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Abstract. In this paper, we introduce certain new subclass of bi-univalent functions in an
open unit disk associated with generalized Hypergeometric function. By using Faber polyno-
mial expansions to find a general coefficient bounds |a,,|, for n > 3, of class of bi-subordinate
functions subject to a gap series condition, also find initial coefficients bounds.

1 Introduction

Let A denotes the class of all function f(z) which are analytic in the open unit disk
E={z:2€C and |z|< 1}

and of the form:

f(z) =24 anz", z€E, (1.1)
n=2

Let S be the subclass of A, consisting of univalent functions. Let f € 4 given by (1.1) and g €
A given by

oo
g(z) =z + X:b,nz"7 z € E.
n=2

We define the convolution product (or Hadamard) of f and g as

(fx9)(2) =2+ bpanz", z€E. (1.2)
n=2

The Koebe-one quarter theorem [11] shows that the image of E under every univalent func-
tion f € A contains a disk {w : |w| < 1} of radius ;. Every univalent function f has an inverse

/" defined on some disk containing the disk {w : |w| < ;} and satisfying:

fN(f(2)) =2 z€E,
and

)

I

F N w)) = w, |w| <ro(f), ro(f) =
where
g(w) = f_l(w) =w— aw’ + (2a% — a3)w3 — (SG% — Saza3 + a4)w4 + .. (1.3)

A function f € S is said to be bi-univalent on E if ¢ = f~! are both univalent on E.

Lewin [27] studied the class of bi-univalent functions, obtained the bound |a;| < 1.51. Ne-
tanyahu [28] showed that Max |ay| = ‘31. Brannan and Clunie [10] conjectured that |ay| < V2.
Ali et al. [1], Altinkaya and Yalcin [6, 7, 8], Frasin and Aouf [13], Hamidi and Jahangiri
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[15, 16, 22, 23], Srivastava et al. [29, 30] and Bulut [9] investigate the coefficients bounds
for the subclasses of bi-univalent functions.
The Faber polynomials introduced by Faber [12] play an important role in various areas of math-
ematical sciences, especially in geometric function theory see also [14, 31, 32]. Not much
is known about the bounds on general coefficients |a,|, for n > 4 of bi-univalent functions
as Ali et al. [1] also declared the bounds for the n-th (n > 4) coefficients of bi-univalent
functions an open problem. In the literature only a few work determining the general coeffi-
cient |a,|, for n > 4 for the analytic bi-univalent function given by (1.1). For more study see
[2,3,9, 12,15, 16, 17, 19, 20, 21, 23, 26, 33].

Using the Faber polynomial expansion of functions f of the form (1.1), the coefficients of its
inverse map g = f~! are given by,

g(w):f*l(w):w—O—Z?llKn (a2, as, .. )w",
where
e (—n)! . (—n)! e
Kor = Comanim—sn™ 1Jr[2(—1~L+1)]v(n—3)"’2 a3

a;’ > [as +(—n+ 2)(1%}

+— . — ant [a6 + (=21 + 5)aza4]

and g = f~! given by (1.3), V; with 7 < j < nisa homogeneous polynomial in the variables

laz], |as],..... |an| [4]. In part1cu1ar the first three terms of K", are
1.
EKI 2 = —ap,
1K—3 - 2 2
g 2 = a, — as,
e 3 1.4
ZK3 —(5a; — 5aza3 + ag). (1.4)
In general, for any p € N and n > 2, an expansion of K _| [3] s,
K?  =pa +IMD2 +p7!D3 +o P! DMl(1.5)
not 2 v (p-3yBre! (p—n+D!(n—1)1 "

where D? | = D" (as,as....) [5] given by
e | M1 _\Hn—1
m (a27 ...,an) _ Z m.(CLZ) ...(an) , fO?” m < n.

n—1
n—2 1““7"'7”7171!

While a; = 1, and the sum is taken over all nonnegative integer py, ..., f,, satisfying:

M1+ o+ =m,

and
w142+ ..+ (n—Dpp—y =n—1.
Evidently, £~ l(az, ey ) = agfl,(see [2]), or equivalently,
o ! /Ll Hn
D;“(al’az, ey @ Z m G;l = n) s for m < n,
1! 7/Ln

n=1
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again a; = 1, and the taking the sum over all nonnegative integer 1, ..., jt,, satisfying:
i+ p2 ey = om,
pr 42+ o+ (M = n

It is clear that
Dl (ay,...,an) = DV,

the first and last polynomials are
D'=a} and D! =a,.

For f(z) and g(z) analytic in E, we say that f(z) is subordinate to g(z) (written as f < g) if
there exists a Schwarz function -
u(z) = Zunz”,
n=1

with 4(0) = 0 and |u(z)| < 1 in E, such that f(z) = g(u(z)). For the Schwarz function u(z),
lun| <1, see [11].

For a complex parameters a, b, ¢, with ¢ # 0, —1, —2... the generalized Hypergeometric function
2F1(a, b, ¢, k, z) is defined as"

— I'(c) - (a) T (b+kn)
2Fi(a,b,c,k,z) = F(b)nzzo Tt hnjnt -
F(C) > (a)nflr(b—kk(n_]))zn—l

where R(c — 1 —1b) > 0, |2] < 1, and (a),, is the Pochhammer symbol.
By using generalized Hypergeometric function given by (1.6) we define a convolution operator
J(a,b,c, k) as follows:

J(a,b,c,k)f(z) =z2Fi(a,b,c,k; 2) « f(2) = 2+ ZY”anz", (1.7)
n=2

where
I'(c)(a)n1I'(b+ k(n — 1))

L)I(c+k(n—1))(n—1)1"
For convenience we write X'(a, b, c,n) = Y.

Here in this investigation we use the Faber polynomial expansions for the class S[4, B, Y], to
determine a general coefficients bounds |a,,|, for (n > 3).

(1.8)

Y(a,b,c,n) =

2 Coefficient bounds for the function class S[A, B, Y ,,]

Definition 2.1. A function f defined by (1.1) is said to be in the class S[A, B, Y] if the following
condition are satisfied:

<4j@@“@“m><l+Az—1gB<AngeE @2.1)

j(avbac7k)f(z) 1+BZ’
and ,
z [;7(0/, b7 C, k)g(w)} 1 + A’LU
( J(a,b, ¢, k)g(w) “ 17 Bw =B<AslLuwek, (2.2)

where the function g(z) is given by (1.3), that is, the extension of f~! to E.

Special Cases:
i) Fora = cand b = 1 in (2.1) and (2.2) we have the class S[A4, B,Y,,] = S[A, B], defined by
Hamidi and Jahangiri [17].
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Lemma 2.2. [11, 21]. Let p( ) = 1 + >0 pnz™ € A be a positive real part functions so that
R(p(z)) > 0 for . Then

|pz+ap%| <2+alp.

Lemma 2.3.[17]. Let p(z) = Y07 onz" € A be a Schwarz function so that |¢(z)| < 1 for
|z| < 1.Ifv > 0. Then

o2 +7d| < T+ (v = 1) e[

3 Main Results
In this section, we will prove our main results.

Theorem 3.1. For —1 < B < A < 1, if both functions f and f~' map g = f~! are in
S[A, B, Y,],forar =0;2 <k <n-—1,then
(A-B)

< > 3,
|%*—mfmn; nz3

Proof. For the function f € S[A, B, Yn] of the form (1.1) we have the expansion

z[J(a,b,c.k)f »
meckﬁ —1—§:E11%ﬂ3 an)2" ", G.1)

As for the inverse map g = f~!, considering (1.3) we obtain

Z[J(abck)gw B
T(a,b, ¢ k)g(w I—ZFnlevbs b )" (3.2)

1
where, b, = K " (a2, a3, ...).

Fy = —Ysay,
F2 = Y%az — 2T3a3,
= —Y%a% + 3Y,Y3a2a3 — 3Y4a4.

In general

Foi(az, a3.....an) = Z {A(i, 2,02, .y 1) (Y2a2) " (Y3a3) ... (Ypan) ™' }
il+2i2+m+(n71)in,1:n71

(71)(n71)+2i]+,,,+m‘n71 (il +iy+ iz, Fin_g — 1)! (TL — 1)

(015 (@) (in—1")

Since, both functions f and its inverse map g = f~! are in S[A, B,Yn]7 by the definition of
subordination, there exist two Schwarz functions p(z) = Y7 | ¢,2", and g(w) = > 7 | d,w",
where z, w € E. So that we have

A(ilaiZa iZa "'ain—l) -

z[j(a,b,c,k‘)f(z)]/ 1+ A(p(2) B i - gy, . »
Tah e 13 86R) |~ 2 BE e cn B) (3.3)

and

2T (abie Rg(w)] _ 1+AG@w) _ | Sy gy o
Flabe Rg(w) _1+B(q(w))_1 Z(A B)K;'(dy dy,...,dn, Byw™.  (3.4)
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In general [2, 3] for any p € N and n > 2, an expansion of K7 (k; k..., ky, B)

KP(ky koo B) = — P pnpn—ty ! k" ~2k, B2
nAh e (p—n)n! (p—n+D!(n-20"1
p' n—3 n—3
k' 3ksB
NS I
p' n—4 n—4 p—’l’L+3 2
k4 | kyB SRRy 5
to—nt)im_a | T
p!

Tt 4)in= 5)!’@?75 [ksB" 5 + (p — n + 4)ksks B]

where X; is a homogeneous polynomial of degree j in the variables ki k> ..., ky,.
For the coefficients of the Schwarz functions p(z) and q(w) |c,| < 1 and |d,| < 1, [11].
Comparing the corresponding coefficients of (3.1) and (3.3) we have

Fo_1(az,a3....,an) = (A — B)K;_ll(cl,q, vy Cn—1, B) (3.5)
which under the assumption a,,, = 0;2 < k <n — 1, we have
—(n—1DYpa, =—(A— B)ep_1. (3.6)
Similarly corresponding coefficients of (3.2) and (3.4) we have
Fp1(ba,b3.csby) = (A= B)K ' (dy da, ... dp—1, B), 3.7)
which by hypothesis, we obtain
—(n—1)Ypb, =—(A—B)d,—1.

Note that for a,,, = 0; 2 < k < n — 1, we have b,, = —a,, and therefore

(n—1DYpa, = —(A— B)d,_1. (3.8)
Taking the absolute values of (3.6) and (3.8) we obtain the required result
lan| < M
(n—1)7,

For a = cand b = 1 in Theorem 3.1, we have the following Corollary

Corollary 3.2.[17] For —1 < B < A < 1, if both functions f and f~' map g = f~! are in

S[A, B, foray =0;2 <k <n-—1,then

(A-B)
1

Theorem 3.3. For —1 < B < A < 1, if both functions f and f~' map g = f~! are in

S[A, B, Y, then

lan| < n > 3.

(A-B)  if0<B< A,

T,,/(1+4)’
las| <
(A%zm, otherwise,
and A-B (A+1) 2
” U0 -l ifA<o,
az — —za% < 3.9
13

L if A>0.
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Proof. Forn =2,3in (3.5) and (3.7) we have
Yzaz = (A — B)Cl,

Y3a3 — 2Y3a3 = (A — B)(Bc} — &),
—Tgaz = (A — B)dl,

—3Y%a3 + 2Y3a;3 = (A — B)(Bd; — dy).
Taking absolute values of both sides of (3.10) and (3.12) we have

(A-B)

<
laz| < Y

Adding (3.11) and (3.13) yields
—2Y3a3 = (A— B) {(Be{ — &2) + (Bd; —dy) } -

Taking absolute values of both sides of the above equation, we obtain

2} |ao* < (A= B) {|c2 + (-B)&| + |d2 + (-B) d3|} .

If B <0, then by lemma 2.3, we have

272 |a3| < (A - B) {1 +(=B-D|ea+1+(-B-1) |d1\2}.

By using (l ‘22 = |cl\ |d1|2 , we have

jaaf® < = — % |l

After simple algebraic calculation we have
A-B
laz| < g
Yo/ (1+ A)
Obviously, for A > 0 we have
(A- B) (A-B)

N RS

Now rewrite equation (3.13) as

2

T

By using (A — B)2d? = Y%a3 we obtain

YZ
2Y3(as — T—ja%) = —(A—B)(dy — Ad}).

Taking the absolute values of both sides gives

2
o,
az — —az

213 =(A-B)|dy+ (—A)di|.
T3

If A <0, then by Lemma 2.3, we have

_(A-B)

a7 (1 (—A= 1) |di)).

(3.10)

@3.11)

(3.12)

(3.13)



FABER POLYNOMIAL COEFFICIENTS ESTIMATES 359

by using |d;|* = (gfg;, we obtain
Y: ,|] (A-DB) (A+1) 2
BT 2Y; ( (A—BV'wﬂ)

For A > 0, we subtract (3.11) from (3.13) to get

473 <a3 — Ea%) = (A — B) [B(d% — C%) + <02 — dz)] .

Using the fact that ¢ = d? and taking the absolute values of both sides of the above equation,
we obtain the desired inequality

For a = cand b = 1, we have following Corollary.
Corollary 3.4.[17] For —1 < B < A < 1, if both functions f and f~' map g = f~! are in
S[A, B] then
LtB—))yifOSB<A,

V(1+4)
laz| <
(A—B), otherwise.
And (A-B) (A+1) 2
12 (1= gicpelaal), A0,
a3 — a3 <
T3
(A-B), if A>0.
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