Palestine Journal of Mathematics

Vol. 9(1)(2020) , 149-158 © Palestine Polytechnic University-PPU 2020

SOME GROWTH ANALYSIS OF ENTIRE FUNCTIONS OF
SEVERAL VARIABLES ON THE BASIS OF THEIR (p, ¢q)-TH
RELATIVE GOL’DBERG ORDER AND (p, q)-TH RELATIVE

GOL’DBERG TYPE

Tanmay Biswas

Communicated by Ivar Ekeland

MSC 2010 Classifications: 30D35,30D30.

Keywords and phrases: (p, g)-th relative Gol’dberg order, (p, ¢)-th relative Gol’dberg lower order, (p, g)-th relative
Gol’dberg type, (p, q)- th relative Gol’dberg weak type, growth.

Abstract In this paper we study some growth properties of entire functions of several com-
plex variables on the basis of their (p, ¢)-th relative Gol’dberg order and (p, ¢)-th relative Gol’dberg
type entire functions of several complex variables where p and ¢ are any positive integers.

1 Introduction and Definitions

Let C™ and R"™ respectively denote the complex and real n-space. Also let us indicate the
point (z1, 22, * +, 2n) , (M1, M2, - -, my) of C™ or I" by their corresponding unsuffixed symbols
z, m respectively where I denotes the set of non-negative integers. The modulus of z, denoted by

1
2) *. If the coordinates of the vector m are non-negative

|z|, is defined as |z| = (|z1|2 +- 4z
integers, then 2™ will denote /"' - - - z'» and ||m| =m; +-- -+ m, .

If D C C™ (C™ denote the n-dimensional complex space) be an arbitrary bounded com-
plex n-circular domain with center at the origin of coordinates then for any entire function f (2)
of n complex variables and R > 0, My p (R) may be define as My p (R) = supz € Dg|f (2)]
where a point z € Dp if and only if £ € D. If f(z) is non-constant, then My p (R) is strictly
increasing and its inverse Mf_}:, 2 (] (0)],00) — (0, 00) exists such that ngr(l)oMf_}D (R) = cc.

Considering this, the Gol’dberg order (resp. Gol’dberg lower order ) {cf. [4], [S]} of
an entire function f (z) with respect to any bounded complete n-circular domain D is given by

— logm My p (R) ) logm My p (R)
pro= MM e espAr = lim e

).

where log*l R = log (log[k_l] R) fork =1,2,3,1og” R = Randexp® R = exp (exp*~'I R)

fork=1,2,3,---;expl) R = R.

It is well known that ps p is independent of the choice of the domain D, and therefore
we write py instead of py p (resp. Ay instead of As p){cf. [4], [5]}.

To compare the relative growth of two entire functions of n-complex variables having
same non zero finite Gol’dberg order, one may introduce the definition of Gol’dberg type and
Gol’dberg lower type in the following manner:

Definition 1.1. {cf. [4], [S]} The Gol’dberg type and Gol’dberg lower type respectively denoted
by Ay p and As p of an entire function f (z) of n-complex variables with respect to any bounded
complete n-circular domain D are defined as follows:

— logM — log M
AfD: lim 70g /D (R) and Af,D: lim 7Og f,D (R)

> ,0< pr < .
U rove (R)Y Rt (R)” Pi < oo
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Analogously to determine the relative growth of two entire functions of n-complex vari-
ables having same non zero finite Gol’dberg lower order, one may introduce the definition of
Gol’dberg weak type in the following way:

Definition 1.2. The Gol’dberg weak type denoted by 74 p of an entire function f (z) of n-
complex variables with respect to any bounded complete n-circular domain D is defined as
follows: loe 1 R
Ts,p = lim 284D ) f’/j\j( )

R—+oo  (R)™

Also one may define the growth indicator 7 p in the following manner :

, 0< )\f < +00.

Frp = fim long,)l? (R)
R—+o0 (R) f

, 0< Ay <400

Gol’dberg has shown that [5] Gol’dberg type depends on the domain D. Hence all the
growth indicators define in Definition 1.1 and Definition 1.2 are also depend on D.

However, extending the notion of Gol’dberg order, Datta and Maji [1] defined the con-
cept of (p, q)-th Gol’dberg order (resp. (p,q)-th Gol’dberg lower order ) of an entire function
f (2) for any bounded complete n-circular domain D where p > ¢ > 1 in the following way:

— log” M; p (R — lodP R
propg) = fm 2 Mo g leTR
R—+o0 log” R R—+o]og Mf,D (R)
. log” M p (R , loo” R
(resp. A\r.p (p,q) = lim g[—f]’D(): lim []g——l .
nvie ol nlog® M (R)

These definitions extended the generalized Gol’dberg order p[;] p (resp. generalized

Gol’dberg lower order )\[}] p ) of an entire function f (z) for any bounded complete n-circular

domain D for each integer [ > 2 since these correspond to the particular case p[;] p=rsp (1)

(resp. AY', = Ap.p (1,1). Clearly pf,p (2,1) = psp (resp. Arp (2,1) = A, p). Further in

the line of Gol’dberg {cf. [4], [5]}, one can easily verify that ps p (p,q) (resp. A¢p (p,q)) is
independent of the choice of the domain D, and therefore one can write ps (p, ¢) (resp. As (p,q))
instead of ps p (p, q) (resp. As.p (p,q)).
In this connection let us recall that if 0 < ps (p,¢q) < oo, then the following properties
hold
pf(p—mn,q) =occforn <p, ps(p,g—n)=0forn < ¢, and

Pf (p+n,g+n)=1forn=1,2,..
Similarly for 0 < Af (p, q) < oo, one can easily verify that

A (p—mn,q) = oo forn < p, A\f(p,q—n)=0forn < ¢, and

Af(p+n,g+n)=1forn=1,2,.....

Recalling that for any pair of integer numbers m, n the Kroenecker function is defined
by 0, = 1 for m = n and §,, ,, = 0 for m # n, the aforementioned properties provide the
following definition.

Definition 1.3. For any bounded complete n-circular domain D, an entire function f (z) of n-
complex variables is said to have index-pair (1,1)if 0 < py (1,1) < co. Otherwise, f (z) is said
to have index-pair (p,q) # (1,1),p > ¢ > 1,if 6,40 < ps (p,q) < ocand py(p—1,9g—1) ¢
RT.

Definition 1.4. For any bounded complete n-circular domain D, an entire function f (z) of n-
complex variables is said to have lower index-pair (1,1) if 0 < Ay (1,1) < co. Otherwise, f (z)
is said to have lower index-pair (p,q) # (1,1),p > ¢ > 1,if 6,40 < Af(p,q) < oo and
)\f(p— l,q— 1) ¢ Rt
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To compare the relative growth of two entire functions having same non zero finite
(p, q)-Gol’dberg order, one may introduce the definition of (p, ¢)-Gol’dberg type and (p, q)-
Gol’dberg lower type in the following manner:

Definition 1.5. The (p, q)-th Gol’dberg type and (p, q)-th Gol’dberg lower type respectively de-
noted by As p (p,q) and Ay p (p,q) of an entire function f (z) of n-complex variables with
respect to any bounded complete n-circular domain D are defined as follows:

— log" ! M (R)

Arp(p,g) = lim
R—+00 {log[q_]] R} s (p,a)
< . log" My b (R
and Arp(p,g) = lim g 7.0 (R) 0< pr(pq) < oo,

R 400 |:]Og[q_l] Ri| ps(pa)’

wherep > g > 1.

Analogously to determine the relative growth of two entire functions of n-complex vari-
ables having same non zero finite (p, q)-th Gol’dberg lower order, one may introduce the defini-
tion of (p, q)- th Gol’dberg weak type in the following way:

Definition 1.6. The (p, q)- th Gol’dberg weak type denoted by 77 p (p,q) of an entire function
f (%) of n-complex variables with respect to any bounded complete n-circular domain D is
defined as follows:

log”~ " My p (R)
Af(p9)

7,0 (p,g) = lim ,0< Ap(pq) <+

R—+00 {log[q—l] R}
Also one may define the growth indicator 7, p (p, ¢) in the following manner :

_ = log?~l My (R)
7.0 (P q) = RLHEOO B A (p.)
[log[q 1] R}

,0< Af(pq) < +oo,

wherep > g > 1.

Definition 1.5 and Definition 1.6 are extended the generalized Gol’dberg type Agf] D

(resp.generalized Gol’dberg lower type Kgﬁ p) and generalized Gol’dberg weak order TJ[C{}D of
an entire function f (z) of n-complex variables with respect to any bounded complete n-circular

domain D for each integer | > 2 since these correspond to the particular case A[;] p=Arp (1,1)

(resp.K[fl]D =As (1,1)) andTJ[f’]D =74 (1, 1) (resp. ?[;],D =75 (l,1)).Clearly Ay p (2,1) = As p

(resp. Afp (2,1) =Ag p)and 74, p (2,1) = 74 p (resp. Ty, p (2,1) =T¢.p).

Since Gol’dberg has shown that [5] Gol’dberg type depends on the domain D, therefore
all the growth indicators define in Definition 1.5 and Definition 1.6 are also depend on D.

For any two entire functions f (z) and g (z) of n-complex variables and for any bounded
complete n-circular domain D with center at all the origin C™, Mondal and Roy [6] introduced
the concept relative Gol’dberg order which is as follows:

pg.0 (f) = inf{u>0:M;p(R) < Myp(R") forall R > Ry (n) > 0}

— logM; My p(R)
= lim 9
R—+o0 log R

In [6], Mandal and Roy also proved that the relative Gol’dberg order of f (z) with
respect to g (z) is independent of the choice of the domain D. So the relative Gol’dberg order
of f (z) with respect to ¢ (z) may be denoted as p, (f) instead of py p (f) .
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Likewise, one can define the relative Gol’dberg lower order A\, p (f) in the following
manner: |
log M M p(R)
A = li " ’
9P (f) R%oo IOg R

In the line of Mandal and Roy {cf. [6]}, one can also verify that A\, p (f) is independent
of the choice of the domain D, and therefore one can write A\, (f) instead of Ay p (f).

In the case of relative Gol’dberg order, it therefore seems reasonable to define suit-
ably the (p, q)-th relative Gol’dberg order of entire function of n-complex variables and for any

bounded complete n-circular domain D with center at the origin in C". With this in view one

may introduce definition of (p, q)-th relative Gol’dberg order pf]p 0 (f) of an entire function

f () with respect to another entire function g (z) where both f (z) and g (z) are of n-complex
variables and D be any bounded complete n-circular domain with center at the origin in C", in
the light of index-pair. Our next definition avoids the restriction p > ¢ and gives the more natural

particular case of Generalized Gol’dberg order i.e, p[gl:][]) (f) = pg] b (f).

Definition 1.7. Let f (z) and g (z) be any two entire functions of n-complex variables with index-
pair (m, ¢) and (m, p) , respectively, where p, ¢, m are positive integers such that m > ¢ > 1 and
m > p > 1 and D be any bounded complete n-circular domain with center at the origin in C”.
Then the (p, ¢)-th relative Gol’dberg order of f (z) with respect to g (z) is defined as

o (f) = inf{ " >0:Mjp(r) < My,p (eXp[p] (Mlog[q] R))
A forall R > Ry (u) >0

i log” My pMyp (R) o log” My p (R)
= lim = = lim ——%— =~
R—+o0 logl! R R—+o0]ogldl M;]lj (R)

Similarly, the (p, ¢)-th relative Gol’dberg lower order of f (z) with respect to g (z) is
defined by:

00— i MM () g M ()
9P R—+o0 logl! R R-+o0logl?! M7}, (R)

In the line of Mandal and Roy {cf. [6]} one may prove that pif g) (f) (resp. )\gj ’g) ()

is independent of the choice of the domain D, and therefore one can write pép ) (f) (resp.

APD (f)) instead of p'32) (f) (resp. AP (f)).

Next we introduce the definition of (p, q)-relative Gol’dberg type and (p, q)-relative
Gol’dberg lower type in order to compare the relative growth of two entire functions of n-
complex variables having same non zero finite (p, ¢)-relative Gol’dberg order with respect to
another entire function of n-complex variables.

Definition 1.8. Let f (=) and g (z) be any two entire functions of n-complex variables with index-
pair (m, ¢) and (m, p) , respectively, where p, ¢, m are positive integers such that m > ¢ > 1 and
m > p > 1 and D be any bounded complete n-circular domain with center at the origin in C”.
Then the (p, q)- relative Gol’dberg type and (p, q)- relative Gol’dberg lower type of f (z) with
respect to g (z) are defined as

_ loglP~V M;})Mf,p (R)

(p,q) _ ;
Ap ()= lim gy 2
[log[q_l] R}
_ log? ! M LM b (R
() = tim S Mo W) e () e,
’ R—+o00 [ —l] pgpﬁq (f)
[logq R}

Analogously to determine the relative growth of two entire functions of n-complex vari-
ables having same non zero finite p, q)-th relative Gol’dberg lower order with respect to another
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entire function of n-complex variables, one may introduce the definition of (p, q)- th relative
Gol’dberg weak type in the following way:

Definition 1.9. Let f (z) and g (z) be any two entire functions of n-complex variables with index-
pair (m, ¢) and (m, p) , respectively, where p, ¢, m are positive integers such that m > ¢ > 1 and
m > p > 1 and D be any bounded complete n-circular domain with center at the origin in C".
Then (p, q)- th relative Gol 'dberg weak type denoted by 7% (f) of an entire function f (z) with
respect to another entire function g (z) is defined as follows:

log[pfl] M;})pr (R)

! ré”*‘”m

5 (f) = lim
[log[q_1 R

R—+o0

,0< APD(f) < oo

Similarly the growth indicator 7'( D) (f) of an entire function f (z) with respect to another
entire function g (z) both of n- complex variables in the following manner :

log” "' M, LMy p (R)

D)

779 (f) = Tim

95 R—+o00

,0< AP (f) < 4o0.
[log[q_” R}

Therefore, for any two entire functions f (z) and g (z) both of n-complex variables, we
note that
o (f) # Agpm (F).AYE (£) > 0= 78 (f) = +oc and

9,D

PP (F) £ AP (f),A ;pg)(f)>0:>7( (f) =+o0.

Since Gol’dberg has shown that [5] Gol’dberg type depends on the domain D. Hence all

the growth indicators define in Definition 1.8 and Definition 1.9 are also depend on D.
If f (2) and ¢ (2) both of n-complex variables have got index-pair (m, 1) and (m, 1) , respec-
tively, then the above two definitions reduces to the definition of generalized relative Gol’dberg

type AE} p (f) (resp generalized relative Gol’dberg lower type Kg} p (f)) and generalized rela-

tive Gol’dberg weak type TE}D (f). If the entire functions f (z) and g (z) (both of n-complex
variables) have the same index-pair (p, 1) where p is any positive integer, we get the definitions
of relative Gol’dberg type as introduced by Roy [7] ( resp.relative Gol’dberg lower type) and
relative Gol’dberg weak type.

During the past decades, several authors {cf. [1],[2],[3],[6],[7], [8]} made closed in-
vestigations on the properties of entire functions of several complex variables using different
growth indicator such as Gol’dberg order, (p, q)-th Gol’dberg order etc. In this paper we wish
to establish some growth properties of entire functions of several complex variables (all the en-
tire functions under consideration will be transcendental unless otherwise stated) on the basis of
their (p, ¢)-th relative Gol’dberg order and (p, ¢)-th relative Gol’dberg type where p and ¢ are
any positive integers.

2 Main Results

In this section we present the main results of the paper.

Theorem 2.1. Let f (z), g (z) and h(z) be any three entire functions of n- complex variables
and D be a bounded complete n-circular domain with center at origin in C". Also let 0 <
ap (F) < o3 (1) < 00,0 < T (9) < 0l (9) < o0 and pP™ (1) = p™ (9)
where p, q, m are all positive integers. Then

ap () _ o dog” UM Myp (R) 3l ()

o) (g) ~ Eoteologlt = ML M, b (R) T E0) (g)

lo [I’-l]MflM R (p,m)
< lim sup 0g h,D .0 ( )<UhD (f)

R—+o00 log[q 1 Mk,_,lDMg,D (R) B Eéqgl) (g) ‘

s
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Proof. From the definition of a,(;’;”;) (g) and E%’j 7 (), we have for arbitrary positive ¢ and for

all large values of R that

_ m . P (f)
togh ! My LMy b (R) > (505 (f) - 2) (log™ " R) @.1)

and -
_ _ m e P ™ (9)
log[q 1 MlegMg,D (R) < (a,(f"D ) (9) + 5) (log[ 1 R) ) (2.2)

Now from (2.1), (2.2) and the condition p{""™ (f) = p\®™ (g), it follows for all large values
of R that

)

loglt™ Mk_,lDMg,D (R) (a,i‘f;;”) (9)+ 5) '

logP~ ! M,;}DMf,D (R) N (Eﬁf’}? (f) - 5)

As ¢ (> 0) is arbitrary , we obtain that

log” =" M}, My b (R) N an) (f)

lim inf ] ; Z . 2.3)
Rtoelog™ I My 1 My.p (R) 075" (9)
Again for a sequence of values of R tending to infinity we get that
[p—1] 1 _(p,m) [m—1] Pg_fvm)(f)
log"™ " M, n My p (R) < (Uh,b (f)+ 5) (10g R) 2.4
and for all sufficiently large values of R ,
la—1] 71 —(qm) ] )P 9)
log "~ ML, My,p (R) > (175 (9) — <) (log"™ " R) . 2.5)

Combining the condition p{”™ (f) = p*™ (g), (2.4) and (2.5) we get for a sequence of values
of R tending to infinity that

log[p*” Mh_,flef,D (R) B (Eﬁfg) (f)+ s)
log[fl—l] Mk_,jleq,D (R) o (Egcq’gn) (9) — 8)

Since ¢ (> 0) is arbitrary, it follows that

log” I M, 1, My.p (R) - ' (f)

lim inf rEEY < (’ - . (2.6)
Rotoolog™ My [, M,y p (R) 5;;]7}:) (9)
Also for a sequence of values of R tending to infinity that
la—1] 1 (@) ] o\ 9)
log™ " M, , My p (R) < (a,“’D (9) + 5) <log R) . (2.7)

Now from (2.1), (2.7) and the condition p™ (f) = p\*™ (g), we obtain for a sequence of
values of R tending to infinity that

log!P~ M, My p (R) . (EELPZ)W) (f) - 5)
log[qfl] M];lDMg,D (R) o (Egg‘{gn) (g) + 5)

As e (> 0) is arbitrary, we get from above that

o M My p (B) 3l ()
lim sup >

> . 2.8)
R—+o0 log[q_l] M];lDMg7D (R) E;ﬁqgn) (9)
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Also for all sufficiently large values of R ,

i ()
log”~!1 M, [, My.p (r) < (ai(zz,)b () + 6) (10g[m71] R) | ' @

As the condition p{""™ () = p{@™ (g) , it follows from (2.5) and (2.9) for all large values of R
that

log[p—l] M;;lDMf,D (r) § (g;f}:’)”) (f)+ 5)
IOg[‘I*I] M,;lDMg,D (’/‘) - (EEC‘I’gL) (g) _ 6)

Since ¢ (> 0) is arbitrary, we obtain that

o log" UMMy p(r) oY (f)
lim sup <

Rvtoo log M LMy p () ~ 708 (g)

Thus the theorem follows from (2.3), (2.6), (2.8) and (2.10).

(2.10)

Theorem 2.2. Let f (z), g (=) and h(z) be any three entire functions of n- complex variables
and D be a bounded complete n-circular domain with center at origin in C™. Also let 0 <
aﬁf’;) (f) < o0, 0< ogfgn) (9) < oo and p%p’m) (f) = pggq’m) (g9) where p, q, m are all positive
integers. Then

fmint %8 MibMrp (B) ol () - log? ™! My b My (R)
R -to0]ogld=1] My 5M,p (R) ~ Ugf};n) (g) ~ R—+oc loglt™!! M, , My p (R)

Proof. From the definition of a,(ggn) (g), we get for a sequence of values of R tending to infinity

that

)pif”"’)(g) .

tog™ ! M b My (1) > (015" (9) —<) (log™ ! 1 21D

Now from (2.9), (2.11) and the condition p{*"™ (f) = p\*™ (g) , it follows for a sequence of
values of R tending to infinity that

(o™ (f) +¢)
(o™ () <)

log[p_l] M}Z})Mf,D (R)
log[qfl] M,;}DMQ,D (R)

<

As e (> 0) is arbitrary, we obtain that

loglP~1) M};lDMj',D (R) - aglp’m) (f)

liminf P ; < . (2.12)
foteclog®™ N My pMy,p (R) o™ (9)
Again for a sequence of values of R tending to infinity that
(g,m)
_ _ m — pp(F)
log" ™ M Myp () > (o5 (1) = <) (log™ T R)™ 2.13)

So combining the condition p{*™ (f) = p\*™ (g), (2.2) and (2.13) we get for a sequence of
values of R tending to infinity that

logP~ 1! M}:}jMﬁD (r) N (U;(f’gw (f) - 5)
log[q—l] MkleMg#D (r) (J](ggn) (9) + z—:)

Since € (> 0) is arbitrary, it follows that

o logP UMy My b (r) ol (f)
lim sup >

Rroo 1og " UM M, b (r) a3 (g)

(2.14)

Thus the theorem follows from (2.12) and (2.14) .
The following theorem is a natural consequence of Theorem 2.1 and Theorem 2.2.
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Theorem 2.3. Let f (z), g (z) and h(z) be any three entire functions of n- complex variables
and D be a bounded complete n-circular domain with center at origin in C". Also let 0 <

ap (f) < o3 (1) < 00,0 < T (9) < 0l () < oo and pP™ (1) = "™ (9)
where p, q, m are all positive integers. Then

o flog[pfl] M, , My p (R)
z%r—lzfgo] la=1] 37-1
og Mk,DMg,D (R)

f) . log” I M, 1, My.p (R)
< limsup ; S .
Rtoo log?™ ! M M, b (R)

The proof is omitted.
Now in the line of Theorem 2.1, Theorem 2.2, Theorem 2.3 respectively one can easily
prove the following three theorems using the notion of (p, q)-th relative Gol’dberg weak type
and therefore their proofs are omitted.

Theorem 2.4. Let f (z), g (z) and h (=) be any three entire functions of n- complex variables and
D be a bounded complete n-circular domain with center at origin in C™. Also let 0 < T,(L]? ’Dm) ()

< ?Eff’gl) (f) < o0, 0< T]i?bm) (9) < ﬂf’g) (9) < oo and /\Elp’m) (f) = )\ch,m) (g) where p,q,m
are all positive integers. Then

M < lim inflog[pil] Mh_,}DMf,D (R) < Tigz,)bm) (f)
Top ()~ forelog MMy b (R) T 15 (9)

_ log? " M, LMy p (R) 705 (f)
< lim sup <

R—s+oo loglt™!) M,;;)Mg,D (R) T;iqu) (9) .

Theorem 2.5. Let f (z), g (z) and h (z) be any three entire functions of n- complex variables and
D be a bounded complete n-circular domain with center at origin in C". Also let 0 < st ’gl) (f)

< 00, 0 < ?Eggb) (9) < oo and )\ﬁlp’m) (f) = )\éq’m (g) where p,q,m are all positive integers.
Then

fmin 2 MipMyp (B) 7B () 10" My My (R)
R—>+<x>10g[q—1] M};}ng’D (R) ~ ?chg) (9) B+ log[q_]] M,;]leg,D (R) .

Theorem 2.6. Let f (z), g (z) and h (z) be any three entire functions of n- complex variables and
D be a bounded complete n-circular domain with center at origin in C™. Also let 0 < T;fbm) (f)

< ?;lgl) (f) < o0, 0 < Tli?bm) (9) < Fg{gw (9) < oo and )\ELp’m) (f) = )\ch,m) (g) where p,q,m
are all positive integers. Then

g UM LMy p (R) (P () T ()
liminf P — < min ) o)
foreclog®™ " My pMy,p (R) T (9) Tin (9)
(p,m) —(p,m) [p—1] 7 7—1
T T lo M, M R
< max { iz(,]Dm) (f)7 }(Z?n) (f) } < Tim sup g[q,l] h_? f,D (R) .
T (9) Trp (9) R+oo log™ " My, My p (R)

)

We may now state the following theorems without their proofs based on (p, ¢)-th relative
Gol’dberg type and (p, q)-th relative Gol’dberg weak type:

Theorem 2.7. Let f (z), g (z) and h(z) be any three entire functions of n- complex variables
and D be a bounded complete n-circular domain with center at origin in C". Also let 0 <
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arp (1) < ol () < 00, 0 < 7T () < AP (g) < o0 and o™ (1) = A" (g)
where p, q, m are all positive integers. Then

aip () _ o Jog" M pMyn (R) _ 305 ()
75 (g) ~ rlog " VML My p (R) T o5 (g)

g UM LMy p (R) _ ol (f)
< limsup =1 -1 < (q,m) ’
Rtoo log "™ My pn My p (R) 175" (9)

Theorem 2.8. Let f (2), g (z) and h (z) be any three entire functions of n- complex variables and

D be a bounded complete n-circular domain with center at origin in C". Also let 0 < O'](lign) (f)

< 00, 0 < ?gf”gl) (9) < oo and p%p’m) (f) = /\Ecq’m) (g) where p,q,m are all positive integers.

Then

_dogP VM LMyp (R) o) log”~" M, LMy p (R)
lim inf =) ’1 < (’ ) < lim sup 1] ’1 .
1 log MMy p (R) T 7 (g) — Aoeoe log ™ MM, p (R)

Theorem 2.9. Let f (z), g (z) and h(z) be any three entire functions of n- complex variables
and D be a bounded complete n-circular domain with center at origin in C". Also let 0 <

o p (1) < ol () < 00, 0 < 7T () < FIP (g) < o0 and o™ (1) = AP (g)
where p, q, m are all positive integers. Then

lim inf ; <
R—+o00 log[q7 ] M;;})Mg,D (R)

log ' M, b Myp (R) _ {05533’” () o (f)}
min ' lam)
) Tep (9)
(
(

D fimup! 2~ Moo (F)
" Rertoo loglt ™! M My p (R)

Theorem 2.10. Let f (z), g (z) and h(z) be any three entire functions of n- complex variables
and D be a bounded complete n-circular domain with center at origin in C". Also let 0 <
o) (1) <A () < 00,0 <35 (9) <ol (9) < 00 and AP™ (1) = o™ (g) where
p, q, m are all positive integers. Then

nep (F) o oe M My (B) s ()
o5 (9) e log MM (R) T FE (g)

< lim suplog[p_” My pMyp (R) 705 (F)
T Rotoo lOg[q*I] M;;}:)Mg,D (R) E;;I,’E)n) (9)

Theorem 2.11. Let f (z), g (z) and h(z) be any three entire functions of n- complex variables
and D be a bounded complete n-circular domain with center at origin in C". Also let 0 <
?Ef’gl) (f) <00, 0< U,ngn) (9) < oo and )\Elp’m) (f) = pgcq’m) (g9) where p,q,m are all positive
integers. Then

imint %8 MM (B) 75 (1) o log” ! My My p (B)
R~>+oolog[q*1] M,;}:)M%D (R) ~ U}(ngn) (9) ~ R-+oo log[qfll M;;}:)Mg,D (R) .

Theorem 2.12. Let f (z), g (z) and h(z) be any three entire functions of n- complex variables
and D be a bounded complete n-circular domain with center at origin in C". Also let 0 <

() < TR (F) < 00, 0 <Y (9) < 0y (9) < oo and AP (f) = pi™ (g) where
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D, q, m are all positive integers. Then

}%13335 la=1] 37-1 -
log Mk,DM.lLD (R)

log " M LM p (R) {Tﬁfbm) (f
< min m

(
k
. } < lim suplOg[p_]] Mf;}DvaD (R)

o f G
o m m R—+00 log[qfl] M,;}DMg,D (R) .
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