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Abstract. In this work, we firstly introduce a new subclass Bg’p (n, A) of analytic and bi-
univalent functions. Moreover, we estimate the second and third coefficients for functions in this
subclass. Our results presented in this paper improve some recent works.

1 Introduction

We denote A for a class of functions of the form
o0
f2) =24 anz", (1.1)
n=2

which are analytic in the open unit disk U = {z € C : |z| < 1}. Assume that S be the class of
functions f € A which are univalent in U.

From Koebe one-quarter theorem [5], every function f € S has an inverse f~!, which is
defined by

FHfR) == (zel),

and

st =w (el <nlfin) = ).
where
g(w) :== fHw) = w — ayw? + (23 — a3)w® — (563 — Sazaz + az)w* + - - -. (1.2)

If f and f~! are univalent in U, then f is bi-univalent. We denote X for the class of bi-
univalent functions in U given by (1.1).

There interest to study the bi-univalent functions class X (see [6, 19, 20]) and derive non-sharp
estimates on the first two Taylor-Maclaurin coefficients |a,| and |a3|. The coefficient estimate
problem i.e. bound for |a,| (n € N —{2,3}) for each f € X, is still an open problem.

Recently Frasin and Aouf [6] investigated the following two subclasses of the bi-univalent func-
tion class ¥ and obtained bounds for the first two Taylor-Maclaurin coefficients |a,| and |a3| of
functions in each of these subclasses.

Definition 1.1. (see [6]) Let 0 < o < 1 and 0 < X < 1. A function f(2) is said to be in the class
By (e, ) if the following conditions are satisfied:

f(2)

feX and |arg[(1 —)\)7

+Af’(2)]’ < (zew)

and

argl(1 - ) 22 +Ag/<w>1\ < wew),

where the function g is given by (1.2).
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Theorem 1.2. (see [6]) If f(z) is in the class Bx(a, \), then
] < 2a las] < 4a? n 2a
a ) as| > :
PO D2t a(l +2) - N IS0 T2y

Definition 1.3. (see [6]) Let 0 < 3 < 1 and 0 < X\ < 1. We say that a function f(z) is in the
class By (3, A) if the following conditions are satisfied:

/()

z

feX and Rel(l—N) +Af'(2)] >B  (2€U),

and
oel(1- N2 L)) > 8 (we),

where the function g is given by (1.2).

Theorem 1.4. (see [6]) If f(2) is in the class Bz (8, \), then

21— 8
ol <) 2B <

4(1-p)?  2(1-5)
(T+N2 " (T+2))

In 1983, Salagean [8] defined differential operator D* : A — A as
Df(z) = f(2),

D'f(z) = Df(z) = 2f'(2),

DEf(2) = D(D*'f(2)) = 2(DF'f(2)), keN={1,2,3,---}.

We note that

DFf(z) =2+ ) nan2", ke No={0} UN. (1.3)
n=2

By using Salagean differential operator, Porwal and Darus [7] introduced the following two
subclasses of the bi-univalent function.

Definition 1.5. (see [7]) Letn € Ny, 0 < a < 1 and A > 1. A function f(z) is called in the class
By(n, «, ) if the following conditions are satisfied:

Fex and a?"g|:(1_)\)an(zi+)\D”+1f(Z):H<O;T (ZEU),
and
arg {(1 — /\)D”g(wzu—i- )\Dn+lg(w)} ‘ < % (w c U),

where the function g is given by (1.2).

Theorem 1.6. (see [7]) If f(2) is in the class Bg(n,a, ), then

las] < 20 ,
VAT (1 + )2+ a[2.37(1 +2)) — 47(1 + A\)?]
and
2 402
+

las| < [

(1 _ )\)3n + )\3n+1] [(1 _ )\)Zn + )\2n+1]2'



46 Ahmad Zireh and Saideh Hajiparvaneh

Definition 1.7. (see [7]) Let n € Ny, 0 < 8 < 1 and A > 1. Under the following conditions, a
function f(z) is said to be in the class By(n, 3, A):

feXr and fRe ((1 — A)D"f(zi+ AD”Hf(Z)) >0 (zel),
and
Re <(1 - A)D”g(wi;i— )\D”‘Hg(w)> -8 (wen),

where the function g is given by (1.2).

Theorem 1.8. (see [7]) If f(2) is in the class By(n, 8, \), then

2(1-5)
jaz] < \/[(1 — )37+ A3

and

4(1 - By
[(1 _ )\)Zn + )\2n+1]2'

2(1-p)
(1= \)3" + A3n]

las| < [ +

The aim of this paper is to investigate the bi-univalent function class B;:L "P(n, \) introduced
in Definition 2.1 and derive coefficient estimates on the first two Taylor-Maclaurin coefficient
|az| and |as|. Our results for the bi-univalent function class f € B)}:L "(n, \) would generalize and
improve some recent works Srivastava [9], Frasin and Aouf [6] and Porwal and Darus [7].

2 The subclass BEP (n, A)

In this section, the general subclass B)’:L P(n, \) is introduced and investigated.

Definition 2.1. Assume that the functions h,p : U — C be so constrained that
min{Re(h(z)),Re(p(2))} >0 (2 €U) and h(0)=p(0)=1.

Letn € Ny and A > 1. We say that a function f € A given by (1.1) is in the class By'* (n, \) if
the following conditions are satisfied:

fexr and <(1_A)an<zi+wn+1f(z)> en(U) (zeU), @.1)
and
((1 - /\)D"g(wz}-i— AD"“g(w)) ep(U) (wel), 2.2)

where the function g is defined by (1.2).

Remark 2.2. There are many selections of 4 and p which would provide interesting subclasses
of class By"(n, A). For example, if we set

14z
1—2

h(z)zp(z)z( )a 0<a<1,A>1,2€0),

it can be easily verified that two functions i(z) and p(z) satisfy the hypotheses of Definition 2.1.
If we have f € B (n, \), then

feX and <5 (z €,

z

arg [N+ 1) o
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and

< (w e U),

2

(1-M)D"g(w) + AD”“Q(“’)} ‘

arg{

where the function g is given by (1.2).
Therefore, in this case the class Bg "P(n, ) reduce to class in Definition 1.5 and if we take n = 0,
it decrease to class in Definition 1.1.

If we put

14+ (1-28)z

T 0<p<1,A>1,2€0),

then the conditions of Definition 2.1 are satisfied for both functions h(z) and p(z). If f €
B{P(n, A), then

feX and Re ((1 — /\)D”f(zi—i- ADan(Z)) >p  (ze€l),
and
Re ((1 - A)D"g(wi)%— AD”“g(w)) . (w e V),

where the function g is defined by (1.2).

Therefore, in this case the class Bg”p (n,\) reduce to class in Definition 1.6 and if we set
n = 0, it decrease to class in Definition 1.3.

2.1 Coefficient Estimates

We are now ready to express the bounds for the coefficients |a;| and |a3| for subclass Bg P(n, ).

Theorem 2.3. If f () be in the class B (n, \), then

, [1’(0)]* + [p'(0)[? R (0)| + p"(0)]
MﬂSmm{¢ﬁﬂ—Aﬂ”+MWﬂT¢MU—AB"+Mmﬂ}’ 2.3)
and
: 2" (0)] + [p"(0)] | (0)* + [p'(0)]? |1"(0)]
la3] < min {4[(1 Z )37+ A3 2[(1 — A2 4+ A2 27 2[(T — )37+ A3 } - @9

Proof. The main idea of the proof is to get the desired bounds for the coefficient |ay| and |as|.
Consider relations (2.1) and (2.2). Now, we have:

<(1 “ND"f(2) + )\D"“f(z)) =h(z) (A\>1,z€l), (2.5)

z

and

w

(F=RE 20700 _yw) (32 1w e D), 20

where two functions h and p satisfy the conditions of Definition 2.1, respectively. With respect
to the following Taylor-Maclaurin series expansions for the functions h and p, we get:

h(z) =1+ hiz+hpz? + haz’ +- -, (2.7)



48 Ahmad Zireh and Saideh Hajiparvaneh

and
p(w) =14 piw + pyw* + psw’ + - - -, (2.8)

Substituting relations (2.7) and (2.8) into (2.5) and (2.6), respectively, yield

[(1—X)2" + 2" May = hy, (2.9)
[(1—=X)3" + A3 az = hy, (2.10)
—[(1 = X)2" + 22" ay = py, (2.11)
and
[(1—X)3™ + 23" (243 — a3) = pa. (2.12)

Comparing the coefficients (2.9) and (2.11), we obtain
hi = —p1, (2.13)
and
2[(1 = A)2™ + A2"12a3 = h? + p?. (2.14)
Adding (2.10) and (2.12) give us the following relation:
2[(1 = A)3™ + 23" a3 = py + ha. (2.15)

Therefore, considering relations (2.14) and (2.15), we have:

2 1 1
A= N2 A (2.16)
and
a3 = i 2.17)

2[(1 = A)37 + A3n+1]

respectively. So, we find from the equations (2.16) and (2.17), that

oo _IWOP+IOF

2" < S =N e

and

oo MO +1p"(O)

2" < = N3 A

respectively. Hence, we derive the desired bound on the coefficient |a;| as asserted in (2.3).
The proof is completed by finding the bound for the coefficient |as|. Subtracting (2.12) from
(2.10) yields

2[(1 = AN)3" 4+ A3 az — 2[(1 = A)3™ + A3"" a2 = hy — py. (2.18)
Put the value of a3 from (2.16) into (2.18). So, it follows that

h? + p? n hy — 2
21— N)27 + A2n 12 T 2[(1 — A)3" + A3nt]’

a3z =

Therefore, we conclude the following bound:

WOF + 1P OF W) +[p"(0)]

[(1— 027 + A27 12 4[(1 = A)3" + A3 1] (2.19)

laz] < 3
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By taking the value of a? from (2.17) into (2.18), it follows that

o — (p2 + h2) n (hy — p2) B hy
T[T = A3+ A3 T 2[(1 = A)37 + A3 T (1= A)37 + A3

Hence, we get:

a3 < 7" (0)]
= 2[(T = X)37 £ A3+ 1]

(2.20)

Now, we obtain from (2.19) and (2.20) the desired estimate for the coefficient |az| as asserted in
(2.4) and the proof is completed. O

3 Conclusions
If we set

14+ 2
1—2

h(z)zp(z)z( )a O<a<l, zel),

in Theorem 2.3, then Corollary 3.1 can be obtained.

Corollary 3.1. Let the function f(z) given by (1.1) be in the class Bx(n,«, \). Then

|az] < min 2o ; 2 ay,
[(1—A)2" 4 A2nt1] [(1—X)3" 4+ A3nH1]
and

202
(1 — )37 4 \3nH1]”

las| < [

Remark 3.2. For the coefficient |as], it is easily seen that

202 < 20 + 402
[(1—=X)37 4+ X372+ = [(1 = X)3» + A37+H] (1 — N\)27 4 A2 t1]2”

So, it is clear that Corollary 3.1 is an improvement of Theorem 1.6.
Set n = 0 in Corollary 3.1. So, we have the following corollary.
Corollary 3.3. Let the function f(z) given by (1.1) be in the class By (c, \). Then

2
2A+1

a, 1<) <1+V2

laa| <
2c

2o A> 1442
P 2 1+V2

and

2
|a3| < ZL_
22+1

Remark 3.4. Corollary 3.3 improves Theorem 1.2.

If we take A = 1 in Corollary 3.3, then we get the following corollary.
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Corollary 3.5. Let the function f(z) given by (1.1) be in the class H&(0 < o < 1). Then
ol < /2
2| >~ 3(17

) < 22
a3_3.

Remark 3.6. Corollary 3.5 provides a refinement of a result which obtained by Srivastava [9,
Theorem 1].

Put

and

1+ (-28):
1—2

in Theorem 2.3. Then, Corollary 3.7 can be easily concluded.
Corollary 3.7. Let the function f(z) given by (1.1) be in the class Bx(n, 3, \). Then

|a2|<mm{ 2(1-B) \/ 2(1-8) }
= (1= n2m + 2]\ (1= 037 + azee] [

2(1-5)
(1= )37+ A3 ]

(0<p<1, zel),

and

las| < [

Remark 3.8. For the coefficient |as3], it can be easily seen that

20-8)  __ 2(1-p) 4(1 - )’

(L= 3"+ 0371 = [1= N3 30 | [T =n2r 4 2t 3.1)

Hence, Corollary 3.7 improves Theorem 1.8 with regard to relation (3.1).
By setting n = 0 in Corollary 3.7, we get:
Corollary 3.9. Let the function f(z) given by (1.1) be in the class Bz (8, \) where A\ > 1. Then

|a2|§min{2(1_ﬁ), 2(1_5)},

A+ 1 22+ 1
and
2(1-7)
< —_7,
Jas] < 22+ 1

Remark 3.10. Theorem 1.4 is improved by Corollary 3.9.
If we put A = 1 in Corollary 3.9, the following corollary can be obtained.
Corollary 3.11. Let the function f(z) given by (1.1) be in the class Hx(3)(0 < 8 < 1). Then

—2(1;5), 0<pf<y
las| <
(175)7 %SB <1
and
|a3|§w.

Remark 3.12. The bounds on |a;| and |a3| given in Corollary 3.11 are better than those given by
Srivastava [9, Theorem 2].
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