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Abstract In this paper we investigate the rate of uniform approximation by double Cesaro
submethod of the rectangular partial sums of the double Fourier series of a function f(z,y)
belonging to the class Lipa, 0 < o < 1, on the two dimensional torus —7 < z,y < 7. We
extend two theorems on four dimensional Cesaro submethods of Moricz [6] et al. (1984), where
they have extended two theorems of Goel [2] and Holland [4] using d-dimensional cases, where
d is an integer greater than 2, are straightforward.

1 Introduction

Some equivalance results for Cesaro submethods have been studied by Goffman and Petersen
[3], Armitage and Maddox [1] and Osikiewicz[7]. Unver, in [8], continued to work on four
dimensional Cesaro submethods and to give some inclusion results. Moricz [6] have extend
some results of Goel [2] and Holland [4] to general matrices. The aim of our paper generalize
the two theorems of Moricz[6] under weaker assumptions and give sharper estimates.

Let {p;r : j,k=0,1,...} be a double sequence of nonnegative numbers poy > 0. Its partial

sum is defined as .
Pmn:Zijk (m,n=0,1,...).
=0 k=0

{sjx + 7,k=0,1,...} be a double sequence of complex numbers, the Norlund means N,,,, are

defined by
1 m
Ny = P Zzpmfj,nfkrsjlv
MmN -0 k=0

Let f(z,y) be a complex valued function of period 27 with respect to each of the variable and
integrable defined on the two dimensional real torus Q := {(z,y) e R : —r <z <m, —w<y<7h
ie., f € L'(Q). We consider the double Fourier series of f defined by

Fz,y) ~ Z Z cjkei(jx+ky) (1.1)

Jj=—00 k=—00

where
1 T T —i(jut+kv -
Cik = (2n)2 [ﬂ 77rf(u,v)e Gtk qudy  (jk=...,—1,0,1,...).

We write the double sequence of (symmetric) rectangular partial sums for the series (1.1) as
follows:

Smn (2, y) = Z Z cireITHRY)  (m o =0,1,...).
j=—mk=—n
We say that the function f belongs to Lipschitz class of order « for some o > 0, if
w(d: f) = sup  sup  |f(ztu,y+o) - flz,y)|
(z,y)€Q{u+v2}1/2<6

cs® (5>0) (1.2)

IN
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where the constant C does not depend on . The quantity w(d; f) is called the (total) modulus of
continuity of the function f.

Clearly, if f € Lipa for some « > 0, then f is necessarily continuous everywhere. Only the
case 0 < a < 1 is interesting. If o > 1, then 0f/0x and 0f /0y exist and are zero everywhere,
so f must be a constant.

Condition (1.2) can be rewritten as

@ +uy+o) = fla,y)| < O{u? + 07}
for every real x, y, v and v; or equivalently,

[f(@+uy+0) = fz,y)] < Oul™ + [v]*).
From these inequalities obviously yields

|¢(u, v)| < C(Jul” +[v]%). (1.3)

1.1 Estimation of The Kernel

We will use some well-known estimates. D;(u) is the Dirichlet kernels in terms of w;

i) 2t ;cosau 2sindu ( L)
Forj=0,1,...
|Dj(u)] <j+1  forevery u. (1.4)

Fora,b=0,1,...; a <0,

Eb:sin <j n ;) o = Cosau — cos(b+ 1)u’
j=a

]
2sinzu

whence, on account of the inequality

sinu _ 2 T
Z - 0 <u S "
U 0 2
we obtain
b 1 s
Zsin<j+>u <— for O<u<m. (1.5)
, 2 U
j=a
Similarly,
b
cosau — cos(b+ 1)u
Z biw) = (232’7111(1)2
j=a 2
7'('2
< — for 0 <u<m. (1.6)
2u?

We recall that the double index sequence 3 = 3(m, n) is defined as 3(m,n) = (A(m), u(n))
where A\(m) and p(n) are strictly increasing single sequence of positive integers. Let = (x)
be a double sequence. Then, the Cesaro submethod Cjs := (Cp, 1, 1) is defined to be

n))

X <A<n%< )
(Co)m = .
)
(m)u(m) 5=

Since {(Csx)mn} is a subsequence of {(C ), }, the method Cz is RH-regular for any 3 [8].
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2 Main results

Motivating by Moricz [6] we make the following definition:

Definition 2.1. Let the index sequences A(m) and u(n) are strictly increasing single sequences
of positive integers and {p;; : j,k = 0,1,...} be a double sequence of nonnegative numbers

poo > 0. Set
A(m) p(n)

Pyxmyu(n) = Z ijk (m,n=0,1,...).

=0 k=0

{sjx + j,k = 0,1,...} be any double sequence of complex numbers, the N{'-method is
defined as

| s
Nf = Pi Z Zp)\(m)—j,,u(n)—ksjk (n,m:O,l,...).
A(m)p(n) j=0 k=0

It is clear that N}{' method is regular.
The N} method for the sequence {s,,,(z,y)} are defined as

Nf(x’y) P)\( Z Zp)\ kSJk($ y) (m7n = O, 1,)
=0 k=0

The following representation is important,
N (z,y) / flz+u,y+v)K{(u,v)dudv  (m,n=0,1,...), 2.1

where N{'- kernel K§' (u,v) is defined by

K{(u,v) = P)\ Z Zp)\ n—kDj(u)Dr(v)  (m,n=0,1,...).

Jj=

From (2.1), we have

N{(z,y) — //qbuv ¥ (u, v)dudv

where
1
¢)(U,U): Z{f(x—i—u,y—i—v)+f(x—u,y—|—v)+f(x+u,y—v)
+f(z—u,y—v)—4f(z,y)}.
We will use the notations

Aopjk = Djk — Dj+1.k>
Ao1pjk = Djk — Pjk+1s
and

ANpjk = Djk — Pj+1k — Djktl +Djr1e+1 (4, k=0,1,...).

The double sequence {p,} is nondecreasing if Ajop;; < 0, and is nonincreasing if Agipjx >
0 and Ajgp;jr > O forevery 5,k = 0,1,.... We also set,

1 u(n)
) = B B P
1 A(m)
tk(m),u(n) = P)\(m)u(n) Pj.u(n) (mv n= Oa 1, )
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Let us consider the case where {p;;} is nondecreasing. Then

| A(m) p(n)
A(m) + Dhamypn)y = 55— PA(m)
Prxmutn) 555 150
1 A(m) p(n)
> - Pt =1 2.2)
A(m)p(n) =0 k=0
and similarly,
(1(n) + Dtrmyuen) = 1- (2.3)
We have also
In the sequel, we need the opposite inequality:
A 1 1
(A(m) + 1) (u(n) + 1)Prm) u(n) —o(1). 2.4)
Prm)u(n)
The opposite inequality is provided for the following sequence defined below,
pik=0+1)"(k+1"  (y,p=1).
Condition (2.4) implies that
(A(m) + 1)h (A(m) +1) }(f:) 2.5)
m A(m)pn) — —pH Px(m),k .
w(n) Prtm)a(n) v (m)
A(m) + 1
< (P( ) )(M(n) + D)Pa(m).un) = O(1) (2.6)
A(m)p(n)
and

In particular, the conditions of regularity are satisfied:

o0 Pxmyun) = | 0B ) u(n) = O-

Thus, we may assume that
Bxtmyuny <7 and  Exgnyumn) <7 (m,n=0,1,...).

The following result is an analogue of a result of Moore [[5], page 39] which almost follows
the same lines, so the details are omitted.

Theorem 2.2. Let the index sequences A\(m) and pi(n) are strictly increasing single sequences
of positive integers. If {pjr, > 0: j,k =0,1,..., poo > 0}, then the necessary and sufficient
conditions for the regularity of the N{'-method of summability are

(n)
1 7
lim ———— Pk =0 (j=0,1,...;7(m) > )
m,n—o0 )\(m)p,(n) ; ( ) J
and
1 A(m)
lim —— ij,u(n)—kzo (k=0,1,...;u(n) > k).

mn=00 Pyx(mu(n) ‘=5
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Lemma 2.3. Let the index sequences \(m) and p(n) are strictly increasing single sequences of
positive integers and {pji, >0 : j, k=0,1,...} be a nondecreasing double sequence such that

A11pjk is of fixed sign. Then

K (u,v)| < <A<m> () +1), Vo

2

T

S? ) () 22k+ Px(m),u(n)—k > Yo and O <u <
71'2 A(m)

SZP/\ UZZJ+ PA(m)—ju(n) s Yu and 0 <v <

Jj=

< 37% PA(m)un)
= 4% Pyyu(n)

0<u,v<m.

Proof. From (1.4),

|K§\L(u,1})‘ Px(m)—j,u(n k|D( )HDk(Uﬂ

AN
i}
i

IN

(] + l)(k + 1)p>\(m)fj,p‘(n)fk

< P Pjk
A(m)p(n) j=0 k=0
= (A(m) + 1)(p(n) + 1)
which is (2.8).
Again from (1.4), we have
(n) | A(m)
|P)\(m)u(n)K§\L(uav)| < p/\(m)—j,u(n)—ij<u) |Dk(v)|
k=0 | j=0
u(n)
Z PA(m -k Dj(u)] -
k=0

By Abel’s transformation, we can rewrite the inner sum as follows, for each k

A(m)

Z Px(m k:D (u) = Po,u(n)—k Z Dy (u)

=0

’HL

j—1
- Z Alop,\ )_kZDl(u)
=0

Because we regard {p; } as nondecreasing in j and (1.6), we get

IN

ZPA )-kDj(u)

2

- ﬁpk(m),u(n)—k'

(2.12) and (2.13) yields (2.9). (2.10) can be shown in similar way.

( ZAIOP,\ (n)—k T P0,u(n)— k)

(2.8)

2.9)

(2.10)

@2.11)

(2.12)

(2.13)
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We perform a double Abel’s transformation to prove (2.11):

A(m) p(n) Jj—1 k—1
Py (myu(m) K5 (u,0) = Z Z ANDA(m)—j,p(n)—k ZDa(U) Z Dy(v)
j=0 k=0 a=0 b=0
A(m) j—1 w(n)
=3 Aopagm)—50 Y Da() Y Dy(v)
§=0 a=0 b=0
p(n) A(m) k—1
- Z AOlpO,u(n)—lc Z Da(”) Z Db(v)
k=0 a=0 b=0
A(m) p(n)
+poo Y Da(u) Y Dy(v)
a=0 b=0
whence, from (1.6)
A(m) p(n)
Pxmyu(n) 1K (u,v)] < 4u2v2 > AP )]
j=1 k=I
u(n)
+ ) AwDAm)—j0 T D AorBou(m)—k + D00 | - (2.14)
j k=0
Because of Aj1pjy is fixed, we get
A(m) p(n) A(m) p(n)
|AnDAm) g -k = | DD AUPAGm)—juln) -k
j=1 k=1 J=1 k=1

|p/\(m)u(n) = DA(m)0 — Pou(n) T Poo| .

Again (2.14), if Ayp;r > 0,

7T.4

P)\(m)u(n) |K§f(u7 U)' < m [(pA(m);L(n) — Px(m)0 — Pou(n) + pOO)
+ (PAGm)0 = P00) + (Pou(n)—peo) + P00]

T PA(m)u(n)
494292

and if A“pjk <0,

a4

PA(m)u(n) |Kf\t(uv 'U)| < m [(7p)\(m)u(n) + Px(m)o +p0u(n) - pOO)

+ (Pam)o = P00) + (Pou(n)—pe0) + Poo]

4
™
= 120 (=Pr(myu(n) + 2Pam)0 + 2Pou(n) — 2P00)
T PAGm)(n)

4u20?

O

Lemma 2.4. Let the index sequences A\(m) and p(n) are strictly increasing single sequences of
positive integers and {p;, >0 : j, k=0,1,...} be a nonincreasing double sequence such that
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Av1pji is of fixed sign and let o = [1/u], T = [1/v] where [.] means the integral part. Then

|KY (u,v)| < (AMm) + 1)(pu(n) +1),  Vu,v (2.15)
(n) o
r(r+1) <
. < .
T N (k+1) ij,#(n),k . Yoand O<u<n 2.16)
k=0 =0
A(m)
m(r+1)
=2p j < 2.1
= 2P ot Z pr —jk>, Yuand 0<v < 2.17)
7=0
2 2
crllamtdn) P gcuusn (2.18)
4 PA(m)u(n) U0
Proof.
u(n)
Promyutm) [EX (w,0)] - < Z D)) D5 (1)
k:O
- p(n) A(m)
S g2kt D D PAm)—un) kSHl(A(m)—JJrz)z( 19)
k=0 j=0

ZPA —k Sin (A(m)—jJr;)u

’HL

Z PA(m — SN (/\(m)—j—i—;)u

j=o+1

Zp], _k T+

(2.20)

Using Abel’s transformation, we have

A(m) |
Z Pju(n)—k SN <)\(m) —j+ 2) u

j=o+I1
A(m)—1 j |

= Z AlOpj,,u,(n)fk: Z Sin ()\(m) — 1+ 2) u
j=o+1 l—o+1

'VYL

DA () () Z s1n( ) — 1+ 2> (2.21)
l=0+1
From (1.5), p; is nonincreasing in j and % < o+ 1, we have

A(m) 1
> Pl S0 (A(m) —j+ 2) u

j=o+1

= Epa+l,,u(n)fk

IN

77(0- + l)pa-‘rl,u(n)fk

IA

Ty Djuln)—k (222)
=0

Combining (2.14), (2.20) and (2.22) yield (2.16).
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(2.17) can be proved similarly. Now let’s prove (2.18) begining the following inequalitiy,

Py KX (o)l = [ 37> 0Dy (W) D)4 (v)

j=0 k=0

1 . 1
4uv Z ijk sin ( —Jj+ 2) usin (,u(n) —k+ 2) vl. (2.23)

j=0 k=0

We divide the double sum into four parts:

Zn;i ksm( —j+;)usin(u(n)—k+;>v

k=0

o

IN

ng-i-z ijksn’l( )j—I—;)u

k=0 |j=0+1

) I
E Djk Sin ( —k+ 2)
=7+1

o

=0 |k

A(m)  p(n) 1 |
Z Z Pk Sin ()\(m) -7+ 2) u sin (,u(n) —k+ 2) v

j=ot1 k=r+1
= P+ A +A+ A; (2.24)

say.
For A; we can perform an Abel’s transformation similar to (2.21) and conclude that

A(m) 1
Z Djk sin <)\(m) *j + 2) u

j=o+1
A(m)—1 j 1
< Z A]()pjk Z Sin ()\(m) -1+ 2) u
j=o+1 l=0+1
A(m) 1
DA(m) Z sin ()\(m) -1+ 2) u
l=0+1
T o
< apa+l,k <7(o+ Dpot1k < WZP;‘k,
§=0
which results in
A < 7P, . (2.25)

Similarly,

Ay < 7P, . (2.26)
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For Aj, we perform a double Abel’s transformation:

Alm)  p(n) . 1
Z Z Pjk Sin <)\(m) -Jj+ 2) usin (M(n) —k+ 2) v

j=o+1 k=1+1
A(m)—1 p(n)—1 j 1 k 1
— Z Z Apjk Z sin <)\(m)a—|—2>u Z sin (u(n)b—i— 2)1}
j=o+1 k=71+1 a=o+1 b=1+1
A(m)—1 j 1 n(n) 1
+ Z A10P; () Z sin ()\(m) —a+ 2) u sin (u(n) -b+ 2) v
j=o+1 a=o+1 b=7+1
n(n)—1 A(m) 1 k
+ Z Ao1PA(m)k sin ()\(m) —a+ 2) u Z sin (,u(n) —b+ )
k=1+1 a=o+1 b=1-+1
A(m) 1 u(n) |
+ Pa(m s1n<)\ —a+2>u sin u(n)—b—i—z)v
a:oJrl b=7+1

whence, by (1.5),

A(m) - p(n) | |
Z Z Pjk Sin ()\(m) —J+ 2) u sin (M(n) —k+ 2) v

j=o+1 k=7+1
([ A o) Am)—1 u(n)—1
S w Z Z Anpjk| + Z A10Pjp(n) + Z A01PA(m)k + PA(m)u(n)
j=o+1k=r+1 j=o+1 k=r+1
)
= gpPoriral (Anpjr > 0)
2
= % (72pk(m)/t(n) + 2pa+l,/t(n) + 2pA(m),‘r+l - pa+l,r+l)
372
< —Potrir+1 (Anpix <0).
uv

Hence, the following inequality is hold:

372
A3 < o Dot <37 (o + D(7 + Dpotir+1
< 3q Z Z pjr = 37°P,,. (2.27)
=0 k=0

Putting (2.24)-(2.27) together yields

ZZp]ksm( —j+;>usin(u(n)—k+;>v

7=0 k=0
< (1427 +37%)P,,
Thus (2.23) implies (2.18). O
Theorem 2.5. Let the index sequences A(m) and p(n) are strictly increasing single sequences

of positive integers and {pji, >0 : j,k =0,1,...} be a nondecreasing double sequence such
that Ay1pjy, is of fixed sign and condition (2.4) is satisfied. If f € Lipo for some 0 < o < 1, then
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SUP(z.y)eq INY (2, y) — f(2,9)] (2.28)
O((Prmyu(m)® + (Extmyu(m))®) L 0<a<l
O(hr@myu(n) M 72+ ey M=) a=1.
Proof.
2
{ Pexm)u (m)u(n) [T
R T Y R S|
0 ham)u(n Ex(m)p(n)
+/ / }|¢uv)|K“(u v)| dudv
hA (m)p(n) tA p(n)
= I +12+I3—|-I4 (2.29)
say.

Each time ¢(u, v) is estimated by (1.3) and the appropriate estimate of Lemma 2.3 is substi-
tuted for the kernel K% (u,v). By (2.8), for & > 0

h>\(m) (n) Ex(m)u(n)
Lo < (Am)+ 1)(u(n)+1)/ / (u® +v*)dudy
0 0

1

= o7 A+ D) + Dhagm)uetamnt) (hf(mm(n) + ff(m)u(m) :

By (2.5) and (2.7),

1= O (Bt + Bt - (2:30)
By (2.9),

2 t «a a
T 1 Am)u(n) @ 1 g
L< 5 p——— . Z(k + D)D) u(n /h . /0 ——dvdu

whence for0 < o < 1,

2 tam & X omutm) | Bmynn)
L <= (k+1)p e Rl B
2 zh)\(m)()P/\ kz M)~ l-a I+a
while for a = 1,
<™ Bmuw H(f(k+ ) (h o )
< — —k A(m)p(n) 1N A “A(m)p(n
2 Bxtmput Primnn) 2= ) T By ty 2"
Using (2.7)
Exem)nn) #E(n:(k + D)Pr(m),pu(n)—k EXmtr) (1(n) +1) %)PA( )5k
hox(m(n) Prtmyu(n) £ T e Paemin) k=0
= (1(n) + Dtrmyum) = O(1)
So,
O ((Pagmyntn))” + (Exmuim) ) ; 0<a<l
= (2.31)
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Similarly, using (2.10),

O (("ex(mu(n))

«

+ (Exmynm) ) , 0<a<l
I

(2.32)

O (Mgt + trmpin M 2s) o a=1

A(m)p(n)

37T Px(m p, / / u® 4 v®
I ———dud
2= 4 Py(m, Fxm Exm wr e

whence for 0 < a < 1,

By (2.11),

3r PA(m)u(n)
41 = @) hx(m)u(m) Ex(m)u(n) Prim) u(n)

((rxgmyuem) ™ + (Exmyum) )

while for o = 1,

37t PA(m)u(n)

<h In il +t In il )
e A(m)p(n) z A(m)p(n |-
4 Px(m)u(n)Er(m)un) Primyu(n) ! gt )

By (2.2), (2.3) and (2.4),

Prx(m)u(n) ()‘(m) + 1)(/”‘(71) + l)p)\(m)u(n) _
hxmyu(n)Exom)u(n) Promyutn) — (AM) + DAy (0(0) + 1DEsem)un) Priom)utn)

Consequently,

O ((hagmyum) ™ + (Exemyum) ™) , 0<ac<1

=
|

(2.33)

0 (h/\(m)l‘«<n) In hx(n:#(n) + t)\(m)p,(n) In T ) , o a=1.

Ex(m)u(n)

Collecting (2.29)-(2.33) together yields (2.28).
O

Theorem 2.6. Let the index sequences A\(m) and p(n) are strictly increasing single sequences
of positive integers and {p;r >0 : j, k=0,1,...} be a nonincreasing double sequence such
that Av1pji is of fixed sign. If f € Lipa for some 0 < « < 1, then

sup |N{(z,y) — f(z,y)] (2.34)
(z,y)eQ

B (m) p(n) Pir Pir
- { o Z( +1>a+1<<>+1>+<A<m>+1><u<n>+1>a+l>}'

In the special case where

>

lim  pg, >0, (2.35)
m,n— 00
we have
1 Poo 1
< =0(1) and =0(1)
(A(m) + l)hk(’rn);t(n) Pmm (u(n) + l)tk(nL)u(n)

and the right-hand side of (2.34) reduces to that of (2.28).

Proof. We use (2.29) with Ay (), () @0d L (1) () T€placed by m/(A(m) + 1) and 7/ (u(n) + 1),
respectively. For brevity, we denote by ¥,,,, the quantity in braces on the right-hand side of
(2.34).
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From (2.15), for o > 0

m/(A(m)+1) e/ (p(n)+1)
I < (A(m)+1)(u(n)+ 1)/ / (u® 4+ v*)dudv
0 0

" ! ! 236
= + . )
a+1 ()\(m)-i—l)o‘ (u(n)—l—l)a) (2.36)
Since p;;, is nonincreasing, we clearly have

P2 (G+1D(k+Dpjr (,k=0,1,...).

Therefore,
1 1 1 A(m) p(n)
= - Dk
(A(m) +1) Am) + D) Pamyum) = =577
1 1 A(m) p(n) ij
<
()‘(m) + 1)a P)\(m)ﬂ(n) =0 k=0 ( + 1)(k + 1)
§ T ’f:) P;
o P)\(m);t(n) =0 k= (.] + )OﬁLl(k + )
and similarly,
1 A(m) p(n)
22
a a+l’
() + 1) PA 2 E+ 1)
Combining (2.36) with the last two inequalities results in
L =0(¥mn). (2.37)
By (2.16),
u(n)
n)+l u® _|-v
L < ij u(n kdvdu
2P>\ (mp(n k=0 * Syt ) 0
p’(”) T [
_ a—1
— ZPA " Z (k+1 )+ ; / u Z P pu(n) -k (2.38)
k=0 )+ 7=0

e 1) Jott / ij’ ’“du}

In each integration replace u by i (remembering that o = [1/u]) to get

>\(m)+l [’U.]
o(1) % 1 =

(m)+l

1
), th kdy}

Then making a simple approximation to the 1ntegrals involved yields

0(1) u(n) 1 A(m) 1 l
L = ——J 1 .
? 2 DA ey lz:; I+ 1)o ;p]”“”)"“

A(m) l
1 1
1)a+1 Z l+1 2 pj,,u(n)k} . (239)
=0 j=0
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The first sum on the right is equal to

A = D
(1 1 1\a+1 Js K
(M(n) + 1)P)\(m.),u(n) k=0 =0 l+ 1 + =0
1 A(m) 1 p(n)
- ~ (k+ 1)pj un)—rk
(M(n) + 1)P)\(m)u(n) -0 (l + 1) +1 JZO k=0 H
Using the identity
#(n) u(n) p(n)—k
Z(k + l)p] uln)—k = DPjr,
k=0 k=0 r=0
we can write
A = a Pjr
) T D Py 2 T F 17T 2 Z Z f
A(m) p(n
_ 1 (m) u(n) Piptm)—i
(/j‘(n) + 1)P)\(m)u(n) =0 k—0 (l + 1)a+1
B 1 A(m) p(n) P
(u(n) + I)P)\(m)u(n) =0 k=0 (l =+ 1)a+l
A(m) p(n)
1 Py
< - . (2.40)
Prmyun) =5 e U+ 1)t (E+1)
The second sum in the right hand side of (2.39) can be dominated in a similar manner:
1 u(n) /\(m) l
DY
(u(n) + I)OHFIPX (m)p(n) k:O -0 I+1 =0
A(m) p(n)
) (2.41)
Prmyutn) = =5 ( +1(l +1)
From (2.39)-(2.41) it follows that
L =0mn). (2.42)
In an analogous way, by (2.17),
I =0(mn). (2.43)
Using that (2.18),
1 U us [e}% [e%
I, = O()/ A b dudy.
Prmyutn) J sz S W
We replace u by 1/y, v by 1/w, keeping in mind that ¢ = [1/u] and 7 = [1/v]. As a result
we obtain
A(m)+1 p(n)+1
01 = w 1 1
Li=p e [ [ <ya+1w + yww) Ply)jw)dydw.
A(m) p(n) 1
Iy P, = 0¥ 2.44
P \m)(n) = k;_()( a+l k—|—1> + <]+1)(k+1)a+1) jk O( mn) ( )

Combining (2.29), (2.37), (2.42)-(2.44) results in (2.34).

O
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Corollary 2.7. Let the index sequences \(m) and p(n) are strictly increasing single sequences
of positive integers and {pjr, > 0 : j,k =0,1,...} be a nonincreasing double sequence such
that Ay1pjy, is of fixed sign and condition (2.35) satisfied. If f € Lipa, 0 < a < 1, then statement
(2.28) holds.

The (C, 3,~)-summability, 3,y > —1, is a particular case of the Norlund summability, where
{pjx} is given by
pi =AY (k=0,1,2,...) (2.45)
where
(a+1)(a+2)...(a+1)

AT = T

forl =1,2,...and Ay = 1. Then, as is known,
Ppn =A% AT (m,n=0,1,2,...).
Clearly, if we take {p;} as (2.45), then we have

Alm) p(n)

_ B=1 gv=1 _ 4B
Paomutn) = D D AT AT = A Al
=0 k=0

Furthermore, there exist two positive constants C} and C such that

A <o (=01, .:a>-1)

C < ——~—
St

(see [9]).
The approximation rate for (C, 3,~) summability immediately follows from Theorem 2.28
(for 5,y > 1) and Theorem 2.34 (for a < 5,y < 1).

Corollary 2.8. Let the index sequences \(m) and p(n) are strictly increasing single sequences
of positive integers. If f € Lipa, 0 < a < 1, and B, > «, then

1 A(m) p(n) o |
SUP 1\ F A/\(:n)qu(in)flsjk(%y) = f(z,y)
(z,y)eQ A)\(m)AZ(n) j=0 k=0 g
1 1 .
(@) (/\Em)H)Q + (u(n)+1)”) , iff>aandy >«
_ In(A(m)+2) 1 . -
=4 © Am+ne T (u(n)+l)a) , iff=aandy >«
In(A(m)+2) In(p(n)+2) . o
o (A(m)+1)~ + (;L(l:z)+l)°‘ ) , fB=a=1.
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