
Palestine Journal of Mathematics

Vol. 8(1)(2019) , 294–298 © Palestine Polytechnic University-PPU 2019

A note on q-Fekete-SzegÖ problem
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Abstract. In this present investigation, we obtain Fekete-Szegö inequalities for the classes of
q-starlike and q-convex functions.

1 Introduction

LetA be the class of analytic functions f in the open unit disk D = {z ∈ C : |z| < 1} normalized
by f(0) = 0 and f ′(0) = 1 of the form

f(z) = z +
∞∑
n=2

anz
n, z ∈ D, (1.1)

and suppose S is the set of all functions in A that are univalent in the unit disk D.

A classical result of Fekete and Szegö [1] determined the maximum value of |a3 − µa2
2| as a

function of the real parameter µ, for the class of univalent function f . There are several results
of this type in the literature, dealing with estimates for various classes of functions [2, 3, 5].
In [4], Jackson introduced and studied the concept of the q-derivative ∂q as follows:

For (0 < q < 1), we define

∂qf(z) =

{
f(z)−f(qz)
z(1−q) , z 6= 0,

f ′(0), z = 0.
(1.2)

Equivalently (1.2), may be written as

∂qf(z) = 1 +
∞∑
n=2

[n]qanz
n−1, z 6= 0

where
[n]q =

1− qn

1− q
.

Note that as q → 1, [n]q → n.

Definition 1.1. For (0 < q < 1) let S∗q andKq denote classes of q-starlike and q-convex univalent
functions, respectively, i.e.

S∗q =

{
f(z) ∈ S : Re

{
z∂qf(z)

f(z)

}
> 0, z ∈ D

}
(1.3)

and

Kq =

{
f(z) ∈ S : Re

{
∂q (z∂qf(z))

∂qf(z)

}
> 0, z ∈ D

}
. (1.4)

Observe that S∗1 = S∗ and K1 = K, where S∗ and K are the classes of starlike and convex
univalent functions, respectively.
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2 Main results

We denote by P a class of the analytic functions in D with p(0) = 1 and Re{p(z)} > 0. We
need the following Lemma:

Lemma 2.1. [6], Letp ∈ P with p(z) = 1 + c1z + c2z
2 + ..., then

|cn| ≤ 2, n ≥ 1.

If |c1| = 2 then p(z) ≡ p1(z) = (1+γ1z)
(1−γ1z)

with γ1 = c1
2 . Conversely, if p(z) ≡ p1(z) for some

|γ1| = 1, then ∣∣∣∣c2 −
c2

1
2

∣∣∣∣ ≤ 2− |c1|2

2
.

If |c1| < 2 and
∣∣∣c2 − c2

1
2

∣∣∣ = 2− |c1|2
2 , then p(z) ≡ p2(z), where

p2(z) =
1 + z γ2z+γ1

1+γ̄1γ2z

1− z γ2z+γ1
1+γ̄1γ2z

,

and γ1 = c1
2 , γ2 = 2c2−c2

1
4−|c1|2 . Conversely if p(z) = p2(z) for some |γ1| < 1 and |γ2| = 1, then

γ1 =
c1
2 , γ2 =

2c2−c2
1

4−|c1|2 and
∣∣∣c2 − c2

1
2

∣∣∣ = 2− |c1|2
2 .

Theorem 2.2. If f of the form (1.1) is in S∗q , then

|a2| ≤
2

[2]q − 1
, (2.1)

and

|a3| ≤
2

[3]q − 1
max

{
1, 1 +

2
[2]q − 1

}
, (2.2)

and ∣∣∣∣a3 −
[2]q − 1
[3]q − 1

a2
2

∣∣∣∣ ≤ 2
[3]q − 1

. (2.3)

Equality in (2.1) holds if z∂qf(z)
f(z) = p1(z) and in (2.2) if z∂qf(z)

f(z) = p2(z) where p1, p2 are given
as in Lemma 2.1.

Proof. For a function f given by (1.1) and by the definition of the class S∗q there exists p ∈ P
such that

z∂qf(z)

f(z)
= p(z) = 1 + c1z + c2z

2 + c3z
3 + ...,

so that
(z + [2]qa2z

2 + [3]qa3z
3 + ...)

(z + a2z2 + a3z3 + ...)
= 1 + c1z + c2z

2 + c3z
3 + ...,

which implies the equality

z + [2]qa2z
2 + [3]qa3z

3 + ... = z + (a2 + c1)z
2 + (a3 + c2 + a2c1)z

3 + ...

Equating the coefficients on both sides we have

a2 =
c1

[2]q − 1
, a3 =

c2
1 + c2([2]q − 1)

([3]q − 1)([2]q − 1)
. (2.4)

Using Lemma 2.1, we obtain

|a2| = |
c1

[2]q − 1
| ≤ 2

[2]q − 1
,
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and

|a3| =
∣∣∣∣ ([2]q − 1)
([3]q − 1)([2]q − 1)

{
c2 +

c2
1

[2]q − 1

}∣∣∣∣
=

∣∣∣∣ 1
[3]q − 1

{
c2 −

c2
1

2
+
c2

1
2
(1 +

2
[2]q − 1

)

}∣∣∣∣
≤ 1

[3]q − 1

{
2− |c1|2

2
+
|c1|2

2

(
|1 +

2
[2]q − 1

|
)}

=
1

[3]q − 1

{
2 +
|c1|2

2

(
|1 +

2
[2]q − 1

| − 1
)}

≤ 2
[3]q − 1

max{1, |1 +
2

[2]q − 1
|}.

Thus
|a3| ≤

2
[3]q − 1

max{1, |1 +
2

[2]q − 1
|}.

Moreover ∣∣∣∣a3 −
[2]q − 1
[3]q − 1

a2
2

∣∣∣∣ = ∣∣∣∣ 1
[3]q − 1

[c2 +
c2

1
[2]q − 1

]−
c2

1
([2]q − 1)2

[2]q − 1
[3]q − 1

∣∣∣∣
=

∣∣∣∣ c2

[3]q − 1

∣∣∣∣
≤ 2

[3]q − 1
,

as desired.

Remark. The above Theorem is a special case of Fekete-Szegö problem for real µ = ([2]q−1)
([3]q−1)

occurred very naturally and simple estimate was obtained. Now, we consider functional |a3−µa2
2|

for complex µ.

Theorem 2.3. Let f ∈ S∗q . Then for µ ∈ C

∣∣a3 − µa2
2

∣∣ ≤ 2
[3]q − 1

max

{
1,
∣∣∣∣1 +

2
[2]q − 1

− 2µ
[3]q − 1

([2]q − 1)2

∣∣∣∣} .
Proof. Applying (2.5) we have

a3 − µa2
2 =

1
[3]q − 1

{
c2 +

c2
1

[2]q − 1

}
− µ

c2
1

([2]q − 1)2

=
1

[3]q − 1

{
c2 +

c2
1

[2]q − 1
− µ [3]q − 1

([2]q − 1)2 c
2
1

}
=

1
[3]q − 1

{
c2 −

c2
1

2
+
c2

1
2

(
1 +

2
[2]q − 1

− 2µ
[3]q − 1

([2]q − 1)2

)}
Then by Lemma 2.1,

∣∣a3 − µa2
2

∣∣ ≤ 1
[3]q − 1

{
2− |c1|2

2
+
|c1|2

2

(∣∣∣∣1 +
2

[2]q − 1
− 2µ

[3]q − 1
([2]q − 1)2

∣∣∣∣)}

=
1

[3]q − 1

{
2 +
|c1|2

2

(∣∣∣∣1 +
2

[2]q − 1
− 2µ

[3]q − 1
([2]q − 1)2

∣∣∣∣− 1
)}

≤ 2
[3]q − 1

max

{
1,
∣∣∣∣1 +

2
[2]q − 1

− 2µ
[3]q − 1

([2]q − 1)2

∣∣∣∣} .
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We next consider the case, when µ is real.

Theorem 2.4. Let f ∈ S∗q , then for µ ∈ R we have

∣∣a3 − µa2
2

∣∣ =


2
[3]q−1

{
1 + 2

[2]q−1

(
1− µ [3]q−1

[2]q−1

)}
, if µ ≤ σ1,

2
[3]q−1 , if σ1 ≤ µ ≤ σ2,

2
[3]q−1

{
2µ [3]q−1

([2]q−1)2 − 1− 2
[2]q−1

}
, if µ ≥ σ2.

where σ1 =
[2]q−1
[3]q−1 , σ2 =

[3]q([2]q−1)
[3]q([2]q−1) .

Proof. Let µ ≤ σ1 ≤ σ2. In this case (2.5) and Lemma 2.1 give

∣∣a3 − µa2
2

∣∣ ≤ 1
[3]q − 1

{
2− |c1|2

2
+
|c1|2

2

(
1 +

2
[2]q − 1

− 2µ
[3]q − 1

([2]q − 1)2

)}

≤ 2
[3]q − 1

{
1 +

2
[2]q − 1

(
1− µ [3]q − 1

([2]q − 1)

)}
.

Let, now σ1 ≤ µ ≤ σ2. Then we obtain∣∣a3 − µa2
2

∣∣ ≤ 2
[3]q − 1

.

Finally, if µ ≥ σ2, then

∣∣a3 − µa2
2

∣∣ ≤ 1
[3]q − 1

{
2− |c1|2

2
+
|c1|2

2

(
2µ

[3]q − 1
([2]q − 1)2 − 1− 2

[2]q − 1

)}

=
1

[3]q − 1

{
2 +
|c1|2

2

(
2µ

[3]q − 1
([2]q − 1)2 − 2− 2

[2]q − 1

)}
≤ 2

[3]q − 1

{(
2µ

[3]q − 1
([2]q − 1)2 − 1− 2

[2]q − 1

)}
.

Thus the proof is complete.

It can be easily seen that
f(z) ∈ kq ⇔ z∂qf(z) ∈ S∗q . (2.5)

Using (2.5) we easily obtain bounds of coefficients and a solution of the Fekete-Szegö problem
in Kq.

Theorem 2.5. If f of the form (1.1) is in Kq then

|a2| ≤
2

[2]q([2]q − 1)
, (2.6)

and

|a3| ≤
2([2]q + 1)
[3]q([3]q − 1)

, (2.7)

and ∣∣∣∣a3 −
([2]q)2

[3]q([3]q − 1)
a2

2

∣∣∣∣ ≤ 2
[3]q([3]q − 1)

. (2.8)

Reasoning in the same lines as in the proof of Theorem 2.3 we obtain

Theorem 2.6. Let f ∈ Kq. Then for µ ∈ C holds

∣∣a3 − µa2
2

∣∣ ≤ 1
[3]q([3]q − 1)

max

{
1,
∣∣∣∣1 +

2
[2]q − 1

− 2µ
[3]q([3]q − 1)

([2]q)2([2]q − 1)2

∣∣∣∣} .
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