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Abstract A new class of quadruple hypergeometric series is presented. We also give integral
representations of Euler- type and Laplace-type for the new class of series.

1 Introduction

In [3], Exton introduced twenty one complete quadruple hypergeometric functions, which he
denoted by symbols K1,K2, ...,K21. In [7], eighty three complete quadruple hypergeomet-
ric functions given by F

(4)
1 , F

(4)
2 , ..., F

(4)
83 were defined by Sharma and Parihar. Very recently,

Bin-Saad et al. [1] introduced five new quadruple hypergeometric functions whose names are
X

(4)
6 , X

(4)
7 , X

(4)
8 , X

(4)
9 , X

(4)
10 to investigate their five Laplace integral representations which in-

clude the confluent hypergeometric functions 0F1, 1F1, the Humbert functions Φ2,Φ3 and Ψ2 in
their kernels, we recall these quadruple hypergeometric functions are defined by

X
(4)
6 (a1, a1, a2, a1, a1, a2, a2, a2; c1, c1, c2, c2;x, y, z, u)

=
∞∑

m,n,p,q=0

(a1)2m+n+q(a2)q+n+2p

(c1)m+n(c2)p+q

xm

m!
yn

n!
zp

p!
uq

q!
, (1.1)

X
(4)
7 (a1, a1, a1, a1, a1, a2, a3, a1; c1, c2, c3, c4;x, y, z, u)

=
∞∑

m,n,p,q=0

(a1)2m+2q+n+p(a2)n(a3)p
(c1)m(c2)n(c3)p(c4)q

xm

m!
yn

n!
zp

p!
uq

q!
, (1.2)

X
(4)
8 (a1, a1, a1, a1, a1, a2, a3, a1; c1, c1, c2, c3;x, y, z, u)

=
∞∑

m,n,p,q=0

(a1)2m+2q+n+p(a2)n(a3)p
(c1)m+n(c2)p(c3)q

xm

m!
yn

n!
zp

p!
uq

q!
, (1.3)

X
(4)
9 (a1, a1, a1, a1, a1, a2, a3, a1; c2, c1, c1, c3;x, y, z, u)

=
∞∑

m,n,p,q=0

(a1)2m+2q+n+p(a2)n(a3)p
(c1)n+p(c2)m(c3)q

xm

m!
yn

n!
zp

p!
uq

q!
, (1.4)

X
(4)
10 (a1, a1, a1, a2, a1, a2, a3, a3; c1, c2, c3, c4;x, y, z, u)

=
∞∑

m,n,p,q=0

(a1)2m+n+p(a2)n+q(a3)p+q
(c1)m(c2)n(c3)p(c4)q

xm

m!
yn

n!
zp

p!
uq

q!
. (1.5)

Motivated by the works [1], [3] and [7], we consider five new hypergeometric series of four
variables as below:

X
(4)
16 (a1, a1, a1, a1, a1, a2, a3, a2; c1, c1, c2, c3;x, y, z, u)
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=
∞∑

m,n,p,q=0

(a1)2m+n+p+q(a2)q+n(a3)p
(c1)m+n(c2)p(c3)q

xm

m!
yn

n!
zp

p!
uq

q!
, (1.6)

X
(4)
17 (a1, a1, a1, a1, a1, a2, a3, a2; c2, c1, c1, c3;x, y, z, u)

=
∞∑

m,n,p,q=0

(a1)2m+n+p+q(a2)q+n(a3)p
(c1)n+p(c2)m(c3)q

xm

m!
yn

n!
zp

p!
uq

q!
, (1.7)

X
(4)
18 (a1, a1, a1, a1, a1, a2, a3, a2; c1, c1, c2, c2;x, y, z, u)

=
∞∑

m,n,p,q=0

(a1)2m+n+p+q(a2)q+n(a3)p
(c1)m+n(c2)p+q

xm

m!
yn

n!
zp

p!
uq

q!
, (1.8)

X
(4)
19 (a1, a1, a1, a1, a1, a2, a3, a2; c1, c1, c1, c2;x, y, z, u)

=
∞∑

m,n,p,q=0

(a1)2m+n+p+q(a2)q+n(a3)p
(c1)m+n+p(c2)q

xm

m!
yn

n!
zp

p!
uq

q!
, (1.9)

X
(4)
20 (a1, a1, a2, a1, a1, a2, a3, a2; c1, c2, c3, c4;x, y, z, u)

=
∞∑

m,n,p,q=0

(a1)2m+n+q(a2)q+n+p(a3)p
(c1)m(c2)n(c3)p(c4)q

xm

m!
yn

n!
zp

p!
uq

q!
. (1.10)

This paper is devoted to obtain several integral representations for the new quadruple se-
ries defined above. In section 2, we present five integral representations of Euler-type for each
series X(4)

i ( i = 16, 17, 18, 19, 20) in terms of the Gaussian hypergeometric function 2F1 [10],
the Appell’s functions of two variables F1, F2 and F4 (see, for details [10] and [11]), the Horn’s
functions H3 and H4 of two variables (see[10]), the Exton’s triple series X3, X4, X5, X6, X7 and
X17 (see [4]), the Lauricella’s triple series FE and FF (cf. [5, 6], the Lauricella’s quadruple
series F (4)

C (for more details see [10]) and the quadruple series X(4)
16 , and in the next section,

Laplace -type integrals are obtained for each series X(4)
i ( i = 16, 17, 18, 19, 20).

2 Integral representations of Euler-Type

Now, by means of the Gaussian hypergeometric function 2F1, Appell hypergeometric func-
tions F1, F2 and F4, Horn’s functions H3 and H4 of two variables, the Exton’s triple func-
tions X3, X4, X5, X6, X7 and X17, the Lauricella’s triple functions FE and FF and the quadru-
ple series F (4)

C and X(4)
16 , we investigate some further integral representations of Euler-type for

X
(4)
i ( i = 16, 17, 18, 19, 20) as follows:

X
(4)
16 (a1, a1, a1, a1, a1, a2, a3, a2; c1, c1, c2, c3;x, y, z, u) =

Γ(c2)

Γ(a3)Γ(c2 − a3)

×
∫ 1

0
αa3−1 (1− α)c2−a3−1

(1− αz)−a1 X3

(
a1, a2; c1, c3;

x

(1− αz)2 ,
y

(1− αz)
,

u

(1− αz)

)
dα

(Re(a3) > 0, Re(c2 − a3) > 0) , (2.1)

X
(4)
16 (a1, a1, a1, a1, a1, a2, a3, a2; c1, c1, c2, c3;x, y, z, u) =

2Γ(c1)

Γ(a1)Γ(c1 − a1)

×
∫ π

2

0

(
sin2α

)a1− 1
2
(
cos2α

)c1−a1− 1
2
(
1 + xsin2α tan2α

)c1−a1−1
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×
(
1− ysin2α

)−a2
F2 (1 + a1 − c1, a3, a2; c2, c3;λ1z, λ2u) dα(

λ1 = −
tan2α

(1 + xsin2α tan2α)
, λ2 = −

tan2α

(1 + xsin2α tan2α) (1− ysin2α)

)
,

(Re(a1) > 0, Re(c1 − a1) > 0) , (2.2)

X
(4)
16 (a1, a1, a1, a1, a1, a2, a3, a2; c1, c1, c2, c3;x, y, z, u) =

Γ(c3)

Γ(a2)Γ(c3 − a2)

×
∫ ∞

0

(
e−α

)a2
(
1− e−α

)c3−a2−1 (1− ue−α)−a1 X6 (a1, 1 + a2 − c3, a3; c1, c2;

x

(1− ue−α)2 ,
−ye−α

(1− e−α) (1− ue−α)
,

z

(1− ue−α)

)
dα

(Re(a2) > 0, Re(c3 − a2) > 0) , (2.3)

X
(4)
16 (a1, a1, a1, a1, a1, a2, a3, a2; c1, c1, c2, c3;x, y, z, u) =

2Γ(c1)Ma1

Γ(a1)Γ(c1 − a1)

×
∫ π

2

0

(
sin2α

)a1− 1
2
(
cos2α

)c1−a1− 1
2
(
cos2α+Msin2α

)1+a1+a2−2c1

×
[(
cos2α+Msin2α

)
+M2xsin2α tan2α

]c1−a1−1

×
[(
cos2α+Msin2α

)
−Mysin2α

]−a2
F2 (1 + a1 − c1, a3, a2;

c2, c3;λ1z, λ2u) dα(
λ1 =

−M
(
cos2α+Msin2α

)
tan2α

[(cos2α+Msin2α) +M2xsin2α tan2α]
,

λ2 =
−M

(
cos2α+Msin2α

)2
tan2α

[(cos2α+Msin2α) +M2xsin2α tan2α] [(cos2α+Msin2α)−Mysin2α]

)
,

(Re(a1) > 0, Re(c1 − a1) > 0,M > 0) , (2.4)

X
(4)
16 (a1, a1, a1, a1, a1, a2, a3, a2; c1, c1, c2, c3;x, y, z, u) =

2Γ(c1) (1 +M)
a1

Γ(a1)Γ(c1 − a1)

×
∫ π

2

0

(
sin2α

)a1− 1
2
(
cos2α

)c1−a1− 1
2
(
1 +Msin2α

)1+a1+a2−2c1

×
[(

1 +Msin2α
)
+ (1 +M)

2
xsin2α tan2α

]c1−a1−1

×
[(

1 +Msin2α
)
− (1 +M) ysin2α

]−a2
F2 (1 + a1 − c1, a3, a2;

c2, c3;λ1z, λ2u) dαλ1 =
− (1 +M)

(
1 +Msin2α

)
tan2α[

(1 +Msin2α) + (1 +M)
2
xsin2α tan2α

] ,
λ2 =

− (1 +M)
(
1 +Msin2α

)2
tan2α[

(1 +Msin2α) + (1 +M)
2
xsin2α tan2α

]
[(1 +Msin2α)− (1 +M) ysin2α]

 ,

(Re(a1) > 0, Re(c1 − a1) > 0,M > −1) , (2.5)
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X
(4)
17 (a1, a1, a1, a1, a1, a2, a3, a2; c2, c1, c1, c3;x, y, z, u)

=
8Γ(a1 + a2 + a3)Γ(c1)

Γ(a1)Γ(a2)Γ(a3)Γ(a)Γ(c1 − a)

∫ π
2

0

∫ π
2

0

∫ π
2

0

(
sin2α

)a1− 1
2

×
(
cos2α

)a2− 1
2
(
sin2β

)a1+a2− 1
2
(
cos2β

)a3− 1
2
(
sin2γ

)a− 1
2
(
cos2γ

)c1−a− 1
2

×F (4)
C

(
a1 + a2 + a3

2
,
a1 + a2 + a3 + 1

2
; c2, a, c1 − a, c3;λ1x, λ2y, λ3z, λ4u

)
×dαdβdγ(

λ1 = 4sin4α sin4β, λ2 = sin22α sin4β sin2γ,

λ3 = sin2α sin22β cos2γ, λ4 = sin22α sin4β
)
,

(Re(ai) > 0, (i = 1, 2, 3), Re(a) > 0, Re(c1 − a) > 0) , (2.6)

X
(4)
17 (a1, a1, a1, a1, a1, a2, a3, a2; c2, c1, c1, c3;x, y, z, u)

=
Γ(c3) (S − T )a2 (R− T )c3−a2

Γ(a2)Γ(c3 − a2) (S −R)c3−a1−1

∫ S

R

(α−R)a2−1
(S − α)c3−a2−1

× (α− T )a1−c3 [(S −R) (α− T )− (S − T ) (α−R)u]−a1

×X7 (a1, 1 + a2 − c3, a3; c2, c1;λ1x, λ2y, λ3z) dα(
λ1 =

(S −R)2
(α− T )2

[(S −R) (α− T )− (S − T ) (α−R)u]2
,

λ2 = −
(S −R) (S − T ) (α−R) (α− T )

(R− T ) (S − α) [(S −R) (α− T )− (S − T ) (α−R)u]
,

λ3 =
(S −R) (α− T )

[(S −R) (α− T )− (S − T ) (α−R)u]

)
,

(Re(a2) > 0, Re(c3 − a2) > 0, T < R < S) , (2.7)

X
(4)
17 (a1, a1, a1, a1, a1, a2, a3, a2; c2, c1, c1, c3;x, y, z, u) =

Γ(c1)

Γ(a3)Γ(c1 − a3)

×
∫ 1

0
αa3−1 (1− α)c1−a3−1

(1− αz)−a1 X4

(
a1, a2; c2, c1 − a3, c3;

x

(1− αz)2 ,

(1− α) y
(1− αz)

,
u

(1− αz)

)
dα

(Re(a3) > 0, Re(c1 − a3) > 0) , (2.8)

X
(4)
17 (a1, a1, a1, a1, a1, a2, a3, a2; c2, c1, c1, c3;x, y, z, u) =

Γ(c2)

Γ(a1)Γ(c2 − a1)

×
∫ 1

0
αa1−1 [(1− α) + α2x

]c2−a1−1
FF (1 + a1 − c2, 1 + a1 − c2, 1 + a1 − c2,

a2, a3, a2; c3, c1, c1;λu, λz, λy) dα(
λ = − α

[(1− α) + α2x]

)
,

(Re(a1) > 0, Re(c2 − a1) > 0) , (2.9)
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X
(4)
17 (a1, a1, a1, a1, a1, a2, a3, a2; c2, c1, c1, c3;x, y, z, u) =

Γ(c1) (1 +M)
a1

Γ(a1)Γ(c1 − a1)

×
∫ 1

0
αa1−1 (1− α)c1−a1−1

(1 +Mα)
a2+a3−c1 [(1 +Mα)− (1 +M)αy]

−a2

× [(1 +Mα)− (1 +M)αz]
−a3 H4 (1 + a1 − c1, a2; c2, c3;λ1x, λ2u) dα(

λ1 =
(1 +M)

2
α2

(1− α)2 , λ2 = −
(1 +M)α (1 +Mα)

(1− α) [(1 +Mα)− (1 +M)αy]

)
,

(Re(a1) > 0, Re(c1 − a1) > 0,M > −1) , (2.10)

X
(4)
18 (a1, a1, a1, a1, a1, a2, a3, a2; c1, c1, c2, c2;x, y, z, u) =

Γ(c1)

Γ(a1)Γ(c1 − a1)

×
∫ ∞

0

(
e−α

)a1
[(

1− e−α
)
+ xe−2α]c1−a1−1 (

1− ye−α
)−a2 F1 (1 + a1 − c1,

a3, a2; c2;− ze−α

[(1− e−α) + xe−2α]
,− ue−α

[(1− e−α) + xe−2α] (1− ye−α)

)
dα

(Re(a1) > 0, Re(c1 − a1) > 0) , (2.11)

X
(4)
18 (a1, a1, a1, a1, a1, a2, a3, a2; c1, c1, c2, c2;x, y, z, u)

=
Γ(c2) (S − T )a3 (R− T )c2−a3

Γ(a3)Γ(c2 − a3) (S −R)c2−a1−1

∫ S

R

(α−R)a3−1
(S − α)c2−a3−1

× (α− T )a1−c2 [(S −R) (α− T )− (S − T ) (α−R) z]−a1

×X3 (a1, a2; c1, c2 − a3;λ1x, λ2y, λ3u) dα(
λ1 =

(S −R)2
(α− T )2

[(S −R) (α− T )− (S − T ) (α−R) z]2
,

λ2 =
(S −R) (α− T )

[(S −R) (α− T )− (S − T ) (α−R) z]
,

λ3 =
(R− T ) (S − α)

[(S −R) (α− T )− (S − T ) (α−R) z]

)
,

(Re(a3) > 0, Re(c2 − a3) > 0, T < R < S) , (2.12)

X
(4)
18 (a1, a1, a1, a1, a1, a2, a3, a2; c1, c1, c2, c2;x, y, z, u) =

2Γ(c1)Ma1

Γ(a1)Γ(c1 − a1)

×
∫ π

2

0

(
sin2α

)a1− 1
2
(
cos2α

)c1−a1− 1
2
(
cos2α+Msin2α

)1+a1+a2−2c1

×
[(
cos2α+Msin2α

)
+M2xsin2α tan2α

]c1−a1−1

×
[(
cos2α+Msin2α

)
−Mysin2α

]−a2
F1 (1 + a1 − c1, a3, a2;

c2;λ1z, λ2u) dα(
λ1 =

−M
(
cos2α+Msin2α

)
tan2α

[(cos2α+Msin2α) +M2xsin2α tan2α]
,

λ2 =
−M

(
cos2α+Msin2α

)2
tan2α

[(cos2α+Msin2α) +M2xsin2α tan2α] [(cos2α+Msin2α)−Mysin2α]

)
,
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(Re(a1) > 0, Re(c1 − a1) > 0,M > 0) , (2.13)

X
(4)
18 (a1, a1, a1, a1, a1, a2, a3, a2; c1, c1, c2, c2;x, y, z, u) =

Γ(c2)

Γ(a1)Γ(c2 − a1)

×
∫ 1

0
αa1−1 (1− α)c2−a1−1

(1− αz)−a3 (1− αu)−a2 H3 (1 + a1 − c2, a2; c1;

α2x

(1− α)2 ,−
αy

(1− α) (1− αu)

)
dα

(Re(a1) > 0, Re(c2 − a1) > 0) , (2.14)

X
(4)
18 (a1, a1, a1, a1, a1, a2, a3, a2; c1, c1, c2, c2;x, y, z, u) =

Γ(c2)

Γ(a1)Γ(c2 − a1)

×
∫ ∞

0
αa1−1 (1 + α)

a2+a3−c2 [(1 + α)− αz]−a3 [(1 + α)− αu]−a2

×H3

(
1 + a1 − c2, a2; c1;α2x,− α (1 + α) y

[(1 + α)− αu]

)
dα

(Re(a1) > 0, Re(c2 − a1) > 0) , (2.15)

X
(4)
19 (a1, a1, a1, a1, a1, a2, a3, a2; c1, c1, c1, c2;x, y, z, u) =

Γ(c1)

Γ(a)Γ(c1 − a)

×
∫ ∞

0

(
e−α

)a (1− e−α)c1−a−1
X

(4)
16 (a1, a1, a1, a1, a1, a2, a3, a2; a, a, c1 − a, c2;

xe−α, ye−α, z
(
1− e−α

)
, u
)
dα

(Re(a) > 0, Re(c1 − a) > 0) , (2.16)

X
(4)
19 (a1, a1, a1, a1, a1, a2, a3, a2; c1, c1, c1, c2;x, y, z, u) =

Γ(c1)

Γ(a3)Γ(c1 − a3)

×
∫ 1

0
αa3−1 (1− α)c1−a3−1

(1− αz)−a1 X3

(
a1, a2; c1 − a3, c2;

(1− α)x
(1− αz)2 ,

(1− α) y
(1− αz)

,
u

(1− αz)

)
dα

(Re(a3) > 0, Re(c1 − a3) > 0) , (2.17)

X
(4)
19 (a1, a1, a1, a1, a1, a2, a3, a2; c1, c1, c1, c2;x, y, z, u) =

Γ(c2)

Γ(a1)Γ(c2 − a1)

×
∫ ∞

0

(
e−α

)c2−a2−1
(eα − 1)c2−a1−1

(eα − u)−a2 X5 (1 + a1 − c2, a2, a3; c1;

x

(eα − 1)2 ,−
yeα

(eα − 1) (eα − u)
,− z

(eα − u)

)
dα

(Re(a1) > 0, Re(c2 − a1) > 0) , (2.18)

X
(4)
19 (a1, a1, a1, a1, a1, a2, a3, a2; c1, c1, c1, c2;x, y, z, u) =

2Γ(c1)

Γ(a1)Γ(c1 − a1)

×
∫ π

2

0

(
sin2α

)a1− 1
2
(
cos2α

)c1−a1− 1
2
(
1 + xsin2α tan2α

)c1−a1−1
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×
(
1− ysin2α

)−a2 (1− zsin2α
)−a3

2F1 (1 + a1 − c1, a2; c2;

− u tan2α

(1 + xsin2α tan2α) (1− ysin2α)

)
dα

(Re(a1) > 0, Re(c1 − a1) > 0) , (2.19)

X
(4)
19 (a1, a1, a1, a1, a1, a2, a3, a2; c1, c1, c1, c2;x, y, z, u)

=
Γ(c1)Γ(c2)

Γ(a1)Γ(a2)Γ(c1 − a1)Γ(c2 − a2)

∫ 1

0

∫ 1

0
αa1−1βa2−1

×
[
(1− α) + α2x+ αβu

]c1−a1−1
[(1− β) + αβy]

c2−a2−1
(1− αz)−a3 dαdβ

(Re(a1) > 0, Re(a2) > 0, Re(c1 − a1) > 0, Re(c2 − a2) > 0) , (2.20)

X
(4)
20 (a1, a1, a2, a1, a1, a2, a3, a2; c1, c2, c3, c4;x, y, z, u)

=
4Γ(a1 + a2 + a3) (1 +M1)

a1 (1 +M2)
a1+a2

Γ(a1)Γ(a2)Γ(a3)

×
∫ π

2

0

∫ π
2

0

(
sin2α

)a1− 1
2
(
cos2α

)a2− 1
2

(1 +M1sin2α)
a1+a2

(
sin2β

)a1+a2− 1
2
(
cos2β

)a3− 1
2

(1 +M2sin2α)
a1+a2+a3

×F (4)
C

(
a1 + a2 + a3

2
,
a1 + a2 + a3

2
+

1
2

; c1, c2, c3, c4;λ1x, λ2y, λ3z, λ4u

)
dαdβ(

λ1 =
4 (1 +M1)

2
(1 +M2)

2
sin4α sin4β

(1 +M1sin2α)
2
(1 +M2sin2α)

2 , λ2 =
(1 +M1) (1 +M2)

2
sin22α sin4β

(1 +M1sin2α)
2
(1 +M2sin2α)

2 ,

λ3 =
(1 +M2) cos2α sin22β

(1 +M1sin2α) (1 +M2sin2α)
2 , λ4 =

(1 +M1) (1 +M2)
2
sin22α sin4β

(1 +M1sin2α)
2
(1 +M2sin2α)

2

)
,

(Re(ai) > 0, (i = 1, 2, 3) > 0,M1 > −1,M2 > −1) , (2.21)

X
(4)
20 (a1, a1, a2, a1, a1, a2, a3, a2; c1, c2, c3, c4;x, y, z, u) =

Γ(c3) (1 +M)
a3

Γ(a3)Γ(c3 − a3)

×
∫ 1

0
αa3−1 (1− α)c3−a3−1

(1 +Mα)
a3−c3 [(1 +Mα)− (1 +M)αz]

−a2

×X4 (a1, a2; c1, c2, c4;x, λy, λu) dα(
λ =

(1 +Mα)

[(1 +Mα)− (1 +M)αz]

)
,

(Re(a3) > 0, Re(c3 − a3) > 0,M > −1) , (2.22)

X
(4)
20 (a1, a1, a2, a1, a1, a2, a3, a2; c1, c2, c3, c4;x, y, z, u) =

2Γ(c4)

Γ(a1)Γ(c4 − a1)

×
∫ π

2

0

(
sin2α

)a1− 1
2
(
cos2α

)c4−a1− 1
2
(
1− usin2α

)−a2
X17 (1 + a1 − c4, a2, a3;

c1, c2, c3;x tan4α,− y tan2α

(1− usin2α)
,

z

(1− usin2α)

)
dα

(Re(a1) > 0, Re(c4 − a1) > 0) , (2.23)
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X
(4)
20 (a1, a1, a2, a1, a1, a2, a3, a2; c1, c2, c3, c4;x, y, z, u) =

Γ(c1)

Γ(a1)Γ(c1 − a1)

×
∫ ∞

0

(
e−α

)a1
[(

1− e−α
)
+ xe−2α]c1−a1−1

FE (a2, a2, a2, a3, 1 + a1 − c1,

1 + a1 − c1; c3, c2, c4; z, λy, λu) dα(
λ = − e−α

[(1− e−α) + xe−2α]

)
,

(Re(a1) > 0, Re(c1 − a1) > 0) , (2.24)

X
(4)
20 (a1, a1, a2, a1, a1, a2, a3, a2; c1, c2, c3, c4;x, y, z, u)

=
Γ(c1)Γ(c3)

Γ(a1)Γ(a3)Γ(c1 − a1)Γ(c3 − a3)

∫ 1

0

∫ 1

0
αa1−1βa3−1 (1− β)c3−a3−1

×
[
(1− α) + α2x

]c1−a1−1
(1− βz)−a2 F4 (1 + a1 − c1, a2; c2, c4;λy, λu) dαdβ(

λ = − α

[(1− α) + α2x] (1− βz)

)
,

(Re(a1) > 0, Re(a3) > 0, Re(c1 − a1) > 0, Re(c3 − a3) > 0) . (2.25)

Proof. Once substituting the series definition of the special function in each integrand and then,
changing the order of the integral and the summation, and finally taking into account the follow-
ing integral representations of the Beta function and their various associated Eulerian integrals
(see, for example, [2, p. 9-11], [8, 9, Section 1.1] and [11, p. 26 and p. 86, Problem 1]), we
derive each of the integral representations from (2.1) to (2.25).

B(a, b) =


∫ 1

0
ta−1(1− t)b−1 dt (Re(a) > 0, Re(b) > 0) ,

Γ (a+ b)

Γ (a)Γ (b)
(a, b ∈ C \ Z−0 ),

(2.26)

B(a, b) =

∫ 1

0
αa−1(1− α)b−1 dα =

∫ ∞
0

(e−α)a(1− e−α)b−1 dα

(Re(a) > 0, Re(b) > 0) , (2.27)

B(a, b) = 2
∫ π

2

0
(sinα)2a−1(cosα)2b−1 dα =

∫ ∞
0

αa−1

(1 + α)a+b
dα

(Re(a) > 0, Re(b) > 0) , (2.28)

B(a, b) =
(S − T )a(R− T )b

(S −R)a+b−1

∫ S

R

(α−R)a−1(S − α)b−1

(α− T )a+b
dα (T < R < S)

= (1 +M)a
∫ 1

0

αa−1(1− α)b−1

(1 +Mα)a+b
dα (M > −1)

(Re(a) > 0, Re(b) > 0) . (2.29)

2
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3 Integrals of Laplace-Type

We represent the quadruple series X(4)
16 , X

(4)
17 , X

(4)
18 , X

(4)
19 , X

(4)
20 in terms of integrals by means of

Laplace transform. The Laplace integral representations of these quadruple series are given as
follows:

X
(4)
16 (a1, a1, a1, a1, a1, a2, a3, a2; c1, c1, c2, c3;x, y, z, u) =

1
Γ(a1)Γ(a2)

×
∫ ∞

0

∫ ∞
0

e−(s+t)sa1−1ta2−1
0F1

(
−; c1; s2x+ sty

)
1F1 (a3; c2; sz) 0F1 (−; c3; stu) dsdt,

(Re(a1) > 0, Re(a2) > 0) , (3.1)

X
(4)
17 (a1, a1, a1, a1, a1, a2, a3, a2; c2, c1, c1, c3;x, y, z, u) =

1
Γ(a1)Γ(a2)

×
∫ ∞

0

∫ ∞
0

e−(s+t)sa1−1ta2−1
Φ3 (a3; c1; sz, sty) 0F1

(
−; c2; s2x

)
0F1 (−; c3; stu) dsdt,

(Re(a1) > 0, Re(a2) > 0) , (3.2)

X
(4)
18 (a1, a1, a1, a1, a1, a2, a3, a2; c1, c1, c2, c2;x, y, z, u) =

1
Γ(a1)Γ(a2)

×
∫ ∞

0

∫ ∞
0

e−(s+t)sa1−1ta2−1
0F1

(
−; c1; s2x+ sty

)
Φ3 (a3; c2; sz, stu) dsdt,

(Re(a1) > 0, Re(a2) > 0) , (3.3)

X
(4)
19 (a1, a1, a1, a1, a1, a2, a3, a2; c1, c1, c1, c2;x, y, z, u) =

1
Γ(a1)Γ(a2)Γ(a3)

×
∫ ∞

0

∫ ∞
0

∫ ∞
0

e−(s+t+v)sa1−1ta2−1va3−1
0F1

(
−; c1; s2x+ sty + svz

)
×0F1 (−; c2; stu) dsdtdv,

(Re(a1) > 0, Re(a2) > 0, Re(a3) > 0) , (3.4)

X
(4)
20 (a1, a1, a2, a1, a1, a2, a3, a2; c1, c2, c3, c4;x, y, z, u) =

1
Γ(a1)Γ(a2)

×
∫ ∞

0

∫ ∞
0

e−(s+t)sa1−1ta2−1
0F1

(
−; c1; s2x

)
Ψ

(3)
2 (a2; c2, c3, c4; sy, tz, su) dsdt,

(Re(a1) > 0, Re(a2) > 0) , (3.5)

where 0F1, 1F1,Φ3 and Ψ
(3)
2 denote the confluent hypergeometric functions defined, re-

spectively, by

0F1 (−; c;x) =
∞∑
m=0

1
(c)m

xm

m!
,

1F1 (a; c;x) =
∞∑
m=0

(a)m
(c)m

xm

m!
,

Φ3 (a; c;x, y) =
∞∑

m,n=0

(a)m
(c)m+n

xm

m!
yn

n!

and

Ψ
(3)
2 (a; b, c, d;x, y, z) =

∞∑
m,n,p=0

(a)m+n+p

(b)m(c)n(d)p

xm

m!
yn

n!
zp

p!
.
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Proof. It is noted that each of the integral representations (3.1) to (3.5) can be proved mainly by
expressing the series definition of the involved special functions in each integrand and changing
the order of the integral sign and the summation, and finally using the following well-known
integral formula [2]:

Γ(a) =

∫ ∞
0

e−t ta−1 dt. (<(a) > 0)

2

4 Concluding Remarks

Integral representations for most of the special functions of mathematical physics and applied
mathematics have been investigated in the existing literature. Here we have presented some in-
tegral representations for five new quadruple hypergeometric series.

References
[1] M.G. Bin-Saad, J.A. Younis and R. Aktas,Integral representations for certain quadruple hypergeometric

series, Far East J. Math. Sci., 103 , 21-44(2018).

[2] A. Erdélyi, W. Magnus, F. Oberhettinger and F.G. Tricomi, Higher Transcendental Functions, Vol. I,
McGraw-Hill Book Company, New York, Toronto and London, (1953).

[3] H. Exton, Multiple Hypergeometric Functions and Applications, Halsted Press, New York, London, Syd-
ney and Toronto (1976).

[4] H. Exton, Hypergeometric functions of three variables, J. Indian Acad. Math., 4 , 113–119(1982).

[5] G. Lauricella, Sull funzioni ipergeometric a pi variabili, Rend. Cric. Mat. Palermo 7 , 111–158(1893).

[6] S. Saran, Hypergeometric functions of three variables, Ganita 5, 2 77-91(1954).

[7] C. Sharma and C.L. Parihar,Hypergeometric functions of four variables (I), J. Indian Acad. Math.,
11 , 121–133(1989).

[8] H.M. Srivastava and J. Choi, Series Associated with the Zeta and Related Functions, Kluwer Academic
Publishers, Dordrecht, Boston and London, (2001).

[9] H.M. Srivastava and J. Choi, Zeta and q-Zeta Functions and Associated Series and Integrals, Elsevier
Science Publishers, Amsterdam, London and New York, (2012).

[10] H.M. Srivastava and P.W. Karlsson, A Treatise on Generating Functions, Ellis Horwood Lt1., Chich-
ester, (1984).

[11] H.M. Srivastava and H.L. Manocha, Multiple Gaussian Hypergeometric Series, Halsted Press, Bristone,
London, New York and Toronto, (1985).

Author information
Maged G. Bin-Saad, Department of Mathematics, Aden University,Aden
Kohrmakssar P.O.Box 6014, Yemen.
E-mail: mgbinsaad@yahoo.com

Jihad A. Younis, Department of Mathematics, Aden University,Aden
Kohrmakssar P.O.Box 6014, Yemen.
E-mail: jihadalsaqqaf@gmail.com

Received: May 23, 2018.

Accepted: November 3, 2018.


	1  Introduction
	2  Integral representations of Euler-Type 
	3  Integrals of Laplace-Type
	4 Concluding Remarks 

