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Abstract In this paper we study classes of functions defined by using the concept of ¢-
derivative and Sakaguchi functions. In particular we derive coefficient inequalities, distortion
inequalities, coefficient estimates etc.

1 Introduction

Let A denote the class of functions of form
(o)
z)zz—l—Zanz", (1.1)

that are analytic in the open unit disk &/ = {z: z € C and |z| < 1} and S denote the subclass
of A consisting of all function that are univalent in /.
In[3], Jackson introduced and studied the concept of the g-derivative operator J, f (=) as follows:

Mot -, g,

70 ) T (1.2)

Equivalently (1.2), may be written as
z)=1+ Z[n}qanz”_l z#0,

where

Note that as ¢ — 1, [n], — n.
By combining the concept of g-derivative with Sakaguchi type function we will define the fol-
lowing:

Definition 1.1. For arbitrary fixed numbers q,cvand ¢, 0<¢g< 1, 0<a<l1, —1<t<1,let
S,(a, t) denote the family of functions f € A which satisfies

(1 - 1)20,f(2) }
R————/—~-7>a foral zel. (1.3)
{ f(z) = f(tz)

For special cases for the parameters ¢, and ¢ the class S;(«, t) yield several known sub-
classes of A, namely S; («, t) = S(a, t) the class introduced and studied by Owa et al.[4], S; (0, —1)
=8(0, —1) the class introduced and studied by Sakaguchi [6] and S;(0,t) = S(¢) the class intro-
duced Rnning [5].

We denote by 7, (v, t) the subclass of A consisting of all functions f such that:

204f(2) € Sq(a,t). (1.4)
We need the following lemma to prove our main results.
Lemma 1.2. [2] Let P(2) = 1+ Y 02 pu2™, (2 € U), with the condition R{p(z)} > 0, then

Ipn] <2, (n>1).
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2 Main results

Theorem 2.1. If the function f € A and satisfies
D {llnlg = unl + (1= a)unl}lan| S 1=, wp=1+t++ . +t", 2.1
n=2

then f € Sy(a,t).
Proof. Equivalently we show that

(1 —t)z04f(2)
f(z) = f(tz)

-1 <1—-oa.

Consider

(= 020,C) | _ Loy~ waan="

f(Z) - f(tZ) oz + ZZOZQ GpUn 2™

_ fo;z([n]q - Un)anznil
1+ >0, apupz!

)

which implies that

0-001C) | 2l
f(z) = f(tz) -1 _Z?:2|an||un| '

Therefore if f satisfies (2.1), then we have

‘ (1 —1)20,f(2)
f(z) = f(tz)

This completes the proof of Theorem 2.1. O

—1‘<1—0¢.

As g — 1 we get the following result introduced by Owa S. et al. [4].
Corollary 2.2. If f € A satisfies
Z {n—un| + (1 = a)|ug|} lan| <1 —a, wp=1+t+>+ .. +t"1 (2.2)
n=2
for0<a<1,then f € S(a,t).

Theorem 2.3. If the function f € A and defined by the form (1.1) and satisfies

oo

Z[n]q {[n]y — un| + (1 = )|un|}an| <1 —a, up=1+t+t*+. .. +t"], (2.3)
n=2

for0<a <1, then f € Ty(a,t).

Proof. Since f € T,(a,t) if and only if 29, f(z) € S,;(«, t), the result follows. i
As g — 1 we get the following result proved by Owa S. et al. [4].

Corollary 2.4. If f € A satisfies

Zn{|n—un| + (=) |unl}an] <1 -0, wp=1+t+t>+.. .+t (2.4)

n=2
then f € T(a,t).

Now we discuss the coefficient inequalities for function f in S, (v, ¢) and Ty (a, t).
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Theorem 2.5. If f € S,(o, t), then

n—I1

2(1 — a)|uy| + [[5]qg — uyl

j=1
Proof. We define the function p(z) by

1 (1—t)z8qf(z)_a _ = n
W= (e o) =1 e

1 -«

where p(z) is Carathéodory function and f(z) € S;(a,t).

Since
(1 =1)204f(2) = (f(2) = f(t2))(a+ (1 = a)p(z)),
we have . . .
Z([n]q —Up)an 2" = (z + Zanunz"> (l +(1-a) anz”>
n=2 n=2 n=1

where  w,=14+t+t2+... .+t L

Equating coefficints of 2™ on both sides we have

(1-a)

m Zun—jan—jpja a = 1.
q mn

J=1

Ay —

By Lemmal.2, we get

lan| < Tl ] > Z lujlas], a1 =1. (2.6)
Now we prove that
n—1 —
(1-a) \u]|+IH uj|
lujlaj] < . (2.7)
[n]q — unl JZI T ];[ + 1 — uj1]

We proof (2.7) by the induction method.
For n=2, from (2.6), we have

2(1 — «)
<
S o,
(2.5) yields
2(1 —a)|u |+ [l —w| _ 2(1-a)
< < .
e | T R [ Py
For n=3, from (2.6), we get
2(1 — )
— (1
las| < Bl, ) (1 + |uzlaz])
21 - a) ( 2(1 - ))
e ey A T S
= Bl —wl \' L )

Also from (2.5), we derive

= () )

: (sz(}ii%) (2([3125)12?2' * 1)'
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Let the hypothesis be true for n = m. From (2.6), we have

21-a) &
|am| < m Z |’u‘7“a‘7“, a) = 1.
q m j:l

From (2.5), we have

£ a)lug| + [[5]q _“J|
<
|am| = 1;[1 ]+1] _U']-H‘

By the induction hypothesis , we have

2(1 - ) N g ‘UJ|+|[] _UJ|
|[m}q_um‘ JE:I ‘uj| ]| = 1;[

+1]g — ;1]

Multiplying both sides by
2(1 = &) |um| + [[m]q — um|
[[m +1]q — wm+|

b

we have
20l 0w, 20 -0) 20— )il + ] um| Z .
= wal T Ml =l 1], 1
2(1 — a) 2 |um|
= Usilasi| + ujila
‘[m+1]q_um+l| um| Z| 7| 7| Z| ]‘ ]‘
2(1 70{) m—1
Z U Am + Ujiaq
|[m+1}q_um+l|{ mH L| ;| ]l ]|}
2(1 —a) =
> wilasl.
Hence
2(1 —a) - M |u|+\[] U,
|ujlas] < J =
|[m+1}q—um+1|j§:l N 1_[1 lg — wjsi]
Which shows that the inequality (2.7) is true for n = m + 1, and the result is true. O

Theorem 2.6. If f € T,(«,t), then

1 o 1 « |“J| H ] jl
< > . .
lan| < op I | i p—— , for n>2 (2.8)

The proof follows by using Theorem 2.5 and (1.4).

Now we define Sy 4(cv,t) and Tp 4(c, t) as follows: Sp (., t) = {f(z) € A: f(z) satisfies
2.1} and To,(a,t) = {f(z) € A: f(z) satisfies (2.3)}. For functions f in the classes
80,¢(cv, t) and To 4 (e, t) we derive the following results.

Theorem 2.7. If f € Sy ,(«, t), then

J J
2] =Y lanll2l™ = Al < ()] < 2l + D lanll2l™ + Aj]2P, (2.9)
n=2 n=2
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where -
= L= a =5 {lnly = unl + (1 = @)lunl} Jan|
’ J+1—alujul

(G >2). (2.10)

Proof. From the inequality (2.9), we know that

Z {l[nlg — unl + (1 = )fun|} lan| <1 —a - Z{Hn]q = up| + (1 = a)|un|} an].

n=j+1 n=2

On the other hand
[n]q — unl + (1 — @)[un| > [n]q — alun],

and hence [n], — a|u,| is monotonically increasing with respect to n. Thus we deduce

) J
(J+1—alujul) Z lan| <1 —a— Z{Hn]q = up| + (1 — a)|unl} an]-
n=j+1 n=2

which implies that
n=j+1

Therefore we have that

i
()] < Lol 4+ lanll2™ + Ayl

n=2
and ,
] .
FEI = 12 =D lanll=™ = Ayl
n=2
This completes the proof of the theorem. O

Analogously we prove
Theorem 2.8. If f € Ty 4(c, t) then

J J
2] = > lanllz[™ = Byl < |f(2)] < |2l + > lanl|2[" + Bz,

n=2 n=2
and
J ' J '
1= [nlglanllz["™" = Cl2l " < [f/(2) < T+ [nlglanllz|"" + Cyl21~".
n=2 n=2
Where _
oy — J _ _
g, — L= Sy {lnly —al + (= ual} ol
(+ D+ 1 —alujul}
and _
oy — J _ _
¢, L= a = Sl (ks —ual + (0 = unlblaal (o o
] +1- Ck|’ll,j+1|

Remark. By the definitions of the classes Sy 4 (v, t), and T 4(c, t), evidently we have
So,q(a,t) C So.q4(8,1) 0<p<ax<l),
and
Tog(o,t) CToq(B,t)  (0<B<a<l).
Now we derive a relation between So (5, ¢) and 7o 4(c, t).
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Theorem 2.9. If f € Ty 4(c, t), then € Sp (152, ¢).

Proof. Let f(z) € Tp 4(a,t).
Then if 3 satisfies

[[n]g = un| + (1 = B)|un| [[n]g = un| + (1 = a)|un|

< .
=3 < [nlq - 2.11)
for all n > 2, then we have that f(z) € Sy ,(8,t). From 2.9, we have
(1 - O‘)Hn]q — Up|
<1 — .
[nglln]q — un| + (1 — @) ([n]q — 1)|un|
Furthermore, since for all n > 2
Hn]q — Up| 1 1
<-<Z,
[n]an}q — up |+ (1 — a)([n]q = Dup| = n = 2
we obtain 14
e
f(z) € Squ(T,t).
O

As g — 1 in the above theorem we get the following result proved by Owa S. et al. [4].

Corollary 2.10. If f € To(a,t), then € So(152, ¢).
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