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Abstract. In this paper we introduce the idea of Nevanlinna n variables based L*-order
and Nevanlinna n variables based L*-lower order in the unit polydisc. Hence we study some
growth properties of Nevanlinna’s Characteristic function relating to the composition of two
analytic function in the unit polydisc on the basis of Nevanlinna n variables based L* -order and
Nevanlinna n variables based L*-lower order as compared to the growth of their corresponding
left and right factors.

1 Introduction, Definitions and Notations

A function f, analytic in the unit disc U = {z : |z| < 1}, is said to be of finite Nevanlinna
order [4] if there exist a number p such that Nevanlinna characteristic function

1 2 )
Ty (r) = ﬁ/o log™ |f (Te’0)|d0

satisfies Ty (r) < (1 —r) " forall 7 in 0 < ro (1) < r < 1. The greatest lower bound of all such
number 1 is called the Nevanlinna order of f. Thus the Nevanlinna order p; of f is given by

. IOng (7”)
- = limsup————4— .
Pf ralp_log(l _T)

Similarly, Nevanlinna lower order Af of f is given by

log T
s = liminf—2- 1)
r—1 —log (1 —r7)

Somasundaram and Thamizharasi [6] introduced the notions of L-order (L-lower order
) for entire functions where L = L (r) is a positive continuous function increasing slowly i.e.,
L(ar) ~ L(r) as r — oo for every positive constant ‘a’. In the line of Somasundaram and
Thamizharasi [6] one may introduce the notion of Nevanlinna L-order for an analytic function f

in the unitdisc U = {z : |2|] < 1} where L = L (%) is a positive continuous function in the

1—
unit disc U increasing slowly i.e., L (lfr) ~ L (ll—r) as r — 1, for every positive constant ‘a’,

in the following manner:
Definition 1.1. If f be analytic in U, then the Nevanlinna L-order p]Lc of f is defined as

()]

(1-r)
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pf=infq p>0:Tf(r) < forall0 < ro(u) <r<1
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Similarly one may define /\ﬁ, the Nevanlinna L-lower order of f in the following way:

A¢ = liminf log Ty (r)

1 L()\
o (422

The more generalised concept of Nevanlinna L-order and the Nevanlinna L-lower order
of an analytic function f in the unit disc U are the Nevanlinna L*-order and the Nevanlinna
L*-lower order. Their definitions are as follows:

Definition 1.2. [2] The Nevanlinna L*-order p]% " and Nevanlinna L*-lower order /\Jé* of an ana-
lytic function f in the unit disc U are defined as

. logT
pjé = limsup og{g((vﬂl) 3 and
r—1 exp L=
log ((1@)
. logT
)\JQ = liminf og Ty (r) respectively.
r—1 lo exp{L(ﬁ)}
g g=n)
Extending the notion of single variable to several variable, let f(z1,22,- - -, 2,) be a
non-constant analytic function of n complex variables z1, 2, - - -, 2,1 and z,, in the unit polydisc

U=A{(z1,22,2zn) 2| < L,j=1,2,---,nyry >0, >0,---,r, >0} .

Now in the line of Nevanlinna L*-order and Nevanlinna L*-lower order, in this paper
we introduce the Nevanlinna n variables based L*-order and the Nevanlinna n variables based
L*-lower order for functions of n complex variables analytic in a unit polydisc as follows :

* . log T s 12,7 i
o = timeup —JOBTI (s )

1 1 1
rl,rz,-~~,rn%110g |:CXP{L<1r]lr21r>}:|

(I=r)(I=r2)---(1=rn)

and
. L. logT r1r2-~r
wAf = liminf e Ty (rira. n])
Tl-,Tzv"'J'n_’l eXP{ (1 T T=ry 72 "71—T")}
(I=r))(1=r2)--(1—7y)
where L = L 1 .., ——) is a positive continuous function in the unit polydisc U
T—r 117 T=ry Y l—ry
increasing slowly ie.,
a a a 1 1 1 e ¢
L <ﬁ, o5 ﬁ) ~ L (ﬁ, T 5 m) as r — 1, for every positive constant ‘a

In this paper we study some growth properties of Nevanlinna’s Characteristic function
relating to the composition of two analytic function in the unit polydisc on the basis of Nevan-
linna n variables based L*-order and Nevanlinna n variables based L*-lower order as compared
to the growth of their corresponding left and right factors. We do not explain the standard defi-
nitions and notations in the theory of entire functions as those are available in [1], [3] and [5].

2 Theorems

In this section we present the main results of the paper.

Theorem 2.1. If f and g be any two non-constant analytic functions of n complex variables in
the unit polydisc U such that 0 < ,,, )\_?og < Unp]Lcoq <ooand 0 <, )\? < vnp]% < oo then

L
Un>\fog < hmlnf 1Ogiz—‘fog (7‘177”2, T '7rn) < Un)\jz>*9

vnpf iyl 10g Ty (11,2, rn) vn)\f

log T Plo
S limsup g f g(TlaTZ7 7rn) S v pr*g .
Py, T — 1 10g Tf (7“1,7"2, o '77nn) vn)\f
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Proof. From the definition of ,, p? and ,,, )\JLco 4» we have for arbitrary positive € and for all large

values of (ﬁ) , (IJTQ) - and ( ) that

longog (T’],’I"z, t '7rn) 2

expiL (i il
(v Mg — ) log (1{—r1(>]<1—1r2>-~<11—rn)>} o

and
long (T17T27 o 'arn) S

L, %T’. - JT
(w Pt + 5) log ex([; {_ m()l(]rl_ ;2)2_ g 1_ rn))} . (2.2)

Now from (2.1), (2.2) it follows for all sufficiently large values of (ﬁ) , ( 1 ) ,---and

(1 — )that

" exp{L( —, = 7%)}
IOngog (7"1”)"27 B ',Tn) ( )\%Og 5) log |: (- 711)(11 lrz)%”(]_r"') :|

long(T17T2,~'~,T'n) i exp{ L T7%7',%n .
(q;,zpf +€) 10g |: {(] <7]1)(% 17‘7)2 T ]Tn) )}:|

WV

As e (> 0) is arbitrary, we obtain that

. AL
limianOngog (ri,ra,- -+, mn) S Un fog .

2.3
r—1 log Ty (r1,7m2, ) Unpf &

Again for a sequence of values of ( 1—1r1 ) , ( 1_17,2) - and ( ) tending to infinity,

log Ttog (11,72, -+, Tn) <

eXp{L (flllflzﬁ)} (2.4)

(1—7’1)(1—7‘2)“'(1—7‘”)

(vnAfog + E) log

and for all sufficiently large values of ( 1—177"1> , (L> ,---and (—T)

1—7‘2

long (T17r2a t '7rn) 2

) expy L ,lrﬁfza"'vflrn
(m% —s)log (1{7’1()1(117'2)~..(11r7,,))} . (25)

Combining (2.4) and (2.5) we get for a sequence of values of (1%1) : ( 1 ) ,---and (ﬁ)

177“2

tending to infinity that

L ep{ L () |
log Tyog (11,72, + *,70) _ (Un)‘fog )log{ - rl)(i 7’2)2 d=r)

IOng (7‘1,7”2,' : '7rn) (UH)\}L{* N 6) ]Og [SXP{L<1 0T 1’2 ) llrn)}:| ’

(A=r)(I=r2)--(1=ry)
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Since ¢ (> 0) is arbitrary, it follows that

L*
lim ll’lflog Tfog (T] y 7250 Tn) < )\ng

. 26
r—1 logTy (TlaTZa' -~,Tn) ”")\)%* o

Also for a sequence of values of (1_17,1 ) , ( 1 ) ,++-and ( ) tending to infinity that

]—7"2

long (T13T27 o ',Tn) S

* exp (L (5 e o
(v”)\jf +5) log (1{7'1()1(111"2)~~(11rn))} ) 2.7

1 1
177“]) ) (17’(‘2) L and

Now from (2.1) and (2.7), we obtain for a sequence of values of (

(1 - ) tending to infinity that

L oxo{L (2 g =) |
longog (7*177"27. . '7rn) S ( >\f°g )10g|: (1— Tl)(ll 7“2)2 (I=ry)

IOng (TI»T%' : ';Tn) - (UWA?* +E> 10g |:exP{L(‘1T1’11T2"“’llrn)}:| .

(I=r)(A=r2)-(I=1p)

As e (> 0) is arbitrary, we get from above that

: 1 T o 512, " In fn/\ o
lim sup 08 Toq (11,72 " ) > ! ng ) (2.8)
r—1 lOng (7"]77"2, o '7T7L) ’Un)\

Also for all sufficiently large values of ( = ) , (1 jrz) -and (1 m)

log Ttog (11,72, -+, Tn) <

exp{L(l,lrla%rzv""l%Tn)} ) (2.9)

(vupfeg ) o A=) (0 =r) - (1—r)

Now it follows from (2.5) and (2.9) for all sufficiently large values of (1—%1) , ( ! ) ,---and

(1 - )that
exp{ L (4 ll‘rzl'n)}}

L
10g Tyoq (11,72, 1, 1) _ (“npfw“) IOg[ (=) (1=r2)(1=7,)

10ng(7"],7’2,"',’/‘n) - (Un/\]Lf/* ) |:exp{ (‘ 21— ““2""17n>}:| .

(I=ry)(1=mr2)--(1—7y)

Since ¢ (> 0) is arbitrary, we obtain that

l T o T Un L:
fim sup 08 Lros (1,72, ) Piog . (2.10)
r—1 IOng (T17T2> c '7Tn) vn)\f

Thus the theorem follows from (2.3), (2.6), (2.8) and (2.10). O

The following theorem can be proved in the line of Theorem 2.1 and so the proof is
omitted.
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Theorem 2.2. If f and g be any two non- constant analytic functions of n complex variables in
the unit polydisc U such that 0 < ,,, )\fog < ’Unpfog <ooand0 <, )\L < vnpg < oo then

L* L
v")\f‘:’g < llmlnf Ongog (7.177,.27 t '7rn) < )‘fog
unpé* i, rn—1 log Ty (7‘17r27 e 7»") Un)‘é*
I
<  lim sup 1Og Tfog (T177‘27 Tt rn) < vnPfog
B 71T, T ] log TQ (7"],7’2, o ',Tn) 'un)\5*

Theorem 2.3. If f and g be any two non-constant analytic functions of n complex variables in
the unit polydisc U such that 0 < ,, p,, < coand 0 <, p§ < oo then

log Tyog (11,72, - -,7 N ) log Troy (71,72, - -7
lim inf 8T pog (1,72 n) <! pfog < limsup g Tog (11,72 n) .
1,72, Ty —1 log Tf (7‘],7’27 .. -’rn) Unpf LTy — 1 long (1«177«2’. . '77"n)
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) () - and

Proof. From the definition of ,,, pJLc ", we get for a sequence of values of (

(1 — ) tending to infinity that

IOng (T17T27 te ',Tn) >

L L7%,...7+T
T e T

Now from (2.9) and (2.11), it follows for a sequence of values of (l%m) ) (#> ,+ - and

1—7’2
1
1—r

n) tending to infinity that

exp{ L (17 o lln)}}

I
log Tyoq (11,72, + +,Tn) < (”"pf"g_'—E) log[ (I=r))(1— le) (1 v”ln)
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As e (> 0) is arbitrary, we obtain that

L
lOgjjfog (T],T’z, o ',T‘n) < ’Unpfog
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Bk log Ty (11,72, 1) — vnpj%* ( )
Again for a sequence of values of (l—rl) , (1717’7) ,++-and ( ) tending to infinity,
log Tpog (11,72, +s70) 2
1 1 1
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So combining (2.2) and (2.13), we get for a sequence of values of (ﬁ) , ( L ) .-+~ and

(1 - ) tending to infinity that

PR A
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=
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Since ¢ (> 0) is arbitrary, it follows that

. logT o s 12y " Un Lc;k
lim sup & £°9 GHPTANT) > 'pr*g (2.14)
r—1 IOng (7‘],7‘2,' : '7T7L) Unpf
Thus the theorem follows from (2.12) and (2.14) . i

The following theorem can be carried out in the line of Theorem 2.3 and therefore we
omit its proof.

Theorem 2.4. If  and g be any two non-constant analytic functions of n complex variables in
the unit polydisc U such that 0 < ., p%. < oo and 0 <, pk" < oo then

IN

L log Tgog (11,72, 57 L 0fs . logTrog (11,72, 7
lim inf g ng( 1,72, ? ") v f;*g < hmsup g fog( 1,72, ) n) )
P12y — 1 10g Tg (le ry, - - .’rn) vnPyg LTy —1 ]ong (7“1,7"2, .. '77"n)

The following theorem is a natural consequence of Theorem 2.1 and Theorem 2.3.

Theorem 2.5. If f and g be any two non-constant analytic functions of n complex variables in
the unit polydisc U such that 0 < , N, <y, pfo, <00 and 0 <, N\ <., p§ < oo then

AL L
liminf 108 oo (Mor2 ) o Jon fog nProg
T1,72, Ty —>1 log Tf (’/‘] s T2y T Un)‘f vnpf

AL: L; 10 To T1.T9.+ . T

< max { = fo’,v"prf < limsup —B°S g (11,72, n) .
Un)‘f vnpf IR SRR | IOng (7‘17r27. . '7rn)

The proof is omitted.

Analogously, one may state the following theorem without its proof.

Theorem 2.6. If f and g be any two non-constant analytic functions of n complex variables in

the unit polydisc U such that 0 < , X, <., p%. < ooand0 <, At <., pL™ < oo then

.. logT IO T ¢ ) 71/\14* an*
liminf <% oo (172,72 7n) <min{ 2 ?571} sz*g
T2 T ] IOng (T13T27 o ',’/‘n) vn)\g vn Pg
)\L* 5 logT T1. Ty T
< max { = ’Z)f,v"p)rf < limsup —2 fog (11,72, n)
'un/\g vn Pg IR oIy | IOng (7"177127 .. '7rn)
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