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Abstract. In this present investigation, we obtain Fekete-Szegs inequalities for the classes of
g-starlike and g-convex functions.

1 Introduction

Let A be the class of analytic functions f in the open unitdisk D = {z € C: |z| < 1} normalized
by f(0) = 0and f’(0) = 1 of the form

f2) =24 anz",  z€D, (1.1)
n=2

and suppose S is the set of all functions in .4 that are univalent in the unit disk D.

A classical result of Fekete and Szegd [1] determined the maximum value of |az — pa3] as a
function of the real parameter p, for the class of univalent function f. There are several results
of this type in the literature, dealing with estimates for various classes of functions [2, 3, 5].

In [4], Jackson introduced and studied the concept of the g-derivative J, as follows:

For (0 < ¢ < 1), we define

f(z
9f(2) = {f’Zol)_q o (1.2)

Equivalently (1.2), may be written as

Ouf(z) =1+ Z[n]qanznfl, z2#0

n=2

where

Note thatas ¢ — 1, [n], — n.

Definition 1.1. For (0 < g < 1) let S, , and K, denote classes of g-starlike and g-convex univalent
functions, respectively, i.e.

ng{f(z)ES:Re{zajfé()z)}>O, ze]D)} (1.3)
ko= {sircsne [BLERLENY g, o) »

Observe that S} = S* and K; = K, where S* and K are the classes of starlike and convex
univalent functions, respectively.
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2 Main results

We denote by P a class of the analytic functions in D with p(0) = 1 and Re{p(z)} > 0. We
need the following Lemma:

Lemma 2.1. [6], Letp € P with p(z) = 1 + ¢12 + c22> + ..., then

len] <2, n>1.

If |e1| = 2 then p(2) = pi(z) = Y212 with 4, = & Conversely, if p(z) = pi(z) for some

(1-mz)
[vi| = 1, then
2 2
_ Al <o _ M
C 7| = ) .
If|e1] < 2 and ‘cz -3 = (2) = pa(2), where
Y2ty
1+ leil’)’zlz
p(e) = T ae
I+y1722
and vy = 5, 12 = 262‘ e Conversely if p(z) = pa(z) for some |y1| < 1 and |v2| = 1, then

Zczfc

_c
M *%772 - ? and |c

2
— €1

Theorem 2.2. If f of the form (1.1) is in Sy, then

2
laz| < o, -1 2.1
and 5 )
|a3|§mlmam{l,l+m]1}, (22)
and 21 5
_ e — 1 o
mTE, 1 SBL—I &

Equality in (2.1) holds if = za f = p1(2) and in (2.2) if = za f = p(2) where py, p, are given
as in Lemma 2.1.

Proof. For a function f given by (1.1) and by the definition of the class S; there exists p € P

such that 8, 1(2)
Z0qJ\2 2 3

— :1 e

) p(2) +ez+ ez e+,

so that
(2 + [2]4a22% + [3]qa32° + ...)
(z 4 a22? + az23 + ...)

which implies the equality

=l+cz+a+a+..,

2+ [2]qa22* + [3]4a32° + ... = 2 + (ag + 1) 2> + (a3 + 2 + azer) 2 + ...
Equating the coefficients on both sides we have

¢ cf +ea([2]g — 1)

2,1 T B, D@, -1 @4

ay —

Using Lemma 2.1, we obtain

ol =g 1 S
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and
@y 4
"’3"’<[31q—1><2}q—1>{”mq—lH

1 % c%

_‘[3}q_1 . 2+2(1+[2]q_1)}’

1 le1]? e 2
—mql{ ‘5+5<”mq 1')}

1 ‘Cl|2 2
:mq—l{“z('”mq—l‘l)}
<[3]q2_1max{l,l+[2]q2_1|}.

Thus 5 5
las| < mzi_lmax{L 1+ [2](17_“}
Moreover
P U I I R ST B -
" [31q—12‘[31q—1“+[21q—ﬂ @l -2 [, — 1

_)[3]11_1‘

L2

_[3}q_17

as desired. O

Remark. The above Theorem is a special case of Fekete-Szego problem for real p = %

occurred very naturally and simple estimate was obtained. Now, we consider functional |a3—pa3|
for complex p.

Theorem 2.3. Let f € S;. Then for p € C

2
|a3 — ua%’ < mmaz {1,

Proof. Applying (2.5) we have

sk = g et e T

Then by Lemma 2.1,

1 > el 2 —
|a3—,ua§‘<[3]q_l{2— 3 + 5 (‘1_'—[2](1—1_2“([2](1_1)2

a5 (e )
< g e
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We next consider the case, when y is real.

Theorem 2.4. Let f € S, then for i € R we have

i {1+ i (1)} <o
a3 = pai| = mq%“ ifor <p <o,

31 :
o {2/‘<mq—1>2 —-1- mf—l} ,  fuzon

where o1 = g, 02 = FrE -

Proof. Let p < 01 < 0,. In this case (2.5) and Lemma 2.1 give

1 |C1|2 |Cl|2 2 [3]q -1
|a3ua§|§[3]q—1{2 2 T2 <1+[2]q—12“([2]q—1>2)}

Let, now 07 < p < 03. Then we obtain

2
s = neal < G =T

Finally, if © > o5, then
o el | lal (, Bl 1 2
s —wetl < g 2 5+ 5 (e ) )
o P () Bla=1 2
‘[31q—1{” 2 (2“([2]q—1)2 g [21q—1>}

Thus the proof is complete. O

It can be easily seen that
f(2) € ky & 20,f(2) € 5. (2.5)

Using (2.5) we easily obtain bounds of coefficients and a solution of the Fekete-Szego problem
in K.

Theorem 2.5. If f of the form (1.1) is in K, then

2
= EL @, -1 26
and 212, + 1)
= B, 0, 1 @
e (21, 2
= BL B, D% S B, D @8

Reasoning in the same lines as in the proof of Theorem 2.3 we obtain

Theorem 2.6. Let f € K. Then for yn € C holds

’ag —ua%’ < lmax{l,

Bla((3lg = 1)
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