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Abstract. Let su(2) be a Lie algebra and b be another Lie algebra. Suppose that a bijective
map @ : su(2) — b is a multiplicative Lie map. In this paper, we prove that ® is additive.

1 The su(2) Lie algebra and multiplicative Lie maps

A Lie algebra is a vector space g over a field K with an operation [-,-] : g x g — g which we call
a Lie bracket, such that the following axioms are satisfied:

« Itis bilinear.

« It is skew symmetric: [z, x] = O which implies [z, y] = —[y, z] forall z,y € g.

« It satisfies the Jacobi Identitiy: [z, [y, 2]] + [y, [z, z]] + [z, [z, y]] = 0.

Any associative algebra 2 can be made into a Lie algebra by taking commutator as the Lie
bracket:

[z,y] = 2y —y

forall z,y € 2.

The Lie algebra su(2) is su(2) = v _Z laeR,z € (C}.

z —ia

It is easily verified that matrices of this form have trace zero and are anti-hermitian. This Lie

algebra is then generated by the following matrices,

0 i 0 -1 i 0
uy = U = Uz =
: io) 2 1 o) P o -

which are easily seen to have the form of the general element specified above.
These satisfy usu, = —upu3 = —uj and upu; = —ujuy; = —u3. The commutator bracket is
therefore specified by

[us,u1] = 2ug, [ur,u) = 2u3, [uz,u3) = 2u.
In the su(2) Lie algebra we have the decomposition
5u(2) = 5u(2) 0D 5u(2) 1

where su(2) ¢ is the span space by u3 and su(2) ; is the span space by u; and ;.
The above generators are related to the Pauli matrices by u; = ioy, uy = —iop and uz = ios,

where
(o1 (o =iy 10
Ylro) 20 o) P o o1 )

This representation is routinely used in quantum mechanics to represent the spin of fundamental
particles such as electrons.

Let g and h be two Lie algebras and @ : g — § a map of g in h. We call ® a multiplicative
Lie map of gin by if for all z,y € g

®([z,y]) = [@(2), D(y)].
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The following argument, which shall be named “standard argument", is true for multiplica-
tive Lie maps:

Remark 1.1. (Standard argument). Let x,y,z € g, and ®(z) = ®(z) + P(y). Then for any
a € g, we have ®([z, a]) = P([z, a]) + ®([y, a]). In deed,

O([za]) = [@(2), P(a)]
= [®(z) + 2(y), P(a)]
= [®(z), ®(a)] + [P(y), P(a)]
[

= ®([z,a]) + D([y,a]).

Recently, the additivity of maps on rings and algebras has attracted the attentions of many
researchers. One of the first results ever recorded was given by Martindale III which in his con-
dition requires that the ring possess idempotents, see [10]. For the interested reader in additivity
of maps defined in non-associative rings and algebras we can cite the recent works [2], [3], [4],
(51, (6], [7], [8] and [9].

More specifically for the case of alternative rings we can cite [1] where the authors use a
standard argument to prove their results and the math involved is sufficiently substantial to this
line of research.

According to [10], “An interesting feature of this problem is that the conclusion of the the-
orem obviously fails if the ring R is either too “well behaved " or too “badly behaved"". This
motivated us to ask the question: When is a multiplicative Lie map additive on su(2) Lie al-
gebra? Does the su(2) Lie algebra is too well behaved or too badly behaved ? It is worth
noting that as the su(2) Lie algebra it does not have idempotent elements so we can not use the
Martindale’s conditions but fortunately, in this paper we give a full answer for this question.

2 Main theorem
We shall prove as follows the main result of this paper.

Theorem 2.1. Let su(2) and b be Lie algebras. Consider a bijective multiplicative Lie mapping
D : su(2) — b, that is,
P([a,b]) = [P(a), D(b)]

forall a,b € su(2). Then ®(a + b) = ®(a) + P() for all a,b € su(2).

The following lemmas has the same hypotheses of Theorem 2.1 and we need these lemmas
for the proof of this theorem.

Lemma 2.2. ®(0) = 0.
Proof. ®(0) = ®([0,0]) = [@(0),D(0)] = ®(0)> — ®(0)> = 0. m
Lemma 2.3. If a € Ru; C su(2) and b € su(2) ¢ then ®(a + b) = P(a) + P(b).

Proof. Since ® is surjective, we may find an element F = auy + Bus + yu, € su(2) such that
®(E) = P(a) + P(b). By Lemma 2.2 and Remark 1.1, we obtain

([, u3]) = @([a, u3]) + D([b, us]) = P([a, us])-

Since @ is injective, we have [F, u3] = [a, u3]. Consider a = a,u; and b = Byus with ay, 8 € R
it follows that o, = avand v = 0. For u; € su(2) |, by Lemma 2.2 and Remark 1.1, we have

O([B, u1]) = P([a, u1]) + P([b, w1]) = P([b, w1]).
Again, since ® is injective, we have [E,u;] = [b,u1]. It follows that 8, = 8. Thus, ®(F) =
®(aur + Puz +yua) = P(aqur + Ppuz) = Pa + D).

Lemma 2.4. If ¢ € Ruy C su(2) 1 and b € su(2) o then ®(b+ ¢) = ®(b) + P(c).
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Proof. Since @ is surjective, we may find an element £ = au; + Sus + yuz € su(2) such that
O(E) = ®(b) + P(c). By Lemma 2.2 and Remark 1.1, we obtain

(B, us]) = ([b, us]) + P([e, us]) = P([e, us]).

Since @ is injective, we have [E, us] = [¢, us]. Consider ¢ = v.u; and b = Byus with ., 8, € R
it follows that v. = v and @ = 0. For u; € su(2) 1, by Lemma (2.2) and Remark (1.1), we have

([, ua]) = @([b, ua]) + ®([e, ua]) = P([b, ua]).

Again, since ® is injective, we have [E,u,] = [b,up]. It follows that 8, = 8. Thus, ®(F) =
D(au; + Buz + yuz) = D(Bpus + veuz) = ©(a + ¢). o
Lemma 2.5. If a € Ru; C su(2) | and ¢ € Ruy C su(2) | then ®(a + ¢) = ®(a) + P(c).
Proof. Note that a + ¢ = [%u% [us + a,u3 — ¢]]. Let say a = au; and ¢ = fuy with o, 8 € R.
By Lemma 2.3 and 2.4, we compute that

Pla+c) = (I)([%’UJ?,,[U:;-FO/,U}.—CH)

= [CI)(%U3),¢([U3 +a,uz — )]

= [@(hus), [ (s +a), B(us — )]

4
= [@(gus). [B(us) + D(a), B(us) + ()]
= (@), ®(20ur)] + [@(Jus), B(~20m)

= (s, 28u]) + ([ us, ~20um)
= (I)(a)+CI)(C).

Lemma 2.6. If d € su(2); and b € su(2) o then ®(d + b) = ®(d) + P(b).

Proof. Consider b = Byus and d = aqu; + yquo, with a4, By, 74 € K. Since P is surjective, we
can find an element E' = o + fuz +yuy € su(2) such that @(E) = $(b) + P(d). By Lemma
2.2 and Remark 1.1, we have

Since @ is injective, we obtain [E, us] = [d, u3]. It follows that oy = « and 4 = 7. Now for
u € su(2) 1 and uz € su(2) o, by Lemmas 2.2, 2.5 and Remark 1.1, we have

O([[E,u1],us]) = P([[b, w1, us]) + D([[d, w1}, us]) = P([2Bpu2, us)).

Again, since @ is injective, we have [[E, u1], u3] = [28puz, u3] = 48yu;. It follows that 3, = 3.
Thus, @(E) = CD(O(U] + Buz + ’)/UQ) = @(adul + Yauz + /BbU:’,) = q)<d + b). ]

Lemma 2.7. If a;,a; € Ruy C su(2) then ®(a1 + az) = P(ay) + D(ay).

Proof. Let say a; = au; and a; = Buy with o, 8 € R. Note that a; + a; = [[%m — ap, %u3 +
ai], %ug] So by Lemmas 2.2, 2.3 and Remark 1.1 we get,

Pa; +ay) = CID([[%W — an, %m + ay], %u3)
=[50 — a2), P(gus + ar)], B(3us)]
= [[0(5u) + P(—02), D5) + D), B0

= (g a]) + @([-az, yus), D(zu)

= (I’(a]) + @(ag).
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o
Lemma 2.8. If ¢y, ¢c; € Ruy C EU(Z) | then (I’(C] + 02) = CD(Cl) + qD(Cz).
Proof. Let say ¢; = au, and ¢; = Bup with o, 8 € R. Note that ¢; + ¢, = [[Juz — 2, Jus +
c1], Sus). So by Lemmas 2.2, 2.4 and Remark 1.1 we get,
Bler+e) = B([[3us - ca, gus + i, Sus)
Cl TC = 2U3 €2, 2“3 C1 )
— [ P(gus — e2) P(aus + 1)), D5 ua)]
= Fus = ), P(Fus + 1)), P(Fu3
1 1 1
= [®(Fus) + P(=c2), @(Fu3) + P(er)], D(Fu3)]
1 1 1 1
= @([[Fus, 1], sws]) + P{[=e2, Fus), Fus])
= CD(Cl) + @(Cg).
o

Lemma 2.9. If by, by € su(2) then ®(by + by) = P(by) + D(by).

P}’OOf: Consider b; = ajuz and by = apuz with a, a; € R. Note that b) + b, = [%Ul, [%ul +
by, Su; — by]]. So by Lemmas 2.2, 2.3 and Remark 1.1 we get,

Db +b2) = B, [yur + o, yur — i)
_ [(I)(%ul), [CD(%ul + bz),q’(%ul — b))
= () [@(5m) + D(br), B(3u1) +B(~b)]
= @([ur, Ly, b)) + @[y o, )

= D(by) + D(hy).

O

Proof of Theorem 2.1. Suppose that a,b € su(2) with a = ap + a;, b = by + b where
ag, by € su(Z) oand ar,b; € 5u(2) 1. Consider a; = a,u; + Baur and by = apu; + PBpus where
Qg, O, Ba, Bp € R. Soon by Lemmas 2.5, 2.6, 2.7, 2.8 and 2.9 we get

Pla+b) =

D(ag + ar + b + by)
D(ag + aqur + Bauz + by + apur + Brun)
D((ao + bo) + (aquy + apur) + (Bauz + Byuz))
D(ag + by) + P((aqui + apur) + (Bauz + Bruz))
D(ag + by) + P(aqur + apur) + P(Bauz + Bpuz)
ag) + ®(by) + P(aaur) + P(apuy) + D(Bauz) + P(Bruz)
ag) + P(aqur) + P(Baua) + P(bo) + Payur) + P(Bru2)
ao) + P(agur + Baua) + P(bo) + Papur + Bruz)
ao + aqur + Bauz) + P(bo + apur + Byua)
D(ap + ar) + P(bo + b1)
®(a) + P(b),

e B B B

(
(
(
(
(
(
(
(
(
(a

which shows that the multiplicative Lie mapping & is additive.
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3 Final remarks

It is easy to see that su(2) is a subalgebra of Mj»(IR), where

M2 (R) = {( Z 2 ) |a,b,c,deR}.

In this section we show by way of example that the concept of hereditary of the additivity is not
inherited from the algebra Mj,;(R). First we show the result which appear in [11] to be useful
in the construction of our example.

Proposition 3.1. (Zhaofang, B. et al. [11]) Let R and R’ be rings. Consider ® : R — R’ a
multiplicative Lie isomorphism, then forany T € R and Z € Z(R), the center of R, there exists
Z' € Z(R'), the center of R/, such that ®(A + Z) = ®(A) + Z'.

Example 3.2. Let M, ,»(IR) be an matrix algebra with basis {E;,}, i,j € {1,2}, where F;; be
matrices with 1 at position (i, j) and zeros everywhere else. Let us show that not necessarily get

O(E1 + En) = P(E) + P(Er).

Indeed, since @ is surjective, we may find an element A = Ay + Ay, + Ay + Az € Moy (R)
where A;; € RE;; such that ®(A4) = ®(E);) + P(E)2). By Lemma 2.2 and Remark 1.1, we
obtain

O([A, Bni]) = @([Ew1, Eul) + ©([Er2, Eni]) = ®([E12, E11]).

Since @ is injective, we have [A, F11] = [E12, E11]. It follows that A1, = Ej, and Ay = 0.
With a similar argument, we have ®([A, E13]) = ®([E11, E12]) and by Lemma 2.4 we have too
D([A, Er1]) = ©(E — (Ex + E»1)). With this we conclude that Z = Ay — By + Ay €
Z(M3x2(R)) the center of Mjy»(R). Therefore by Proposition 3.1 we get ®(Ey; + Ej2) =
O(E)) + P(E1n) + Z', where Z' is not necessarily zero.
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