector space over R.

Let|| || : X — R*(I) and the mappings

LU :[0,1]x[0, 1] = [0, 1] be symmetric, nondecreasing in both arguments and satisfying
L(0,0)=0andU(1, 1) = 1.

Write [||z||]a = [||z]|% , ||=]|2] forz € X, 0 < a < 1 and suppose for all z € X,

x # 0, there exists ap € (0, 1] independent of = such that for all @« < «y,

A) [lz|l5 < oo,

(B) inf||z||}, > 0.

The quadruple (X , || ||, L, U) is called a fuzzy normed linear space and || || is a fuzzy norm if
(1) ||z|| = Oif and only if x = 0 ( the null vector ),
(i)[rz]| = |r|llz]], z € X, r € R,

(iii) forall z,y € X,

(a) whenever s < |[|z]}, t < ||y[[j and s +¢ < ||z +y]l},
[z +yll(s +1) = L(ll[I(s) , [ly]I(£)).

(b) whenever s > ||z||}, ¢t > ||y||} and s + ¢ > ||z + y]|],
lz+yll(s +t) < U(ll[|(s) , llyll(t))-

Remark 2.4. [5] For the case when U = \/(max) and L = A(min), then the condition (i)
is equivalent to

llz+y|| < ||z||&®]ly||and || ||}, : i = 1,2 are crisp norms on X and (X , || ||, L, U) is simply
denoted as (X , || ||)-

Y

Definition 2.5. [14] A mapping  : R — [0, 1] is called a fuzzy real number,
whose « level set is denoted by

o ={t : n(t) > a}, 0 <a <1,if it satisfies two axioms:

(N1) There exists ty € R such that n(ty) = 1.

(N2) each o € (0, 1]; [n]a = [na» nal,

where —oc0, 1, < + oo.

The set of all fuzzy real numbers is denoted by F'.
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Since to each r € R, one can consider r € F defined by r(t) = 1if ¢t = r and r(t) = 0 if
t # r, R can be embedded in F'.

Lemma 2.6. [14] n € F ifand only ifn : R — [0, 1] satisfies :
1. n normal, convex and upper semicontinuous.
2. limi0om(t) = 0.

Definition 2.7. [14] Let n € F. Then 7 is called a positive fuzzy real number if
n(t) = 0Vt < 0. The set of all positive fuzzy real numbers is denoted by F'*.

Definition 2.8. [7]Let X be a vector space over R. A fuzzy inner product on X is a mapping
<. .> X X X — F(R) (set of fuzzy real numbers) such that for all vectors z, y, z € X and

allr € R,

(IP1)<95~&—y7 z> = <$, z> D <y, z>;
(IP2)(rz, y) =7 © (z, y);
(IP3)(z, y) = (y, =);

(IP4){(z, z) = 0;

(IP5) aei(%f ]<1:, z), >0if z #0;

(IP6){(z, ) = 0 if and only if z = 0.

The vector space X equipped with a fuzzy inner product is called a fuzzy inner product space.
A fuzzy inner product on X defines a fuzzy number

||z|| = \/{(z, z), VzeX.
This is a well defined fuzzy norm.
A fuzzy Hilbert space is a complete fuzzy inner product space.

Definition 2.9. [2] Let (X, || ||) and (Y, || ||*) be two fuzzy normed linear spacesand 7 : X — Y
be a linear operator. 7' is said to be strongly fuzzy bounded if there exists a real number £ > 0
such that ||Tz||* @ ||z|] < kVz(#0) e X.

Proposition 2.10. [2] Let T : (X, || ||1) — (Y, || ||2) be a strongly fuzzy bounded linear operator
and {[||T||Z1, | T||22]; « € (0, 1]} be a family of nested bounded closed intervals of real numbers.
Define a function ||T||* : R — [0, 1] by

ITN*(5) = Via € (0, 1] : te [ITIE, T2}

Then ||T||* is a fuzzy real number (fuzzy interval) and it is the fuzzy norm of T.

Theorem 2.11. [7] Let Y be any subspace of a fuzzy inner product space X such that the normed
spaces (Y, || ||5) are complete, for all o € (0, 1]. Then X =Y @ Z where Z = Y+

Lemma 2.12. [13] Let (X, || ||) be a fuzzy normed linear space. If f is a strongly fuzzy contin-
uous mapping on X, then N (f) is a fuzzy closed subspace of X.

Theorem 2.13. [13][Riesz]

Let H be a fuzzy Hilbert space and H* be its first strong fuzzy dual space. Then for any f € H*
satisfying N(f) = {& € H : f(z) = 0} is complete wrt. || ||, [ can be represented as
||f(z)|| =< z,y > Va € H, where y is unique and depends on f such that || f||t = ||y||> V a €

(0, 1], where [||f[[la = [IIflls [IfIIE], and [[lyllla = [1lylla, lIWlIE]Y o € (0, 1].
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3 o-Inner products and Modified Riesz theorem

In this section, we show that a-level sets of fuzzy inner products are crisp inner products and
Riesz Theorem is introduced by Mukherjee and Bag[13] has been modified.

Theorem 3.1. Let X be a vector space over R and < ., . >: X x X — F(R) be a fuzzy inner
product (Hasankhani type). Let [< x, y >|o = [< z, y >, <z, y >2[Va € (0, 1]. Then
{<..>iae(0,1]}and {< ., .>%: a € (0, 1]} are families of crisp inner products from
XxX — R

Proof. We have ||z|| = /<x, z>and [< 2, y > = [< 2, y >\, <2, y >2Va e (0, 1].
Now < z, y >=<y, ¢ >

S<z,y>l=<y >l <z y>l=<y, x>2

Again<z+y, z>=<z, 2>d <y, z>

s<z+y, z>l=<z, 2>l +<y 2> and<z+y, 2>i=<uz, 2>L + <y, 2>2
Now < rz, y >=70 <z, y >

s<rr,y>l=r<z y>land<rz, y>i=r<uz y>?2

Also <z,  >> 0

=<z, z>>0and<z, 2>2>0

Letz =0then < z, z >=0

=<z, z>=0and<z 2>2=0Vac(0,1]

Choose « € (0, 1] arbitrary.

Now < z, z >1=0

= inf <z, z>.=0
aeg(0, 1]

= x = 0 by (IP5)
Also <z, x >2=0
=<z, z>=0
=x=0
Thus < z, y >! and < z, y >2 are both crisp inner products on X x X and V€ (0, 1]

O
Remark 3.2. {< ., . >!:

«
decreasing families of crisp inner products respectively.

ac (0, 1]}and {< ., . >2:

o

a € (0, 1]} are increasing and

Proof. Proof is obvious.
|

Theorem 3.3. [Riesz] Let H be a fuzzy Hilbert space and H* be its first strong fuzzy dual space.
Then for any f € H* satisfying N(f) = {« € H : f(x) = 0} is complete w.r.t. || ||, f can
be represented as || f(x)|| =< z,y > Vax € H, where y is unique and depends on f such that

A1l = Tlyll-

Proof. Without loss of generality we may suppose that f # 0.

Note that N(f) = {z € H : f(x) = 0}.

Since f is strongly fuzzy continuous, so by Lemma 2.12, N(f) is a fuzzy closed subspace of H.
Again since f # 0 thus N(f) # H.

So by Theorem 2.11, 3z € H such that 2o LN (f).

_ fl=)
Letw = Tz 20-

Then f(z — w) = f(z — £22) = 0.
i.e.x —we N(f). .
So zpL(z —w)i.e{x—w, z)=0
i.e(z, 2)6(w, z)=0

= <x, z0>; — <w, 20>Z =(0and
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(=, z0>+ (w, 20), =0 Ve (0, 1].

Now (z, zo> —(w, z0> =0 VYae(0, 1]

= <93 Z()> — <j]:((zo))207 Z()>a =

= (2, 20), — f((:o (20 Zo)Z =
= f(z) = L2 (2, 2) (3.3.1).

(0. 20),

Again from the relation (, Zo>z —(w, 2), =0 VYae(0, 1],
we get f(z) = %@;, 20y (3.3.2).
20, 20

Q

From (3.3.1) and (3.3.2) we have
f(z) = I{( |<’|> >* Vz € H (since L. H. S of 3.3.1 and 3.3.2 are independent on «),

where ( >* | ||« are crisp inner product and crisp norm respectively and
<£L’, ZO>+ = <:L'7 ZO>7 = <£L’ ZO>*»
(20, Zo> = (20, 20),, = ||20I?

Therefore || f(z)|| = |f(z)| = (=, y), wherey = ”‘c‘( )I)IIZO For uniqueness, if possible suppose

that y; (# y) such that

<a:, y> = <z, y1> Vee H

ie(x, y>7 (z, y1>7 and (z, y>::<x, yl>;L Va e (0, 1], Vx e H
ie(z, y— y1> = (z, y— y1> =0 Vae(0,1], Ve e H
=y—yn=0

= y = y;. Finally we have to show that || f||} = ||y||l Va € (0, 1].

Note that [| f||() = V{a € (0, 1] : £ € [I[f|[5", [IF1I]}

2
where |75 = sup UM g i = up U7
r€H vz || H r€H 1 ||xHa
Recall that [ 113 17]2] € [17. [17] and
for < (17l 117162 < DLAE" 17157

X ||f( )|| flx <z y>!
Now Iz < Ifl2 = sup 2B _ gy ME@I_ )y <2925

z€H 0 H ||,8 z€EH 0 ||x||}3 _IEH:!:;(Q H‘T”,lﬁ
. IENF
Le [|fIlf < —=— =yl < llyllz VB <a.
TEH 51 ||x|‘/3
i e. + < inf |ly||3.
ie [Iflla < inf [lyll3
Le IfIIE <yl (3.3.3).

Again we have ||f(z )||—<a: y) V€ H.
Taking = = y we get || f(y)| = (v, >—|\y||2-

i e [[f(®)]I5 = (llylIZ)* and ||f (y )Ha (Ilylla)* Vo€ (0, 1].
Now (|lyl[2)* = I W)IIa < [1F121wlla < 1Ayl

= [IfIIE > Mlyllz Ya € (0, 1] (3.3.4).
From (3.3.3) and (3.3.4), we have ||f||Z = ||y]|2 Va € (0, 1].
B . (@)L f(z f(z <z, y>L
Now £z < 1Al = sup o gy WUT gy WOy <020
T€H 40 ||'rHa T€H 400 HxHa T€H 400 ||x||o¢ TE€EH 40 ||x|‘a
. _ LI
Le |lflla < sup e =yl
TI:GH:,_#Q ||fEHa

e |[flls <yl (3.3.5).
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Now [[f[[5' <||flla VB < a,Va,B € (0, 1].
[If ()

!
= sup ——l <[|f|la
z€H 0 ||z Hﬁ

ﬁ”ﬁ”ﬁ<wmﬁxeﬂx¢o

So el < |17

(@),

ER

= ——2 <||flloVx € Hix #0

(v, ),

Take = = y, then RIS £ <|Iflla

lyll5 !yl _
= Ll <7115

= Iyl < |1flls V8 <aYape (0, 1)

= inf [lylf5 < I/l

= Hyl\a < Ilyllz < IIflla (3.3.6).
Therefore from (3.3.5) and (3.3.6), we have || f|| = ||y]|.

4 Fuzzy sesquilinear form

In this section, concept of fuzzy sesquilinear form is introduced and some properties are studied.

Definition 4.1. Let X and Y be vector spaces over the field R. Then a fuzzy sesquilinear form A
on X x Yisamappingh : X x Y — F(R) such that for all

x, x1, rp € Xandy, yi, y» € Y and all scalars «, S5 the following conditions hold:

@ h(zy + a2, y) = h(z1, y) & b2z, y)

(b) h(z, y1 + y2) = h(z, y1) @ h(z, y2)

(©) haz, y) =a o h(z, y)

(d) Az, ﬁy) B& h(z, )

Q denotes the fuzzy real number corresponding to a.

Example 4.2. Let (X, (, )) be a fuzzy inner product. Then ( , ) is a fuzzy sesquilinear form on
X x X.

Proof. Letx,y,z € X and «, 3 are scalars.

Then (i) <x + v, z> = <m7 z> &) <y, z>

(i) (z, y+2) = (y+ z, =)

=(y, ) ® (2 7)

= (2, y) ® (2, 2)

(ii1) <aaz, y> =a0® <x, y>

(iv) (z, By) = (By, z)

=30 (y, )

=30 (z, y)

Hence from (i) to (iv), (X, (, )) is a fuzzy sesquilinear form.
O

Example 4.3. Let X and Y be two vector spaces over the field R of real numbers and f be a real
sesquilinear formon X x Y.Defineh : X x Y — F(R)by

flz, :
v if0 < flz, y) <t
0 otherwise

h(x, y)(t) = {
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Then h is a fuzzy sesquilinear formon X x Y

Proof. Let o € (0, 1] then h(z, y)(t) > «

= f(z, y) > ta =t < M)

Therefore [h(z, y)]o = [f(z, y), M] Va € (0, 1].
Now for f(x, y) < 0ort < 0 the proof is obvious.
Solet f(x, y) > 0andt > 0.

Let xy, 2, € X;y1,y2 € Y and a, b are real numbers.
Then (i) h, (1 + 22, y1) = f(z1 + 22, ¥1)

= f(z1, y1) + f(22, y1)

= hg(z1, y1) + b (22, Y1) (2)

hi(xl + 22, 1) = f($1+zz7 Y1)

= feny) o Sl m)

[e3

= h%(x1, y1) + he (22, y1).....(b)

Then from (a) and (b) h(z1 + z2, y1) = h(z1, y1) D h(z2, ¥1).
(i) R (21, y1 +y2) = fl@1, yi +v2)

= f(z1, y1) + (21, v2)

= hh(z1, y1) +hL (1, 1)

Now h2(x1, y1 +12) = w

_ flz, ) + Ll v2)

= h2(x1, y1) + 2 (1, y2)
Therefore h(x], Y1 + yz) = h(z1, y1) D h(:c], yZ)'
(i)l (az1, y1) = flazi, 1)

= a/f(xla yl)

= ahl(z1, 1)

hi(axy, y1) = W
— af(z, y)

= ah?(z1, y1)

So h(axy, y1) = a© h(x1, y1)-
(iv) hl, (1, byr) = f(z1, byn)
= bf(xla yl)

:bh}y(zh yl)

W, byy) = Heed

el
_ bf(x1, y1)
- «

= bh2(z1, 1) .
Therefore h(zy, by) = b® h(zy, y1).
Hence from (i) to (iv), h is a fuzzy sesquilinear form.

5 Norm of fuzzy sesquilinear form

In this Section notion of norm of fuzzy sesquilinear form is introduced and Riesz representation
theorem for sesquilinear form is established.

Definition 5.1. Let & be a fuzzy sesquilinear form on X x Y, where X and Y are real fuzzy
normed linear spaces. h is said to be bounded if 3 a real number £ such that

h(e, )l @ (2]l © ly]) <F, ¥ (@, y) € X x Y —{(0. 0)} 2

Here [|h(z, y)lla = [max {0, he (2, y), —hg(x, y)}, maz {[hg(x, y)I, |h5(z, y)I}]

Vae (0, 1]

Let i be a bounded sesquilinear form on X x Y. Then 3 k € R such that

h(z, y)| @ ([lz]] @ [lyll) =2k, ¥ (2, y) € X x ¥ = {(0, 0)}

Let A = maz {0,h}(z, ), —h2 (2, v)} and B = maz {|h(z, y)|, |12 (z, y)|}.

A
— L K
Then Emipm <k
and

B
e < kVa e (0 1]
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Define [|All5' = Vo, yexxy—(00) TEWE
and ||R|I52 = Vo, yexxv—(00) T

Lemma 5.2. Let n € F(R), then |n|(t) = | — n|(t) V¢t € R.

Proof. Let n be a fuzzy real number, son € F(R).
Then [n|(t) = max { n(t), n(—t)}if t =0

=0 otherwise
Let [[n]lo = [Inla, Ilz] Yo € (0, 1].
Choose a fixedag € (0, 1]andlet[n|,, = a, [n3, =

Then either ¢ > 0, b > Qor a = 0, b > 0
In the trivial case when a = 0, b = 0, 1 = 0 proof is obvious.
Now let A, = max { 0, |7)|(110, —[n2,}

=maz {0, a, —b} = |,
and B, = mazx { |nlg, 115}

=maz { |al, [} = |n3,-
Case . Whena >0, b > 0.
A, = mazx {0, a, —b} =a, A, = mazx{0, —b, a} = a
and B,, = max { |a|, |} = b, B_, = max{|-b|, |—al} =0
Case II. Whena =0, b > 0.
A, = max {0,0, —b} =0, A, = max{0, —b, 0} =0
and B, = maz {0, |b|} =b, B_, = mazx{|—-0|, 0} =
Thus A, = A_,and B, = B_,
Hence [|9]]a, = [| — 1lla, forag € (0, 1]. Since oy € (0, 1] is arbitrary,
thus |n|(t) = | — n|(t) Vt € R.

m]

Theorem 5.3. Let h be a bounded fuzzy sesquilinear form on X xY such that h! (z, y).h% (z, y) >
0 Vae (0, 1]andV (x, y) € X XY, where X and Y are real fuzzy normed linear spaces.
Then { ||h||2}; « € (0, 1] } forms a family of norms.

Proof. Leta € (0, 1].

Now we show that ||A||%! is a norm .

From definition it is clear that ||h||*! >0

Let h = 0, then ||h[[Z} =0

Conversely, let HhH*1 =0

Then max {0, A} (z, y), —h2(z, y)} =0

= hl(z, y) <O < R2(z, y) = Al (2, y)-ha (e, y) <O
But since 7!, (, y).h2 (7, y) > 0 or h =0.

Therefore h = 0.

Now let A = A(z, y) = A, ) being a positive scalar.

*1 ma:v{()ﬂ\hg(w, y)77)‘hzx(1’ U)}
Then A Al = Vi, yexxv—(ooy AT
— maw{O,hQ(w, y)77h(1("1;7 y)}
=MV, VEXY—{00) EIEATE
= ARG
Thus [|A A|[Z} = A [|R|]Z} when A > 0.
Now when A < O,letp = — A, thenp > 0.
Therefore || p h||5} = |p | [|A][%
= || (=) Al = | — Al ||h||12l
= = AL = [ AR
= || Ah||Eh = | A [|p]]Z} [ From lemma 4.1 ]

Hence || Ah||Z' = | A ||R]]} YA € Randh € F(R).

Thus || A R|[5 = | A ||h][z! “for all scalar A.

Let hy, hy be two bounded fuzzy sesquilinear formon X x Y

and let []o = [aa, bal, [M2]a = [cas da] Where aq, by, cq, dqo are reals with a,.b, < 0 ora, =
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bo =0and cy.dy <0o0rc, =d, =0.
Let A = maz {0, (hy + ho)!, —(h1 + h2)%} = maz {0, a4 + ca, —(ba + do)}
and B = max {0, aq, —bs} + maz {0, co, —do }
Casel:Leta, <0< —by
Then —d, <0< ¢y = B=—by+ca,thenB>0,B >a,+co, B> by, —dy = A< B.
e <0< —-dy = B=-b, —dg,then B>0,B >a,+cy,B=—by, —dy, = A< B.
Case Il : Let —b, <0 < aq
Then —d, <0< ¢y = B=aq+co,then B >0,B=a, + ¢y, B> —b, —do, = A< B.
Ca <0< —dy = B=ay—dsthenB>0,B>a,+Co,B>—by, —dy = A<B.
Also when a,, = b, =0o0rc, =d, =0 wecan get A < B.
Thus in all the cases we have A < B.
Thus we get [|1 + hal|s < [[h][2 + [[ha]l]
Hence we have ||h||%! is a norm .
Since a € (0, 1] is arbitrary, { ||||%}; « € (0, 1] } forms a family of norms.
O

Theorem 5.4. Let h be a bounded fuzzy sesquilinear form on X x Y, where X and Y are real
fuzzy normed linear spaces.Then { ||h||22; o € (0, 1] } forms a family of norms.

Proof. Leta € (0, 1].

Now we show that ||A]|*? is a norm .

From definition it is clear that ||h||}*> >0 V(z, y) € X x X —{(0,0)}
Let h = 0, then ||n|[2 =0

Conversely, let |||} = 0

Then max { |hg,(z, y)l, [h2(z, y)| } =0

= hl(z,y)=h(r,y) =0 =h=0

Now let A = A\(z, y) = A\ being a scalar.

* max /\hL x, s )\hi x,
Then [[A @ All22 = Vi, pexxy—qoo; —rAgmbita(e vl)
_ maz {1, (z, )11 (. y)]}
=AMV (e, pexxy—io0y T Ty TL
= [A] [|R][22

Let hy, hy be two bounded fuzzy sesquilinear form on X x Y.

and let [h1]o = [aa, bal, [M2)a = [Cas da)

Case I : Let |ag| + [cal > |bal| + |da]

= (laal = [bal) + (lca| = |dal) >0

Then (a) |aa| > |ba| and |co| > |do]

(b) |an| > |ba| and |cq| < |da|

©) |aal < |ba| and |cq| > |da]

Now for I(a) we have max { |an + cal, |ba + dal|} < max { |aa] + |cal, [bal + |dal}
— Jaa| + [cal = maz { |aal, [ba} +maz { Ical, |dal}

For I(b) we have maz { |aq + cal, |ba + dol} < maz { |aa| + |cal, 1bal + |dal}

— Jaa| + [cal < el + lda] = maz { laal, bal} +maz { |cal, |dal}

For I(c) we have max { |a + cal, |ba + do|} < max { |aa| + |cal, [bal + |dal}

= laa| + |ca| < |ba| + |ca| = maz{]aa], [bal} + maz{lcal, |dal}

Similarly by interchanging a,, and by ; ¢, and d, we can get case II.

Thus in all cases we have max{|aq + ¢al, |ba + dal} < maz{|aa|, |bal} + maz{|ca|, |dal}-
Thus we get [ + hal |22 < [[An][22 + [[hal |22

Hence we have ||h||*? is a norm.

Since a € (0, 1] is arbitrary, {||h||%%; « € (0, 1]} forms a family of norms.

Definition 5.5. For o < 3; a, 8 € (0, 1] we have,
bz, 9)IL < [h(z, 9)[ and [l2]2]g]2 > (123 ]lgl3 V(z, y) € X x ¥ - {(0,0)} and h being
a bounded sesquilinear form such that A} (z, y).h%(z, y) > 0or h =5 Ya € (0, 1].

[h(z, y)|} |h(z, y)lh Ih(z, )| h(z, y)lb
Then izt < iz = Ve, wexxy—{00) el < Vi, nexxy—(00)} T=riis

= ||z} < ||n][5" Thus {||A|[%';a € (0, 1]} forms an ascending family of norms.
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Similarly we can show that {||h||*?; @ € (0, 1]} forms an descending family of norms.
Therefore {[||h||Z, ||]|22];« € (0, 1]} is a family of nested bounded closed intervals of real
numbers.

Define a function ||h|[* : R — [0, 1] by

1211*(2) = V{a € (0, 1] : t[[[nll5), [1l17]}

Then from Proposition 2.1[2] ||h||* is a fuzzy interval and it is a fuzzy norm .

Theorem 5.6. [Riesz] Let Hy, H, be two fuzzy Hilbert spaces and

h: Hy x Hy — F(R) be a bounded fuzzy sesquilinear form such that b, (z, y).h%(z, y) >
0 Ya € (0, 1. Assume further that {y € Hy;h(z, y) = 0}, Vx € Hy is complete w.rt. || ||..
Then h can be represented as h(x, y) =< Sz, y > where S : H, — H, is a bounded linear
operator. S is uniquely determined by h and has the norm ||h||* = ||S||

Proof. Consider h(z, y) and keep x fixed.
Now taking y as a variable we have from Theorem 2.1[13]
Mz, y) = <y, z> = <z,y> (5.6.1)

Here z € H; is unique but depends on fixed x € H;. It follows that for each x we get an unique
z € Hy. So we can define an operator S : H; — H, givenby Sz = =z
Substituting = = Sz in (i) we have h(z, y) = < Sz, y >

Now for k1, k; € Rand Yo € (0, 1] we have,

< S(klfﬂl + kzxz), Y >L

= hl (ki1 + kaza, )

= klh}x(zlv y) + kzhé(zzr y)

=k < Sz, y>g+k2<5x2, y>}x

=< k1S + kaS.’L‘z), Y >L

= S(klxl + kzxz) = k1Sz; + krSxs

Therefore S is linear.

For 8 < a, a, 8 € (0, 1] we have,
[IR][5 < [IRl1E

=V Ry (z, y)
B (I’ y)eHlXHzi{(O’O)} ||7'H}1||31H][3

h} (w) y) . 7
\/(x, y)EH, x Hy—{(0,0)} ||ggﬁg||ym3 since h(z, y) = h(z, y).

\/ <Swz, y>}3
(z, y)eH x H—{(0,0)} T[[}[yl[},

1S5yl
< - P 7P
S Ve, yemxm-100) Tl Tl

| S|
= Vaeem—(0} Tl
=15
<V IEE
= VaeeH —{0} |z}
= ISI13
= |2 < ISl VB < a
Taking infimum we have
HhHZQ < /\,3< a; a,B € (0, 1] ||S||é
= [Ipllz2 < IS (5.6.2)

Now we have

h(z, Sr) = < Sz, Sz >= ||Sz|?
= h%(z, Szr) = (||Sz||2)®> Vae (0, 1]
= (HSﬂglli)zl: hiéx, Sz) < 1Al ]xl|6l1 Szl
< (A1 llllal[S]la

Sz *
= 2 < Inlz?
Taking supremum we have

S 2
Vaer (o) Tt < [1RI[:2
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= IISII%S IIhHZ‘é2
= [IPIE° = 1ISIa

(5.6.3)
Now from (5.6.2) and (5.6.3) we have ||h||?> = ||S]2 Va <€ (0, 1]
(5.6.4)
Again h(x, Sz) = < Sz, Sz >= ||Sz||?
= hl(z, Sx) = (||Sz||})? and hl(z, Sx) = h2(x, Sz) Ya € (0, 1]
Therefore ||Sz||}, = [|Sz||% Va € (0, 1].
= (HS@;HL)ZZZ hégﬂﬁ, Sz) < [IRl[5H & ]Sz 1
= R[S l2lla]1Szlla
= g < e
Taking supremum we have
Sz||! *
Voem-(o) o> < IRl
= S|l < [l
= [[pll5 = 1IS]]a
(5.6.5)
Now h(z, Sr) = < Sz, Sz >= ||Sz||
= hl(x, Sr)= (||Sz||})*> Vae (0, 1]
L (z, Sz
= el St — ||Sal|l, < |ISIIL]12l2
L (z, Sz ! (z, Sz
el e e [T
= e < ISIL
= Iy < 11Slla
(5.6.6)
Thus from (5.6.5) and (5.6.6) we get ||h|[%! = ||S||, Va € (0, 1]
(5.6.7)

Hence from (5.6.4) and (5.6.7)||h||* = ||5]]

Since h is bounded, so h(z, y) @ (||z|| ® ||y||) < k and therefore ||h||*> < k,k being a real
number and « € (0, 1]

So [|S|2 < kand ||S||}, < &

_ lssllh o pang Hli-"fllli < WWaxe H —{0}

=13, zllt, —
= [[Sz[| @ ||z]| < k.
Therefore S is fuzzy bounded.
For uniqueness if possible suppose that there is another bounded linear operator 7" such that
Wz, y) =< Sz, y >=<Tx, y >
Therefore < Sz, y >\ = < T, y>! Vae (0, 1].
=< Sz, y >l — <Ta, y>L= 0vae (0, 1],Vo € H, and Vy € H,
=< (S—T)(z), y>L= O0Va e (0, 1],Yz € H, and Vy € H;
= (S—=T)(z) = OVx € H,
=5-T=20
=85=T
Thus S is unique and this comletes the proof.
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6 Conclusion

In this paper, idea of fuzzy sesquilinear form on linear spaces is introduced and establish Riesz
representation theorem for fuzzy sesquilinear form. This Riesz theorem for sesquilinear form
can be applied for proving existence of fuzzy adjoint operators. We think that there is a wide
scope of research in operator theory in fuzzy setting by using the results of this manuscript.
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