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Abstract. Let G be a (p, ¢) graph. Let f : V(G) — {1,2,...,p} be a 1 —1 map. For each edge
uv assign the label r where r is the remainder when f(u) is divided by f(v) (or) f(v) is divided
by f(u) according as f(u) > f(v) or f(v) > f(u). The function f is called a remainder cordial
labeling of G if |ef(0) — ef(1)| < 1 where e;(0) and ey (1) respectively denote the number of
edges labelled with even integers and number of edges labelled with odd integers. A graph G
with admits a remainder cordial labeling is called a remainder cordial graph. In this paper we
investigate the remainder cordial behavior of S(K ,,), S(By.n), S(W,,) and union of some star
related graphs.

1 Introduction

We considered only finite and simple graphs. Let G; and G, be two graphs with vertex sets
V1 and V; and edge sets F; and E, respectively. Then their union of two graphs GG and G,
is the graph Gy U G, with vertex set is V(V; U V3) and edge set is E(F; U E,). The graph
W, = C, + K, is called a wheel. In a wheel, a vertex of degree 3 is called a rim vertex. A
vertex which is adjacent to all the rim vertices is called the central vertex. The edges with one
end incident with the rim and the other incident with the central vertex are called spokes. Ponraj
et al. [3], introduced remainder cordial labeling of graphs and investigate the remainder cordial
labeling behavior of path, cycle, star, bistar, complete graph, etc,. In this paper we investigate the
remainder cordial labeling behavior of S(K ,,) , S(Bnn) , S(W,,), P2, P2UK,,, , P2UB,,
yPoUBuw, PhUK, , K1 US(K1 ) s Kin US(Brn) s S(Ki1n)US(Bn.n) ete,. Terms are
not defined here follows from Harary [2] and Gallian [1].

2 Remainder cordial labeling

Definition 2.1. Let G be a (p,q) graph. Let f : V(G) — {1,2,...,p} be an injective map.
For each edge uv assign the label r where r is the remainder when f(u) is divided by f(v) (or)
f(v) is divided by f(u) according as f(u) > f(v) or f(v) > f(u). The function f is called
a remainder cordial labeling of G if |ef(0) —ef(1)] < 1 where e;(0) and ef(1) respectively
denote the number of edges labelled with even integers and number of edges labelled with odd
integers. A graph G with a remainder cordial labeling is called a remainder cordial graph.

First we investigate the remainder cordial labeling behavior of the subdivision of the star, S(K ,,).
Theorem 2.2. S(K, ,,) is remainder cordial for all values of n.

Proof. Let V(S(K1,))={u,u;,v; : 1 < i < n}and E(S(K),))={uv;,uv; : 1 < i < n}.
Clearly S(K ,) has 2n + 1 veretices and 2n edges. Assign the label 1 to the central vertex

u. Then assign the even integers 2,4, ...,2n to the vertices vy, vy, ..., v,. Next assign the odd
integers 3,5, ...,2n + 1 to the vertices uj, ua, ..., u,. Clearly ef(0) = n = es(1). Hence fis a
remainder cordial labeling. O

Next is the subdivision of the bistar, S(B,, ;).

Theorem 2.3. S(B,, ,,) is remainder cordial for all values of n.
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Proof. Let V(S(Bn,n)) = {u, w,v,u;, v, w;, z; : 1 <i<n}and E(S(B,))=

{vw, wo, wu;, wivi, vw;, wiz; 1 < i < n}. Clearly S(By,, ) has 4n + 3 vertices and 4n + 2
edges. We now give the labeling of S(B,, ,) as follows. Assign the labels 1, 3,2 to the vertices
u, w, v respectively. Next assign the labels 4, 8, ..., 4n to the vertices uj, uy, ..., u, and assign
the labels 5,9, ...,4n+ 1 to the pendent vertices vy, vy, . . ., v, respectively. We now move to the
other side vertices of S(B,, ,,). Assign the labels 6, 10, ...,4n + 2 to the vertices wy, wy, . .., wy
and assign the labels 7,11,...,4n + 3 to the pendent vertices zy, 2, ..., 2, respectively. It is
easy to verify that ey) = ey(;) = 2n + 1. Hence f is a remainder cordial labeling. O

Theorem 2.4. The graph G obtained by subdividing the pendent edges of the bistar B,, ,, is
remainder cordial.

Proof. Let V(G)={u,v,u;, x5, v,y : 1 <i < n}and B(G)={uv, uz;, vsu;, vy, yiv; © 1 < i <
n}. Clearly G has 4n + 2 vertices and 4n + 1 edges. We now give the labeling of G as follows.
Assign the labels 1,2 to the vertices u, v respectively. Next assign the labels 4,8, ..., 4n to the

vertices x1, x7, . .., x, and assign the labels 3,7, ...,4n—1 to the pendent vertices u;, up, ..., Uy,
respectively. We now move to the other side vertices of G. Assign the labels 5,9, ..., ,4n+1 to the
vertices vy, vy, . . . , U, and assign the labels 6, 10, . . ., 4n—+2 to the pendent vertices y1, y2, - - . , Yn

respectively. The table 1 establish that this vertex labeling f is a remainder cordial labeling.

Nature of n er(0) | ef(1)
n=0 (mod4) | 2n+1| 2n
n=1(mod4) | 2n+1| 2n

=2 (mod4) | 2n+1]| 2n
3 (mod4) | 2n+1 2n
Table 1.

Here we investigate the union of star and the bistar.
Theorem 2.5. K ,, U B, ,, is remainder cordial.

Proof. Let V(K ,)={u,u; : 1 <i<n}and V(B,,)={v,w,v;,w; : 1 <i<n}. Let B(K,, U
By, ) = {uu;, vv;, ww;,vw : 1 <i < n}. Note that K, ,, U B,, ,, has 3n + 3 vertices and 3n + 1
edges. We now give a remainder cordial labeling as follows. Assign the labels 1,2 respectively
to the vertices v, w and assign labels 3,5, ...,2n 4 1 to the vertices w;, wy, .. ., w,. Next assign
the labels 4,6, ...,2n + 2 to the pendent vertices vy, v, . ..,v,. We now move to the star K ,,.
Assign the label 2n + 3 to the vertex u and assign the labels 2n +4,2n + 5,...,3n + 3 to the
vertices up, u, . . ., u,. The table 2 establish that the vertex labeling f given below is a remainder
cordial labeling.

Nature of n | ef(0) | ef(1)
3n+l 3n+1
n-odd | = | e
3n+2 3n
n-even T+ 5
Table 2.

Here we investigate the union of the path and the star.
Theorem 2.6. P,, U K ,, is reminder cordial.

Proof. Let V(K ,)={u,u; : 1 <i <n}and E(K;,)={uu; : 1 <i < n}. Let P, be the path
v1vy . .. Uy Itis easy to verify that the order and size of P, U K ,, are 2n + 1 and 2n — 1 respec-
tively. Fix the label 1 to the central vertex u of the star. Next assign the labels 2,3, ..., n,n + 1
consecutively to the pendent vertices uy, uy, . . . , u, of the star. We now move to the path. Assign
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Nature of n | ef(0) | ef(1)

n-odd n n—1
n-even n n—1
Table 3.

the labels n + 2,n + 3,...,2n + 1 consecutively to the path vertices vy, vy, ..., v,. The table 3
shows that this vertex labeling f given below is a remainder cordial labeling.
O

Next is the union of the path and the bistar.
Theorem 2.7. P, U B,, ,, is remainder cordial.

Proof. Let P, be a path vjv, ... v, and V(B,, ,,)={u, w, u;, w; : 1 <i <n}and E(B, ,)={uw,

wug, ww; : 1 <i < n}UFE(P,). Cearly P,,UB,,,, has 3n+2 vertices and 3n edges. We describe

a remainder cordial labeling as follows. Assign the label 1 and 2 respectively to the vertices u

and w. Next assign the even integers 4, 6, . . ., 2n+ 2 to the vertices u, uy, . . ., u, and assign the

odd integers 3,5,...,2n + 1 to the vertices wy, wy, . .., w,. Now we move to the path. Assign

the labels to the Path as into two cases given below.

Case (i). n is even.

Assign the labels 2n + 3,2n + 4,...,2n + 2 + 7 consecutively to the vertices vy, vz, ..., vza.

Subcase (i). » =0 (mod 4).

In this case assign the labels 2n+2+ 5 +2,2n+2+ %5 +4,...,2n+2 + 5 + 5 to the vertices

Un41,Vn40,...,vnn respectively. Finally non-labelled vertices are labelled by 2n +2 + 7 +

1L2n+2+243,....2n+2+2+2 — 1.

Subcase (ii). » =2 (mod 4).

In this case assign the labels 2n+2+ 5 +2,2n+2+ 5 +4,...,2n+2+ 7% + 5 — 1 to the vertices

VB 41,542, , Ug  na Finally assign the labels 2n +2 + 5 +1,2n + 2% +3,...,3n+ 2 to

the vertices v, | n—2
2 7

Case(ii). n is odd.

Assign the labels 2n+3,2n+-4,...,2n+2+ ”T‘“ consecutively to the vertices vy, v, . .., Ungi .

Sub case (i). n =1 (mod 4).

In this case assign the labels 2n + 2 + ”;r] +2,2n+ 2+ ”TH +4,...,3n + 2 to the vertices

Ungl g, Vngt g, -, Vsns . Next assign the labels 2n+2+ ol 2n+24+ 2 43,30+ 1

to the vertices Vsnil g, Vantl o5 Une

Sub case(ii). » =3 (mod 4).

In this case assign the labels 2n + 2 + ”TH +2,2n+2+ ”TH +4,...,3n 4+ 1 to the vertices

Ungt gy Ungl o, v s Ungl g s respectively. Next assign the labels 2n + 2 + "T“ +1,2n+ 2+

ntl +3,...,3n+ 2 to the vertices vt
7

+17'U%+n4—2+2, ceeyUn.

+171J3n4—1+2,...,’Un. m}

We investigate the union of the star and the subdivision of the star.
Theorem 2.8. K ,, U S(K ) is remainder cordial.

Proof. Let V((K1,n))={u,u; : 1 < i <n}and E(K;,)={uu; : 1 <i<n}. Let V(S(K;,))
= {v,v;,w; : 1 <i < n}and E(S(K,))={vvi,viw; : 1 < i < n}. Clearly Ky, US(K) )
has 3n 4 2 veretices and 3n edges. We give the remainder cordial labeling as follows. Assign
the label 1 to the central vertex v. Then assign the even integers 2,4, ...,2n consecutively to
the vertices vy, v, ..., v,. Next assign the odd integers 3,5,...,2n + 1 to the pendent vertices
wy, Wy, . .., W,. Wenow move to the star. Assign the label 2n + 2 to the central vertex u. Finally
assign the labels 2n 4 3,2n + 4, ...,3n + 2 consecutively to the pendent vertices uy, uy, .. ., Uy
of the star. The table 4 given below establish that this vertex labeling f is a remainder cordial
labeling.

O

Next is the union of the star and the subdivision of the bistar.
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Nature of n | e£(0) | es(1)
3n 3n
n-even > 5
3n—1 3n+1
n-odd 5 %
Table 4.

Theorem 2.9. K, ,, U S(B,,.,) is remainder cordial.

Proof. Let V(K ,)={u,u; : 1 < i < n}and V(S(B,..))={v,w, v, z;, w;,y; = 1 n}
Let E(K, ;)= {uu; : 1 < i < n} and E(B,, )= {vv,, Vg, VT, TW, WW;, wil; - 1

Clearly K, U S(B, ) has 5n + 4 Vertices and 5n + 2 edges. Assign the labels 1,3, 2 re-
spectively to the vertices v, x,w. Next assign labels 5,9,...,4n + 1 to the pendent vertices
x1,%2,...,T, and assign the labels 4,8, ..., 4n to the vertices vy, vy, ..., v,. Next consider the
vertices wy, wy, . .., w,. Assign the labels 6, 10,...,4n 4 2 to the vertices wy,ws, ..., w, and
7,11,...,4n 4+ 3 to the vertices y1, v, . . ., Yn. Next we move to the star K ,,. Assign the label
4n + 4 to the central vertex u and assign the labels 4n 4 5,4n+6, ..., 5n + 4 respectively to the
pendent vertices up, uy, . .., u, of the star. Note that this vertex labeling f is a remainder cordial
labeling follows from the table 5.

I/\ \/\

<
<

Nature of n | ef(0) | ef(1)
Sn+2 Sn+2

n-even == 5
_ Sn+l Sn+3
n-odd 5 5
Table 5.

Here we investigate the square of the path, P2.
Theorem 2.10. P2 is remainder cordial.

Proof. Let P, be the path vjv; . ..v,. Clearly P? has n vertices and 2n — 3 edges. Assign the
labels 1,2, ..., n continuously to the vertices vy, vy, ..., v,. It is easy to verify that this vertex
labeling is a remainder cordial labeling. O

Now we investigate the union of the square of the path and the star.
Theorem 2.11. P2 U K, ,, is remainder cordial.

Proof. Let P, be the path vjv; ... v,,. Let V(K »)={u,u; : 1 <i<n}and E(K;,)={uu; : 1 <
i <n}. Clearly P2UK] , has 2n-+ 1 vertices and 3n — 3 edges. We describe a remainder cordial
labeling as follows. Assign the labels 1,2, ..., n continuously to the vertices vy, vy, . .., v, of the
square of the path P2. Next assign the label n + 1 to the central vertex of the star. Finally assign
the labels n + 2,n + 3,...,2n + 2 to the pendent vertices uy, uy, . . ., u,. This vertex labeling f
is a remainder cordial labeling follows from table 6.

Nature of n | ef(0) | ef(1)
3n—=2 3n—4

n-even 5 5
3n—3 3n—3
n-odd | 3| 3
Table 6.

Next is the union of the square of the path and the bistar.

Theorem 2.12. P> U By, ., is remainder cordial.
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Proof. Let P, be a path vjv; ... v,. Let V(B,, ,)={v,w,v;,w; : 1 <i <n}and E(B,,,)={vw,
v, ww; : 1 < i < n}. Ttis easy to verify that Pﬁ U B, has 3n + 2 vertices and 4n —
2 edges. Assign the label 1,2 respectively to the vertices v and w. Next assign the labels
4,6,...,2n + 2 to the vertices vy, vy, ..., v,. Assign the labels 3,5,...,2n + 1 to the pendent
vertices wi, wa, . . ., w,. We now to the square of the path P2. Assign the labels 2n + 3,2n +
4,...,3n 4+ 2 to the pendent vertices u;,us,...,u,. The table 7 given below establish that this
vertex labeling f is a remainder cordial labeling.

Nature of n | ef(0) | ef(1)
4n—2 4n—2

n-even 5 5
4n—2 4n—2
n-odd | =2 | =2
Table 7.

O

We now investigate the union of subdivision of the star, S(K l,n) and subdivision of the bistar,
S(Bpn) -

Theorem 2.13. S(K ,,) U S(B,,,) is remainder cordial.

Proof. Let V(S(K1,))={u,ui,v; : 1 < i < n}and E(S(K,,))={uwvi,uv; : 1 < i < n}.
Let V(S(Bpnn))={z,y,z,2,yi, zi,w; : 1 < i < n}and E(K,,)={uu; : 1 < i < n} and
E(Bnn)={zy, vz, xx;, 2y, 22;, zzw; = 1 < i < n}. Clearly S(K,,) U S(B,,,) has 6n + 4
veretices and 6n + 2 edges. First we give the labeling of S(B,, ,,) as follows. Assign the la-

bels 1, 3,2 respectively to the vertices z, y, z. Next assign the labels 4, 8, ..., 4n to the vertices
Z1,%2,...,%, and assign the labels 3,5, ...,2n + 1 to the pendent vertices yi, y2, . . . , Yn, r€SPEC-
tively. We now move to other side vertices of S(B,, ,,). Assign the labels 6, 10, ...,4n + 2 to
the vertices z1, z3,...,2, and 7,11,...,4n + 3 to the pendent vertices wy, wy, . . ., w,. Second

we give the labeling of S(K] ,,) as follows. Assign the label 4n + 4 to the central vertex u of
S(K ,,) . Next assign the labels 4n +4 +2,4n+4+4, ..., 6n+4 consecutively to the vertices
Uy, Uy, ..., uy,. Finally assign labels 4n +4 + 1,4n +4 + 3,...,6n + 3 to the pendent vertices
V1,02, ..., V,. This labeling f is remainder cordial labeling, since ef(0) = ef(1) =3n+1. O

We now investigate the subdivision of the wheel, S(W,,).
Theorem 2.14. S(W,,) is remainder cordial for all even values of n.

Proof. Let C,, be the cycle uju; ... uyu; and V(K;) = u. Let W,, = C,, + K;. Let z; and
y; be the vertices which subdivide the edges wu; and u;u;;. Assign the label 1 to the central
vertex. Next assign the labels 2,4, ..., 2n to the vertices uy, up,...,u, and 3,5,...,2n 4+ 1 to
the vertices 1, 27, ...,x,. Next assign the labels 2n + 5,2n + 6,...,3n + 1 to the vertices
Y1,Y2, - - -, Yn—1 and assign 2n + 3 to the y,,. Itis easy to verify that e;g) = ey = 2n. Hence
f is a remainder cordial labeling. O

For illustration, a remainder cordial labeling of S(W5s) is shown in Figure 1.

23 22

Figure 1.
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