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Abstract In this paper we investigate the rate of uniform approximation by double Cesàro
submethod of the rectangular partial sums of the double Fourier series of a function f(x, y)
belonging to the class Lipα, 0 < α ≤ 1, on the two dimensional torus −π < x, y ≤ π. We
extend two theorems on four dimensional Cesàro submethods of Moricz [6] et al. (1984), where
they have extended two theorems of Goel [2] and Holland [4] using d-dimensional cases, where
d is an integer greater than 2, are straightforward.

1 Introduction

Some equivalance results for Cesàro submethods have been studied by Goffman and Petersen
[3], Armitage and Maddox [1] and Osikiewicz[7]. Ünver, in [8], continued to work on four
dimensional Cesàro submethods and to give some inclusion results. Moricz [6] have extend
some results of Goel [2] and Holland [4] to general matrices. The aim of our paper generalize
the two theorems of Moricz[6] under weaker assumptions and give sharper estimates.

Let {pjk : j, k = 0, 1, . . .} be a double sequence of nonnegative numbers p00 > 0. Its partial
sum is defined as

Pmn =
m∑
j=0

n∑
k=0

pjk (m,n = 0, 1, . . .).

{sjk : j, k = 0, 1, . . .} be a double sequence of complex numbers, the Nörlund means Nmn are
defined by

Nmn =
1

Pmn

m∑
j=0

n∑
k=0

pm−j,n−ksjk.

Let f(x, y) be a complex valued function of period 2π with respect to each of the variable and
integrable defined on the two dimensional real torus Q := {(x, y) ∈ R : − π < x ≤ π, − π < y ≤ π}.
i.e., f ∈ L1(Q). We consider the double Fourier series of f defined by

f(x, y) ≈
∞∑

j=−∞

∞∑
k=−∞

cjke
i(jx+ky) (1.1)

where
cjk =

1
(2π)2

∫ π

−π

∫ π

−π

f(u, v)e−i(ju+kv)dudv (j, k = . . . ,−1, 0, 1, . . .).

We write the double sequence of (symmetric) rectangular partial sums for the series (1.1) as
follows:

smn(x, y) =
m∑

j=−m

n∑
k=−n

cjke
i(jx+ky) (m,n = 0, 1, . . .).

We say that the function f belongs to Lipschitz class of order α for some α > 0, if

w(δ; f) = sup
(x,y)∈Q

sup
{u2+v2}1/2≤δ

|f(x+ u, y + v)− f(x, y)|

≤ Cδα (δ > 0) (1.2)
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where the constant C does not depend on δ. The quantity w(δ; f) is called the (total) modulus of
continuity of the function f .

Clearly, if f ∈ Lipα for some α > 0, then f is necessarily continuous everywhere. Only the
case 0 < α ≤ 1 is interesting. If α > 1, then ∂f/∂x and ∂f/∂y exist and are zero everywhere,
so f must be a constant.

Condition (1.2) can be rewritten as

|f(x+ u, y + v)− f(x, y)| ≤ C{u2 + v2}α/2

for every real x, y, u and v; or equivalently,

|f(x+ u, y + v)− f(x, y)| ≤ C(|u|α + |v|α).

From these inequalities obviously yields

|φ(u, v)| ≤ C(|u|α + |v|α). (1.3)

1.1 Estimation of The Kernel

We will use some well-known estimates. Dj(u) is the Dirichlet kernels in terms of u;

Dj(u) =
1
2
+

j∑
σ=1

cosσu =
sin(j + 1

2)u

2sin 1
2u

(j = 0, 1, . . .).

For j = 0, 1, . . .
|Dj(u)| < j + 1 for every u. (1.4)

For a, b = 0, 1, . . . ; a ≤ b ,

b∑
j=a

sin

(
j +

1
2

)
u =

cosau− cos(b+ 1)u
2sin 1

2u
,

whence, on account of the inequality

sinu

u
≥ 2

π
0 < u ≤ π

2
,

we obtain ∣∣∣∣∣∣
b∑

j=a

sin

(
j +

1
2

)
u

∣∣∣∣∣∣ ≤ π

u
for 0 < u ≤ π. (1.5)

Similarly, ∣∣∣∣∣∣
b∑

j=a

Dj(u)

∣∣∣∣∣∣ =
cosau− cos(b+ 1)u

(2sin 1
2u)

2

≤ π2

2u2 for 0 < u ≤ π. (1.6)

We recall that the double index sequence β = β(m,n) is defined as β(m,n) = (λ(m), µ(n))
where λ(m) and µ(n) are strictly increasing single sequence of positive integers. Let x = (xjk)
be a double sequence. Then, the Cesàro submethod Cβ := (Cβ , 1, 1) is defined to be

(Cβx)mn =
1

λ(m)µ(n)

(λ(m),µ(n))∑
(j,k)=(1,1)

xjk.

Since {(Cβx)mn} is a subsequence of {(C1x)mn}, the method Cβ is RH-regular for any β [8].
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2 Main results

Motivating by Moricz [6] we make the following definition:

Definition 2.1. Let the index sequences λ(m) and µ(n) are strictly increasing single sequences
of positive integers and {pjk : j, k = 0, 1, . . .} be a double sequence of nonnegative numbers
p00 > 0. Set

Pλ(m)µ(n) :=
λ(m)∑
j=0

µ(n)∑
k=0

pjk (m,n = 0, 1, . . .).

{sjk : j, k = 0, 1, . . .} be any double sequence of complex numbers, the Nµ
λ -method is

defined as

Nµ
λ :=

1
Pλ(m)µ(n)

λ(m)∑
j=0

µ(n)∑
k=0

pλ(m)−j,µ(n)−ksjk (n,m = 0, 1, . . .).

It is clear that Nµ
λ method is regular.

The Nµ
λ method for the sequence {smn(x, y)} are defined as

Nµ
λ (x, y) =

1
Pλ(m)µ(n)

λ(m)∑
j=0

µ(n)∑
k=0

pλ(m)−j,µ(n)−ksjk(x, y) (m,n = 0, 1, . . .).

The following representation is important,

Nµ
λ (x, y) =

1
π2

∫ π

−π

∫ π

−π

f(x+ u, y + v)Kµ
λ (u, v)dudv (m,n = 0, 1, . . .), (2.1)

where Nµ
λ - kernel Kµ

λ (u, v) is defined by

Kµ
λ (u, v) =

1
Pλ(m)µ(n)

λ(m)∑
j=0

µ(n)∑
k=0

pλ(m)−j,µ(n)−kDj(u)Dk(v) (m,n = 0, 1, . . .).

From (2.1), we have

Nµ
λ (x, y)− f(x, y) =

4
π2

∫ π

0

∫ π

0
φ(u, v)Kµ

λ (u, v)dudv

where

φ(u, v) =
1
4
{f(x+ u, y + v) + f(x− u, y + v) + f(x+ u, y − v)

+f(x− u, y − v)− 4f(x, y)} .

We will use the notations

∆10pjk = pjk − pj+1,k,

∆01pjk = pjk − pj,k+1,

and

∆11pjk = pjk − pj+1,k − pj,k+1 + pj+1,k+1 (j, k = 0, 1, . . .).

The double sequence {pjk} is nondecreasing if ∆10pjk ≤ 0, and is nonincreasing if ∆01pjk ≥
0 and ∆10pjk ≥ 0 for every j, k = 0, 1, . . .. We also set,

hλ(m)µ(n) =
1

Pλ(m)µ(n)

µ(n)∑
k=0

pλ(m),k

tλ(m)µ(n) =
1

Pλ(m)µ(n)

λ(m)∑
j=0

pj,µ(n) (m,n = 0, 1, . . .)
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Let us consider the case where {pjk} is nondecreasing. Then

(λ(m) + 1)hλ(m)µ(n) =
1

Pλ(m)µ(n)

λ(m)∑
j=0

µ(n)∑
k=0

pλ(m),k

≥ 1
Pλ(m)µ(n)

λ(m)∑
j=0

µ(n)∑
k=0

pjk = 1 (2.2)

and similarly,
(µ(n) + 1)tλ(m)µ(n) ≥ 1. (2.3)

We have also

Pλ(m)µ(n) ≤ (λ(m) + 1)(µ(n) + 1)pλ(m),µ(n) (m,n = 0, 1, . . .).

In the sequel, we need the opposite inequality:

(λ(m) + 1)(µ(n) + 1)pλ(m),µ(n)

Pλ(m)µ(n)
= O(1). (2.4)

The opposite inequality is provided for the following sequence defined below,

pjk = (j + 1)γ(k + 1)ρ (γ, ρ ≥ 1).

Condition (2.4) implies that

(λ(m) + 1)hλ(m)µ(n) =
(λ(m) + 1)
Pλ(m)µ(n)

µ(n)∑
k=0

pλ(m),k (2.5)

≤ (λ(m) + 1)
Pλ(m)µ(n)

(µ(n) + 1)pλ(m),µ(n) = O(1) (2.6)

and
(µ(n) + 1)tλ(m)µ(n) = O(1). (2.7)

In particular, the conditions of regularity are satisfied:

lim
n,m→∞

hλ(m)µ(n) = lim
n,m→∞

tλ(m)µ(n) = 0.

Thus, we may assume that

hλ(m)µ(n) < π and tλ(m)µ(n) < π (m,n = 0, 1, . . .).

The following result is an analogue of a result of Moore [[5], page 39] which almost follows
the same lines, so the details are omitted.

Theorem 2.2. Let the index sequences λ(m) and µ(n) are strictly increasing single sequences
of positive integers. If {pjk ≥ 0 : j, k = 0, 1, . . . , p00 > 0}, then the necessary and sufficient
conditions for the regularity of the Nµ

λ -method of summability are

lim
m,n→∞

1
Pλ(m)µ(n)

µ(n)∑
k=0

pλ(m)−j,k = 0 (j = 0, 1, . . . ;λ(m) ≥ j)

and

lim
m,n→∞

1
Pλ(m)µ(n)

λ(m)∑
j=0

pj,µ(n)−k = 0 (k = 0, 1, . . . ;µ(n) ≥ k).
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Lemma 2.3. Let the index sequences λ(m) and µ(n) are strictly increasing single sequences of
positive integers and {pjk > 0 : j, k = 0, 1, . . .} be a nondecreasing double sequence such that
∆11pjk is of fixed sign. Then

|Kµ
λ (u, v)| ≤ (λ(m) + 1)(µ(n) + 1) , ∀u, v (2.8)

≤ π2

2
1

Pλ(m)µ(n)u2

µ(n)∑
k=0

(k + 1)pλ(m),µ(n)−k , ∀v and 0 < u ≤ π (2.9)

≤ π2

2
1

Pλ(m)µ(n)v2

λ(m)∑
j=0

(j + 1)pλ(m)−j,µ(n) , ∀u and 0 < v ≤ π (2.10)

≤ 3π4

4u2v2

pλ(m)µ(n)

Pλ(m)µ(n)
, 0 < u, v ≤ π. (2.11)

Proof. From (1.4),

|Kµ
λ (u, v)| ≤ 1

Pλ(m)µ(n)

λ(m)∑
j=0

µ(n)∑
k=0

pλ(m)−j,µ(n)−k|Dj(u)||Dk(v)|

≤ 1
Pλ(m)µ(n)

λ(m)∑
j=0

µ(n)∑
k=0

(j + 1)(k + 1)pλ(m)−j,µ(n)−k

≤ (λ(m) + 1)(µ(n) + 1)
Pλ(m)µ(n)

λ(m)∑
j=0

µ(n)∑
k=0

pjk

= (λ(m) + 1)(µ(n) + 1)

which is (2.8).
Again from (1.4), we have

∣∣Pλ(m)µ(n)K
µ
λ (u, v)

∣∣ ≤
µ(n)∑
k=0

∣∣∣∣∣∣
λ(m)∑
j=0

pλ(m)−j,µ(n)−kDj(u)

∣∣∣∣∣∣ |Dk(v)|

≤
µ(n)∑
k=0

(k + 1)

∣∣∣∣∣∣
λ(m)∑
j=0

pλ(m)−j,µ(n)−kDj(u)

∣∣∣∣∣∣ . (2.12)

By Abel’s transformation, we can rewrite the inner sum as follows, for each k

λ(m)∑
j=0

pλ(m)−j,µ(n)−kDj(u) = p0,µ(n)−k

λ(m)∑
l=0

Dl(u)

−
λ(m)∑
j=1

∆10pλ(m)−j,µ(n)−k

j−1∑
l=0

Dl(u).

Because we regard {pjk} as nondecreasing in j and (1.6), we get

λ(m)∑
j=0

pλ(m)−j,µ(n)−kDj(u) ≤ π2

2u2

−
λ(m)∑
j=1

∆10pλ(m)−j,µ(n)−k + p0,µ(n)−k


=

π2

2u2 pλ(m),µ(n)−k. (2.13)

(2.12) and (2.13) yields (2.9). (2.10) can be shown in similar way.
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We perform a double Abel’s transformation to prove (2.11):

Pλ(m)µ(n)K
µ
λ (u, v) =

λ(m)∑
j=0

µ(n)∑
k=0

∆11pλ(m)−j,µ(n)−k

j−1∑
a=0

Da(u)
k−1∑
b=0

Db(v)

−
λ(m)∑
j=0

∆10pλ(m)−j,0

j−1∑
a=0

Da(u)

µ(n)∑
b=0

Db(v)

−
µ(n)∑
k=0

∆01p0,µ(n)−k

λ(m)∑
a=0

Da(u)
k−1∑
b=0

Db(v)

+p00

λ(m)∑
a=0

Da(u)

µ(n)∑
b=0

Db(v)

whence, from (1.6)

Pλ(m)µ(n) |Kµ
λ (u, v)| ≤ π4

4u2v2

λ(m)∑
j=1

µ(n)∑
k=1

∣∣∆11pλ(m)−j,µ(n)−k

∣∣
+

λ(m)∑
j=0

∆10pλ(m)−j,0 +

µ(n)∑
k=0

∆01p0,µ(n)−k + p00

 . (2.14)

Because of ∆11pjk is fixed, we get

λ(m)∑
j=1

µ(n)∑
k=1

∣∣∆11pλ(m)−j,µ(n)−k

∣∣ =

∣∣∣∣∣∣
λ(m)∑
j=1

µ(n)∑
k=1

∆11pλ(m)−j,µ(n)−k

∣∣∣∣∣∣
=

∣∣pλ(m)µ(n) − pλ(m)0 − p0µ(n) + p00
∣∣ .

Again (2.14), if ∆11pjk ≥ 0,

Pλ(m)µ(n) |Kµ
λ (u, v)| ≤ π4

4u2v2

[(
pλ(m)µ(n) − pλ(m)0 − p0µ(n) + p00

)
+
(
pλ(m)0 − p00

)
+
(
p0µ(n)−p00

)
+ p00

]
=

π4pλ(m)µ(n)

4u2v2

and if ∆11pjk ≤ 0,

Pλ(m)µ(n) |Kµ
λ (u, v)| ≤ π4

4u2v2

[(
−pλ(m)µ(n) + pλ(m)0 + p0µ(n) − p00

)
+
(
pλ(m)0 − p00

)
+
(
p0µ(n)−p00

)
+ p00

]
=

π4

4u2v2

(
−pλ(m)µ(n) + 2pλ(m)0 + 2p0µ(n) − 2p00

)
≤

π4pλ(m)µ(n)

4u2v2

Lemma 2.4. Let the index sequences λ(m) and µ(n) are strictly increasing single sequences of
positive integers and {pjk > 0 : j, k = 0, 1, . . .} be a nonincreasing double sequence such that
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∆11pjk is of fixed sign and let σ = [1/u], τ = [1/v] where [.] means the integral part. Then

|Kµ
λ (u, v)| ≤ (λ(m) + 1)(µ(n) + 1) , ∀u, v (2.15)

≤ π(π + 1)
2Pλ(m)µ(n)u

µ(n)∑
k=0

(k + 1)
σ∑

j=0

pj,µ(n)−k , ∀v and 0 < u ≤ π (2.16)

≤ π(π + 1)
2Pλ(m)µ(n)u

λ(m)∑
j=0

(j + 1)
τ∑

k=0

pλ(m)−j,k , ∀u and 0 < v ≤ π (2.17)

≤ π2(1 + 2π + 3π2)

4
Pστ

Pλ(m)µ(n)uv
, 0 < u, v ≤ π. (2.18)

Proof.

Pλ(m)µ(n) |Kµ
λ (u, v)| ≤

µ(n)∑
k=0

(k + 1)

∣∣∣∣∣∣
λ(m)∑
j=0

pλ(m)−j,µ(n)−kDj(u)

∣∣∣∣∣∣
≤ π

2u

µ(n)∑
k=0

(k + 1)

∣∣∣∣∣∣
λ(m)∑
j=0

pλ(m)−j,µ(n)−k sin
(
λ(m)− j +

1
2

)
u

∣∣∣∣∣∣(2.19)

∣∣∣∣∣∣
λ(m)∑
j=0

pλ(m)−j,µ(n)−k sin
(
λ(m)− j +

1
2

)
u

∣∣∣∣∣∣
≤

σ∑
j=0

pj,µ(n)−k +

∣∣∣∣∣∣
λ(m)∑
j=σ+1

pλ(m)−j,µ(n)−k sin
(
λ(m)− j +

1
2

)
u

∣∣∣∣∣∣ (2.20)

Using Abel’s transformation, we have

λ(m)∑
j=σ+1

pj,µ(n)−k sin
(
λ(m)− j +

1
2

)
u

=

λ(m)−1∑
j=σ+1

∆10pj,µ(n)−k

j∑
l=σ+1

sin
(
λ(m)− l+

1
2

)
u

+pλ(m),µ(n)−k

λ(m)∑
l=σ+1

sin
(
λ(m)− l+

1
2

)
u. (2.21)

From (1.5), pjk is nonincreasing in j and 1
u < σ + 1, we have∣∣∣∣∣∣

λ(m)∑
j=σ+1

pj,µ(n)−k sin
(
λ(m)− j +

1
2

)
u

∣∣∣∣∣∣ ≤ π

u
pσ+1,µ(n)−k

≤ π(σ + 1)pσ+1,µ(n)−k

≤ π

σ∑
j=0

pj,µ(n)−k (2.22)

Combining (2.14), (2.20) and (2.22) yield (2.16).
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(2.17) can be proved similarly. Now let’s prove (2.18) begining the following inequalitiy,

Pλ(m)µ(n) |Kµ
λ (u, v)| =

∣∣∣∣∣∣
λ(m)∑
j=0

µ(n)∑
k=0

pjkDλ(m)−j(u)Dµ(n)−k(v)

∣∣∣∣∣∣
≤ π2

4uv

∣∣∣∣∣∣
λ(m)∑
j=0

µ(n)∑
k=0

pjk sin
(
λ(m)− j +

1
2

)
u sin

(
µ(n)− k +

1
2

)
v

∣∣∣∣∣∣ . (2.23)

We divide the double sum into four parts:

∣∣∣∣∣∣
λ(m)∑
j=0

µ(n)∑
k=0

pjk sin
(
λ(m)− j +

1
2

)
u sin

(
µ(n)− k +

1
2

)
v

∣∣∣∣∣∣
≤

σ∑
j=0

τ∑
k=0

pjk +
τ∑

k=0

∣∣∣∣∣∣
λ(m)∑
j=σ+1

pjk sin
(
λ(m)− j +

1
2

)
u

∣∣∣∣∣∣
+

σ∑
j=0

∣∣∣∣∣∣
µ(n)∑

k=τ+1

pjk sin
(
µ(n)− k +

1
2

)
v

∣∣∣∣∣∣
+

∣∣∣∣∣∣
λ(m)∑
j=σ+1

µ(n)∑
k=τ+1

pjk sin
(
λ(m)− j +

1
2

)
u sin

(
µ(n)− k +

1
2

)
v

∣∣∣∣∣∣
= Pστ +A1 +A2 +A3 (2.24)

say.
For A1 we can perform an Abel’s transformation similar to (2.21) and conclude that

λ(m)∑
j=σ+1

pjk sin
(
λ(m)− j +

1
2

)
u

≤
λ(m)−1∑
j=σ+1

∆10pjk

∣∣∣∣∣
j∑

l=σ+1

sin
(
λ(m)− l+

1
2

)
u

∣∣∣∣∣
pλ(m),k

∣∣∣∣∣∣
λ(m)∑
l=σ+1

sin
(
λ(m)− l+

1
2

)
u

∣∣∣∣∣∣
≤ π

u
pσ+1,k ≤ π(σ + 1)pσ+1,k ≤ π

σ∑
j=0

pjk,

which results in

A1 ≤ πPστ . (2.25)

Similarly,

A2 ≤ πPστ . (2.26)
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For A3, we perform a double Abel’s transformation:

λ(m)∑
j=σ+1

µ(n)∑
k=τ+1

pjk sin
(
λ(m)− j +

1
2

)
u sin

(
µ(n)− k +

1
2

)
v

=

λ(m)−1∑
j=σ+1

µ(n)−1∑
k=τ+1

∆11pjk

j∑
a=σ+1

sin
(
λ(m)− a+

1
2

)
u

k∑
b=τ+1

sin
(
µ(n)− b+

1
2

)
v

+

λ(m)−1∑
j=σ+1

∆10pjµ(n)

j∑
a=σ+1

sin
(
λ(m)− a+

1
2

)
u

µ(n)∑
b=τ+1

sin
(
µ(n)− b+

1
2

)
v

+

µ(n)−1∑
k=τ+1

∆01pλ(m)k

λ(m)∑
a=σ+1

sin
(
λ(m)− a+

1
2

)
u

k∑
b=τ+1

sin
(
µ(n)− b+

1
2

)
v

+ pλ(m)µ(n)

λ(m)∑
a=σ+1

sin
(
λ(m)− a+

1
2

)
u

µ(n)∑
b=τ+1

sin
(
µ(n)− b+

1
2

)
v

whence, by (1.5),∣∣∣∣∣∣
λ(m)∑
j=σ+1

µ(n)∑
k=τ+1

pjk sin
(
λ(m)− j +

1
2

)
u sin

(
µ(n)− k +

1
2

)
v

∣∣∣∣∣∣
≤ π2

uv


∣∣∣∣∣∣
λ(m)∑
j=σ+1

µ(n)∑
k=τ+1

∆11pjk

∣∣∣∣∣∣+
λ(m)−1∑
j=σ+1

∆10pjµ(n) +

µ(n)−1∑
k=τ+1

∆01pλ(m)k + pλ(m)µ(n)


=

π2

uv
pσ+1,τ+1 (∆11pjk ≥ 0)

=
π2

uv

(
−2pλ(m)µ(n) + 2pσ+1,µ(n) + 2pλ(m),τ+1 − pσ+1,τ+1

)
≤ 3π2

uv
pσ+1,τ+1 (∆11pjk ≤ 0).

Hence, the following inequality is hold:

A3 ≤ 3π2

uv
pσ+1,τ+1 ≤ 3π2(σ + 1)(τ + 1)pσ+1,τ+1

≤ 3π2
σ∑

j=0

τ∑
k=0

pjk = 3π2Pστ . (2.27)

Putting (2.24)-(2.27) together yields∣∣∣∣∣∣
λ(m)∑
j=0

µ(n)∑
k=0

pjk sin
(
λ(m)− j +

1
2

)
u sin

(
µ(n)− k +

1
2

)
v

∣∣∣∣∣∣
≤ (1 + 2π + 3π2)Pστ .

Thus (2.23) implies (2.18).

Theorem 2.5. Let the index sequences λ(m) and µ(n) are strictly increasing single sequences
of positive integers and {pjk > 0 : j, k = 0, 1, . . .} be a nondecreasing double sequence such
that ∆11pjk is of fixed sign and condition (2.4) is satisfied. If f ∈ Lipα for some 0 < α < 1, then
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sup(x,y)∈Q |Nµ
λ (x, y)− f(x, y)| (2.28)

=


O((hλ(m)µ(n))

α + (tλ(m)µ(n))
α) , 0 < α < 1

O(hλ(m)µ(n) ln π
hλ(m)µ(n)

+ tλ(m)µ(n) ln π
tλ(m)µ(n)

) , α = 1 .

Proof.

π2

4
|Nµ

λ (x, y)− f(x, y)|

≤

{∫ hλ(m)µ(n)

0

∫ tλ(m)µ(n)

0
+

∫ π

hλ(m)µ(n)

∫ tλ(m)µ(n)

0
+

∫ hλ(m)µ(n)

0

∫ π

tλ(m)µ(n)

+

∫ π

hλ(m)µ(n)

∫ π

tλ(m)µ(n)

}
|φ(u, v)| |Kµ

λ (u, v)| dudv

= I1 + I2 + I3 + I4 (2.29)

say.
Each time φ(u, v) is estimated by (1.3) and the appropriate estimate of Lemma 2.3 is substi-

tuted for the kernel Kµ
λ (u, v). By (2.8), for α > 0

I1 ≤ (λ(m) + 1)(µ(n) + 1)
∫ hλ(m)µ(n)

0

∫ tλ(m)µ(n)

0
(uα + vα)dudv

=
1

α+ 1
(λ(m) + 1)(µ(n) + 1)hλ(m)µ(n)tλ(m)µ(n)

(
hα
λ(m)µ(n) + tαλ(m)µ(n)

)
.

By (2.5) and (2.7),
I1 = O

(
hα
λ(m)µ(n) + tαλ(m)µ(n)

)
. (2.30)

By (2.9),

I2 ≤ π2

2
1

Pλ(m)µ(n)

µ(n)∑
k=0

(k + 1)pλ(m),µ(n)−k

∫ π

hλ(m)µ(n)

∫ tλ(m)µ(n)

0

uα + vα

u2 dvdu

whence for 0 < α < 1,

I2 ≤ π2

2
tλ(m)µ(n)

hλ(m)µ(n)Pλ(m)µ(n)

µ(n)∑
k=0

(k + 1)pλ(m),µ(n)−k

(
hα
λ(m)µ(n)

1 − α
+

tαλ(m)µ(n)

1 + α

)
,

while for α = 1,

I2 ≤ π2

2
tλ(m)µ(n)

hλ(m)µ(n)Pλ(m)µ(n)

µ(n)∑
k=0

(k + 1)pλ(m),µ(n)−k

(
hλ(m)µ(n) ln

π

hλ(m)µ(n)
+

1
2
tλ(m)µ(n)

)
.

Using (2.7)

tλ(m)µ(n)

hλ(m)µ(n)Pλ(m)µ(n)

µ(n)∑
k=0

(k + 1)pλ(m),µ(n)−k ≤
tλ(m)µ(n)

hλ(m)µ(n)Pλ(m)µ(n)
(µ(n) + 1)

µ(n)∑
k=0

pλ(m),k

= (µ(n) + 1)tλ(m)µ(n) = O(1).

So,

I2 =


O
((
hλ(m)µ(n)

)α
+
(
tλ(m)µ(n)

)α)
, 0 < α < 1

O
(
hλ(m)µ(n) ln π

hλ(m)µ(n)
+ tλ(m)µ(n)

)
, α = 1 .

(2.31)
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Similarly, using (2.10),

I3 =


O
((
hλ(m)µ(n)

)α
+
(
tλ(m)µ(n)

)α)
, 0 < α < 1

O
(
hλ(m)µ(n) + tλ(m)µ(n) ln π

tλ(m)µ(n)

)
, α = 1 .

(2.32)

By (2.11),

I2 ≤ 3π4

4
pλ(m)µ(n)

Pλ(m)µ(n)

∫ π

hλ(m)µ(n)

∫ π

tλ(m)µ(n)

uα + vα

u2v2 dudv

whence for 0 < α < 1,

3π4

4(1 − α)

pλ(m)µ(n)

hλ(m)µ(n)tλ(m)µ(n)Pλ(m)µ(n)

((
hλ(m)µ(n)

)α
+
(
tλ(m)µ(n)

)α)
while for α = 1,

3π4

4
pλ(m)µ(n)

hλ(m)µ(n)tλ(m)µ(n)Pλ(m)µ(n)

(
hλ(m)µ(n) ln

π

hλ(m)µ(n)
+ tλ(m)µ(n) ln

π

tλ(m)µ(n)

)
.

By (2.2), (2.3) and (2.4),

pλ(m)µ(n)

hλ(m)µ(n)tλ(m)µ(n)Pλ(m)µ(n)
=

(λ(m) + 1)(µ(n) + 1)pλ(m)µ(n)

(λ(m) + 1)hλ(m)µ(n)(µ(n) + 1)tλ(m)µ(n)Pλ(m)µ(n)
= O(1)

Consequently,

I4 =


O
((
hλ(m)µ(n)

)α
+
(
tλ(m)µ(n)

)α)
, 0 < α < 1

O
(
hλ(m)µ(n) ln π

hλ(m)µ(n)
+ tλ(m)µ(n) ln π

tλ(m)µ(n)

)
, α = 1 .

(2.33)

Collecting (2.29)-(2.33) together yields (2.28).

Theorem 2.6. Let the index sequences λ(m) and µ(n) are strictly increasing single sequences
of positive integers and {pjk > 0 : j, k = 0, 1, . . .} be a nonincreasing double sequence such
that ∆11pjk is of fixed sign. If f ∈ Lipα for some 0 < α ≤ 1, then

sup
(x,y)∈Q

|Nµ
λ (x, y)− f(x, y)| (2.34)

= O

 1
Pλ(m)µ(n)

λ(m)∑
j=0

µ(n)∑
k=0

(
Pjk

(λ(m) + 1)α+1(µ(n) + 1)
+

Pjk

(λ(m) + 1)(µ(n) + 1)α+1

) .

In the special case where
lim

m,n→∞
pmn > 0, (2.35)

we have

1
(λ(m) + 1)hλ(m)µ(n)

≤ p00

pmm
= O(1) and

1
(µ(n) + 1)tλ(m)µ(n)

= O(1)

and the right-hand side of (2.34) reduces to that of (2.28).

Proof. We use (2.29) with hλ(m)µ(n) and tλ(m)µ(n) replaced by π/(λ(m)+ 1) and π/(µ(n)+ 1),
respectively. For brevity, we denote by Ψmn the quantity in braces on the right-hand side of
(2.34).
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From (2.15), for α > 0

I1 ≤ (λ(m) + 1)(µ(n) + 1)
∫ π/(λ(m)+1)

0

∫ π/(µ(n)+1)

0
(uα + vα)dudv

=
πα+2

α+ 1

(
1

λ(m) + 1)α
+

1
(µ(n) + 1)α

)
. (2.36)

Since pjk is nonincreasing, we clearly have

Pjk = (j + 1)(k + 1)pjk (j, k = 0, 1, . . .).

Therefore,

1
(λ(m) + 1)α

=
1

(λ(m) + 1)α
1

Pλ(m)µ(n)

λ(m)∑
j=0

µ(n)∑
k=0

pjk

≤ 1
(λ(m) + 1)α

1
Pλ(m)µ(n)

λ(m)∑
j=0

µ(n)∑
k=0

Pjk

(j + 1)(k + 1)

≤ 1
Pλ(m)µ(n)

λ(m)∑
j=0

µ(n)∑
k=0

Pjk

(j + 1)α+1(k + 1)

and similarly,

1
(µ(n) + 1)α

≤ 1
Pλ(m)µ(n)

λ(m)∑
j=0

µ(n)∑
k=0

Pjk

(j + 1)(k + 1)α+1 .

Combining (2.36) with the last two inequalities results in

I1 = O(Ψmn). (2.37)

By (2.16),

I2 ≤ π(π + 1)
2Pλ(mµ(n))

µ(n)∑
k=0

∫ π

π
λ(m)+1

∫ π
µ(n)+1

0

uα + vα

u

σ∑
j=0

pj,µ(n)−kdvdu

=
π(π + 1)

2Pλ(mµ(n))

µ(n)∑
k=0

(k + 1)

 π

µ(n) + 1

∫ π

π
λ(m)+1

uα−1
σ∑

j=0

pj,µ(n)−kdu (2.38)

+
πα+1

(α+ 1)(µ(n) + 1)α+1

∫ π

π
λ(m)+1

1
u

σ∑
j=0

pj,µ(n)−kdu


In each integration replace u by 1

y (remembering that σ = [1/u]) to get

I2 =
O(1)

Pλ(m)µ(n)

µ(n)∑
k=0

(k + 1)

 1
µ(n) + 1

∫ λ(m)+1
π

1
π

1
yα+1

[u]∑
j=1

pj,µ(n)−kdy

+
1

(µ(n) + 1)α+1

∫ λ(m)+1
π

1
π

1
y

[u]∑
j=1

pj,µ(n)−kdy


Then making a simple approximation to the integrals involved yields

I2 =
O(1)

Pλ(m)µ(n)

µ(n)∑
k=0

(k + 1)

 1
µ(n) + 1

λ(m)∑
l=0

1
(l+ 1)α+1

l∑
j=0

pj,µ(n)−k

+
1

(µ(n) + 1)α+1

λ(m)∑
l=0

1
l+ 1

l∑
j=0

pj,µ(n)−k

 . (2.39)
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The first sum on the right is equal to

A =
1

(µ(n) + 1)Pλ(m)µ(n)

µ(n)∑
k=0

(k + 1)
λ(m)∑
l=0

1
(l+ 1)α+1

l∑
j=0

pj,µ(n)−k

=
1

(µ(n) + 1)Pλ(m)µ(n)

λ(m)∑
l=0

1
(l+ 1)α+1

l∑
j=0

µ(n)∑
k=0

(k + 1)pj,µ(n)−k.

Using the identity
µ(n)∑
k=0

(k + 1)pj,µ(n)−k =

µ(n)∑
k=0

µ(n)−k∑
r=0

pjr,

we can write

A =
1

(µ(n) + 1)Pλ(m)µ(n)

λ(m)∑
l=0

1
(l+ 1)α+1

µ(n)∑
k=0

l∑
j=0

µ(n)−k∑
r=0

pjr

=
1

(µ(n) + 1)Pλ(m)µ(n)

λ(m)∑
l=0

µ(n)∑
k=0

Pl,µ(n)−k

(l+ 1)α+1

=
1

(µ(n) + 1)Pλ(m)µ(n)

λ(m)∑
l=0

µ(n)∑
k=0

Plk

(l+ 1)α+1

≤ 1
Pλ(m)µ(n)

λ(m)∑
l=0

µ(n)∑
k=0

Plk

(l+ 1)α+1(k + 1)
. (2.40)

The second sum in the right hand side of (2.39) can be dominated in a similar manner:

1
(µ(n) + 1)α+1Pλ(m)µ(n)

µ(n)∑
k=0

(k + 1)
λ(m)∑
l=0

1
l+ 1

l∑
j=0

pj,µ(n)−k

≤ 1
Pλ(m)µ(n)

λ(m)∑
l=0

µ(n)∑
k=0

Plk

(µ(n) + 1)α+1(l+ 1)
. (2.41)

From (2.39)-(2.41) it follows that

I2 = O(Ψmn). (2.42)

In an analogous way, by (2.17),
I3 = O(Ψmn). (2.43)

Using that (2.18),

I4 =
O(1)

Pλ(m)µ(n)

∫ π

π
λ(m)+1

∫ π

π
µ(n)+1

uα + vα

uv
Pστdudv.

We replace u by 1/y, v by 1/w, keeping in mind that σ = [1/u] and τ = [1/v]. As a result
we obtain

I4 =
O(1)

Pλ(m)µ(n)

∫ λ(m)+1
π

1
π

∫ µ(n)+1
π

1
π

(
1

yα+1w
+

1
ywα+1

)
P[y][w]dydw.

I4 =
O(1)

Pλ(m)µ(n)

λ(m)∑
j=0

µ(n)∑
k=0

(
1

(j + 1)α+1(k + 1)
+

1
(j + 1)(k + 1)α+1

)
Pjk = O(Ψmn) (2.44)

Combining (2.29), (2.37), (2.42)-(2.44) results in (2.34).
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Corollary 2.7. Let the index sequences λ(m) and µ(n) are strictly increasing single sequences
of positive integers and {pjk > 0 : j, k = 0, 1, . . .} be a nonincreasing double sequence such
that ∆11pjk is of fixed sign and condition (2.35) satisfied. If f ∈ Lipα, 0 < α ≤ 1, then statement
(2.28) holds.

The (C, β, γ)-summability, β, γ > −1, is a particular case of the Nörlund summability, where
{pjk} is given by

pjk = Aβ−1
j Aγ−1

k (j, k = 0, 1, 2, . . .) (2.45)

where

Aα
l =

(α+ 1)(α+ 2) . . . (α+ l)

l!
for l = 1, 2, . . . and Aα

0 = 1. Then, as is known,

Pmn = Aβ
mAγ

n (m,n = 0, 1, 2, . . .).

Clearly, if we take {pjk} as (2.45), then we have

Pλ(m)µ(n) =

λ(m)∑
j=0

µ(n)∑
k=0

Aβ−1
j Aγ−1

k = Aβ
λ(m)A

γ
µ(n).

Furthermore, there exist two positive constants C1 and C2 such that

C1 ≤ Aα
l

(l+ 1)α
≤ C2 (l = 0, 1, . . . ;α > −1)

(see [9]).
The approximation rate for (C, β, γ) summability immediately follows from Theorem 2.28

(for β, γ ≥ 1) and Theorem 2.34 (for α ≤ β, γ ≤ 1).

Corollary 2.8. Let the index sequences λ(m) and µ(n) are strictly increasing single sequences
of positive integers. If f ∈ Lipα, 0 < α ≤ 1, and β, γ ≥ α, then

sup
(x,y)∈Q

∣∣∣∣∣∣ 1
Aβ

λ(m)A
γ
µ(n)

λ(m)∑
j=0

µ(n)∑
k=0

Aβ−1
λ(m)−1A

γ−1
µ(n)−1sjk(x, y)− f(x, y)

∣∣∣∣∣∣
=


O
(

1
(λ(m)+1)α + 1

(µ(n)+1)α

)
, if β > α and γ > α

O
(

ln(λ(m)+2)
(λ(m)+1)α + 1

(µ(n)+1)α

)
, if β = α and γ > α

O
(

ln(λ(m)+2)
(λ(m)+1)α + ln(µ(n)+2)

(µ(n)+1)α

)
, if β = α = γ.
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[8] M. Ünver Inclusion results for four dimensional Cesàro Submethods, Stud. Univ. Babeş-Bolyai Math. 58
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