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Abstract This paper deals with some existence results for a class of fractional differential equations involving
Riemann-Liouville fractional derivative, by using the lower and upper solution method and the measure of noncom-
pactness in the weighted space of continuous functions, we prove the existence of maximal and minimal solutions.
Finally an example is provided to illustrate our results.

1 Introduction

Differential equations of fractional order have been recently proved to be valuable tools in the modeling of many
physical phenomena [20]. There has been a significant theoretical development in fractional differential equations in
recent years, see the monographs of Abbas et al. [1], Kilbas et al. [15], Podlubny [26], Somko ef al. [27]. The
monotone iterative technique, combined with the method of upper and lower solutions, is a powerful tool for proving
the existence of solutions for nonlinear ordinary differential equations in abstract spaces [25]. Also many people paid
attention to the existence result of solution of the initial value problem for fractional differential equations involving
Riemann-Liouville fractional derivative of order 0 < o < 1, see [5, 34].

In [31], the lower and upper solution method was used to study the IVP

Lpg.a(t) = f(t,z(t)), te(0,1),(0<a<1),

z(0) =0,

where £ D is the Riemann-Liouville fractional derivative of order 0 < o < 1, Ié: * is Riemann-Liouville integral of
order 1 — cand f : [0,1] x [0, 4+00) — [0, 400) is continuous and f (¢, -) is nondecreasing for each ¢ € [0, 1].
Very recently Zhang [32], discussed the existence and uniqueness of solution of the initial value problem

EDg.x(t) = f(t,z(1)), (0<a<1,t>0),

Iy “x(t) |i—o= 0,

was obtained under the assumption that f : [0, 1] x R — R is Lipchitz continuous, by using the Banach contraction
mapping principal. In [22] a new proof of the maximum principle was given by using the completely monotonicity of
the Mittag-Leffler type function.

Let X be a general Banach space and let 0 < o < 1. The objective of the paper was discussed by using the method of
lower and upper solutions and its associated monotone iterative method of fractional differential equations

EDg x(t) = f(t,z(t)), t e J :=(0,b], (1.1)
tlg&t‘-%(t) = o, (1.2)

where £ D§. is the Riemann-Liouville fractional derivative of order a € (0, 1),

f:10,b] x X — X is a continuous function.

Our aim in this paper is obtain similar results in more general setting, namely when the function right-hand side has
values on infinite dimensional Banach space.

This paper is organized as follows. In Section 2, we recall some notion of fractional calculus and theory of measure
noncompactness. In, Section 3, we prove the main results. Finally an illustrative example is given in Section 4.

2 Preliminaries

In this section, we introduce the notations, definitions, and preliminary facts that will be used in remainder of this

paper.
Let J :=[0,b],b > 0 and (X, | - ||) be a Banach space, C(.J, X) be the space of X-valued continuous functions on .J
endowed with the uniform norm topology

[2lloo = sup{[lz(2)|,t € J}.



FRACTIONAL DIFFERENTIAL EQUATIONS IN BANACH SPACE 119

L'(J, X) the space of X-valued Bochner integrable functions on J with norm

b
11l =/0 1£(D)ldt.

We consider the Banach space of continuous functions
Ci_o(J,X)={zcC(J,X): lim t'~2z(t) exists }.
t—0"

A norm in this space is given by
|z]la = supt'=||]|.
teJ

For Q a subset of the space Cj_,(J, X), define Q, by
Q, = {20, 2 € Q},
where

- :{ t=n(t), if ¢ € (0,b];

lim ¢!~z (t), if t=0.

t—0+

It is clear that z, € C(J, X).

Lemma 2.1. [34, Lemma 1] A set Q C C1_,(J, X) is relatively compact if and only if Q,, is relatively compact in
c(J, X).

Definition 2.2. Let 0 < a < 1. A function h : J — X has a fractional integral if the following integral

I°h(t) = F(la) /Ot(t —s5)!7%h(s)ds, 2.1)

is defined for ¢ > 0, where I'(-) is the gamma function.
The Reimann-Liouville derivative of h of order « is defined as

L nao o 1 d i e _ d 11—«

provided it is well defined for ¢ > 0. The previous integral is taken in Bochner sense. Let ¢, (¢) : R — R defined by

l—«

—, If t >0,
d)a = F(Oé)
0, if t <0.
Then
1%2(t) = (¢a * 2)(1),
and

EDRa(t) = (610 #2)(0).

Lemma 2.3. [9] Let o, 3 € R,.. Then

b i C(a)T(B)
o171 _ \B=1q4 _
/o (1 =) dt = 7”& 3’ 2.3)
and hence R F(a)T(8)
a—1/,.  N\B—=14, _ _at+p—11 &
/0 t* Nz —t)dt == Tath) (2.4)

The integral in the first equation of Lemma is known as Beta function B(«, ).
We recall Gronwall’s Lemma for singular kernels whose proof can be found in [30].

Lemma 24. Let v : J — [0,00) be a real function and w(-) is a nonnegative, locally integrable function on J and
there are constants A and 0 < o < 1 such that

o(t) gw(t)+)\/0 (t — 5)“v(s)ds.

Then there exists a constant K = K («) such that

o(t) < w(t) + K /0 (t — 5)=“w(s)ds,

foreveryt e J.
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Next, we recall some definitions and properties of measure of noncompactness.

Definition 2.5. [4] Let X be a Banach space, P(X) denote the collection of all nonempty subsets of X, and (A, >) a
partially ordered set A map 3 : P(X) — A is called a measure of noncompactness on X, MNC for short, if

f(coQ) = 5(Q)
for every Q € P(X), where coQ is the closure of convex hull of Q.

Definition 2.6. [13] A measure of noncompactness £ is called
(1) monotone if Qo, Q; € P(X), Qo C Q; implies 3(Qo) < B(Q1),
(2) nonsingular if 3({a} U Q) = (Q) forevery a € X, Q € P(X),

(3) invariant with respect to the union with compact sets if (K UQ) = 3(Q) for every relatively compact set K C X
and Q € P(X),

(4) regular if the condition 3(Q) = 0 is equivalent to the relative compactness of Q,
(5) algebraically semiadditive if 3(v; + 72) < 8(71) + B(12), where i + o ={z +y:z € 11,y € %2},
(6) B(\) < [AB(y) for any A € R.

(7) If {W,,},;2] is a decreasing sequence of bounded closed nonempty subsets and 1_1>IJIrl B(W,) = 0, then N =W,
n oo

n=1

is nonempty and compact.

One of the most important examples of the measure of noncompactness possessing all these properties is the Hausdoff
measure of noncopactness defined by:

x(Q) = inf{e > 0: Q has a finite e—net}.
For any W C C(J, X), we define

/OtW(S)dSZ {/Otx(s)ds:xGW, forte J= [O,b}},

where W (s) = {z(s) € X : z € w}.
Lemma 2.7. [11] If W C C(J, X) is bounded and equicontinuous then S(W (t)) is continuous on J and

(/W ) /B ))ds, forte [0,b].

Lemma 2.8. [15] The linear initial value problem
ED§x(t) + Ax(t) = p(t), t e (0,b],
: l—« _
tli>1‘(rjl+t z(t) = zo,

where \ > 0 is a constant and p € L'(J, X), has the following integral representation for a solution

z(t) = T(a)xot® ' By o (=A%) + /Ot(t —8)* By a(=A(t — 8)*)p(s)ds.

Where E,, (t) is a Mittag-Leffler function.
Lemma 2.9. [28] For 0 < « < 1, the Mittag-Leffler type function E,, ,(—t*) satisfies

Lemma 2.10. [12] Suppose that X is an ordered Banach space ug,yo € X, ug < yo, D = [uo,y0], N : D — X is an
increasing completely continuous operator and

ug < Nug, yo > Nyo.
Then the operator N has a minimal fixed u* and a maximal fixed y*. If we let
Up = Np_1 y Yn :Nynfh n= 1a2 y

then
U <up Sup < Sy v Sy < <y <y < o,

Uy —> U yn =y~
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Definition 2.11. A function v(-) € Cy_,(J, X) is called as a lower solution of (1.1)-(1.2) if it satisfies
EDgu(t) < f(to(t), te(0,0], (2.5)
lim t' v (t) < xo. (2.6)
t—0+
Definition 2.12. A function w(-) € C|_,(J, X) is called as an upper solution of (1.1)-(1.2) if it satisfies
EDg w(t) > f(t,w(t)), t e (0,b], .7
lim '~ %w(t) > xo. (2.8)

t—01

3 Main Results

Before stating and proving the main results, we introduce following assumptions
(Hy) Themap f : [0,b] x X — X is continuous.
(H,) There exists a constant ¢ > 0 such that

|f(t,z)|| < c(14+t'7%z|]) forall t € [0,b] and z € X.

(Hs) there exists a constant ¢; > 0, and let F'(t,z) = f(¢,z) + Axz(¢) such that for each nonempty, bounded set

QC lea(J, X)
B(F(t,Q(t)) < c18(Q(t)), forall ¢ e |0,b],

where  is measure of noncompactness in X.

(H4) Assume that f : [0,0] x X — X satisfies
flt,z) — f(t,v) + Az —v) >0 for T<v<x<i,

where A > 0 is a constant and 7, & are lower and upper solutions of problem (1.1)-(1.2) respectively.

Theorem 3.1. Suppose (H,)-(H3) holds. The function x(-) € Cy_,(J, X) solves problem (1.1)-(1.2) if and only if it a

fixed point of the operator N defined by
N(z)(t) = T(a)zot* ' By o(—At)

+/0 (£ — )9 B (At — 8))[f (s, 2(5)) + Aa(s)]ds.

Proof. 1t’s clear that the operator N is well defined, i.e., for every = € C}_,(J, X) and ¢ > 0, the integral

/0 (t = )27 B (At — 5)2)[/(5,2()) + Aa(s)]ds,
belongs to Ci_q(J, X).

Step 1. N is continuous.
Let {x,} be a sequence such that z,, — z in C;_,(J, X ). Then

t1=||N (z,)(t) — N(z)(2)||

<t [ =) = sl
A [ o) sl

< foor [ = ) — o) s
th(la;“ / (1= 8 s 6 () — () | ds

< Fra I (€= 92 s (s (5) = (5. (5))
T [ e sl ) =29
o Abe

IN

(o) Pl @l fGen() = FO2l)la + s Bles a)llzn) = 2()lla
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Using the hypothesis (H,) we have
IN(z,)(#) — N(z)(t)]la — 0 as n — 4oo0.

Step 2. N maps bounded sets into bounded sets in Cj_,(/J, X).

Indeed, it enough to show that there exists a positive constant [ such that for each x € B, = {z € C1_,(J,X) :
|z]la < 7} one has | N(x)]o <.

Let z € B,. Then for each ¢ € (0,b], by (H) we have

1| Na @) < [lxo] + % / (t— ) f(s,2(s)) | ds
)\tl—a t -
e / (t = )2 la(s)llds

< llzoll + ﬁ / (t = 52 el + 51| (s) ) ds
/ (t — )2~ 152517 a(s) | ds
0

)\tl—(x

T

cti—@ t a—
S HSC()H—"WIO(t*S) 1(1+7’)d8

Al /t —
+ t—8)* s 'rds
o) Jo

eb' = (1 +7) /t 1
<ol + —=——= | (t—95)"ds
ool + g [ =)

bl oy /t | ol
+— t—s)¥ 's¥ \ds,
@ o'

cb(1 +7)
N(@)|a <
Step 3. N maps bounded sets into equicontinuous sets.
Letty,t, € (0,b], t; < ¢y, let B, be a bounded set in Cy_,(J, X) as in step 2, and let z € B,., we have

157N () (t2) — t;"“N(z)(t1)]|

AbrT(a)
I'2a)

+

< T(a)llzoll [Eaa(=A) = Ea.a(=AtT)]
+ (e o) /0 [(t2 = ) Eaa(—Alt2 — )%) — (81 — )7
Eaa(=A(t1 — 8)*)]f (s, z(s))ds||

/ (ts— )2 B (= Mt2 — 5)) (5, 2(s))ds

t

(i) /0 [(ts — $)* " Faa(~Alts — 5)) — (t1 — 5)!
Eoa(=A(t = 5)%)] (Ax(s))ds||

+y

rr | [ = 9 Ba — 9) te)s

<t B g el 4 51 )

s [

T A G I e P R 7

FEs [ s s

<t B T ) - ) 151+ e+ ) (- )

L(e)(t, " —1~)
I'(2a)

(a)t, "
I'(2a)

+ (Ar)) [(2 = t1)* + 1 — 15] + (Ar)) [((22 = 1)°]
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where
I = F(Q)HxOH[EaA(_/\tg‘) - Ea,a(_/\t?)]-

Appling by the function E,, o (—At*) is uniformly continuous on [0, b], we have I; tend to zero independently of z € B,
as ty) — t;.

Thus [|[t3=*N(x)(t2) —t;"“N(z)(t)]| tend to zero independently of = € B, as t, — t;, which means that the set N B,
is equicontinuous.

Define B,, = {x € C_q : ||z||a < 70}, Where ry > 0 is taken so that

cb _
Ty > <||CU()|| + W) (1 - L) 17
such that
cb AT ()

<L<l
Ta+ )  TQa) ~~°
Then B,, is closed convex bounded and hence N B,, C By,.
Now we prove that there exists a compact subset M C B,, C such that NAM C M. We first costruct a series of sets
{M,} C By, by

My = B,,, M| =convNMy, My =convNM,, n=1,2---.

From the above proof it is easy to see M, C M, forn = 1,2--- and each ]\/4\“ is equicontinuous. Further from
Definition 2.6 and Lemma 2.7 we can derive that

B (Maa(t)) = B M1 (£)) = B~ NM, (1))

<p {l—‘(a)ona’a(—/\t"‘) + tl_“/o (t = 8)* N (Ba.a(=At — 5)*)F(s, M, (s))ds

<e @/0 (t — 5)* 1 B(M,(s))ds.

Define the function F),(¢t) = B(M,(t)) forn =1,2--- we get

l—a

t
Fooi(t) <ep—— [ (t—35)*"'F,(s)ds, 3.1
Al < e [ =9 Fuss G.1)
forn =1,2,--- the fact M,, | C M,.
Taking limit as n — oo in (3.1) we get

tlfa

P < ey [ (6= 9 Pls)as

for all t € J. An application of Lemma 2.4 yields F'(¢t) = O forall ¢ € J.

Therefore, N2, M,, = M is nonempty and compact in C_,(J, X') due to Definition 2.6, and NM C M by definition

of M,,.

Up to now we have verified that there exists a nonempty bounded convex and compact subset M such that NM C

M. An employment of Schauder’s fixed point theorem shows that there exists at least a fixed point z of N in M.

Combining with the fact that tlil& Eq o(=At*) = E4.4(0) = 1/T(«) yields that tlir& t'=*(Nx)(t) = x0. The proof is
— —

complete. O

Theorem 3.2. Assume (H,)-(Ha), hold, and v,w € C\_,(J, X) are lower and upper solutions of (1.1)-(1.2) respec-
tively such that
v(t) <w(t), 0<t<bh.

Then, the fractional IVP (1.1)-(1.2) has a minimal solution v* and a maximal solution y* such that
v =lim N", y* =lim N"w.
Proof. Suppose that functions v,w € Cy_,(J, X) are lower and upper solution of IVP (1.1)-(1.2). We consider in

C1—o(J, X) the order induced by the sector D = [v, w] define [v, w] = {z € C1_o(J, X) : v < x < w}, then there are
v < Nv, w > Nw. In fact, by the definition of the lower solution, there exist p(¢) > 0 and € > 0, we have

EDgv(t) = f(tv(t) —p(t), t € (0,0,
tl_i}&t““v(t) =0 — €.

Using Theorem 3.1 and Lemma 2.9, one has

(t) = T(@) (20 — )% B o (—At%)

+/ (t =) Ba.a(=A(t = 5)%) [£(s,0(s)) + Mv(s) — p(s)] ds
0

< (N)(D).
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Similarly, there is w > Nw.
The operator N : D — C)_,(J, X) is increasing and completely continuous by the use of Lemma 2.10 the existence
of u*, y* is obtained. The proof is complete. O

4 An example

As an application of our results we consider the following fractional equation

1 1
IDea(t) = —— <1 N+ — teJ=10,1 4.1
O*‘r() etz—l—l n(‘zk|+ )+1+k/’ kENv S [ ’ }7 ( )
lim tlfaz(t) = x0, 4.2)

t—0*

co represents the space of all sequences converging to zero, which is a Banach space with respect to the norm

||| = sup |zl
k
Lett € J and x = {x }x € ¢y, we have

1F (@)oo = Il + 1) + 757l

1
et +1

< 71 sup | | 1
x|+
= "0 1 . k

1

m(l + [1z]loo)-

1
Hence condition (H;) — (H,) are satisfied with ¢ = poe forall ¢ € [0, 1].
e
So, that function F' by defined

1

F(t,z(t)) = 1

1
1 {ln(|xk + 1) +

2
el” +

} + A\z(t), forall te|0,1].
keN

We recall that the measure of noncompactness /3 in space ¢y can be computed by means of the formula
&) = lim_sup (7= Pn)zlloo.

Where Q is a bounded subset in ¢y and P, is the projection onto the linear span of n vectors, we get
BF(t,Q)) < c1B(Q(t)) forall ¢ €0,1],

with ¢ = (e + 1)~!. Therefore B(F (¢, Q(t)) < ¢13(Q(t)), with ¢; = max(c, \) due to (H3) and definition . Then by
Theorem 3.2 the problem (4.1)-(4.2) has a lower and upper solutions.
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