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AbstractIn this paper, we investigate symmetric g—Dirac operator acting in Lé((O, a),C?).
We describe maximal dissipative, maximal accumulative, self-adjoint and the other extensions of
such operators via the boundary conditions. We construct a self-adjoint dilation of the dissipative
operator and determine the scattering matrix of dilation. Later, we construct a functional model
of the diisipative operator and define its characteristic function. Finally, we prove that all root
vectors of the dissipative operator are complete in the Hilbert space Lé((O, a),C?).

1 Introduction

Studies on quantum analysis (¢—analysis) began in the 19th century by Jackson [1]. Since then,
the quantum analysis play an important role in various fields of science and engineering for
example, the theory of relativity, quantum theory, basic hypergeometric functions, string theory,
quantum chromodynamics. For more information, see [3], [2].

In this paper, we consider the following g—Dirac equations:

1
—qu71y2+p(fv)y1 = Ay, (1.1)
Dyyi +7r(x)y2 = A,

where )\ is a complex parameter, and p and r are g—regular at zero and ¢ is a positive number
which is less than 1. This equation is the g—analogue of the one dimensional Dirac system

—pAp@E)ym = Iy, (1.2)
yi+r@)y = Ap.

As is known, The equation (1.2) describe a relativistic electron in the electrostatic field (see [4]).

On the other hand, the class of dissipative operator is one of the main research areas of the
operator theory. In spectral analysis of dissipative operators, the theory of dilations with appli-
cations of functional models is one of the basic methods. Specially, the characteristic function
carries important information regarding the spectral properties of these operators. We know that
the absence of the singular factor in the factorization of the characteristic function is guarantee
the completeness of the system of root vectors of maximal dissipative operators [6].

In the present article, we work ¢q—Dirac operator acting in the Hilbert space H := L2((0,a),C?) (0 <
a < 00). In Section 2, we construct a space of boundary value for minimal symmetric ¢—Dirac
operator and describe all the maximal dissipative, maximal accumulative, self-adjoint and other
extensions of such operator. In Section 3, we construct a self-adjoint dilation and its incoming
and outgoing spectral representations. Thus, we determine the scattering matrix of the dila-
tion according to the Lax and Phillips scheme [5], [6]. In Section 4, using incoming spectral
representations, we construct a functional model of the maximal dissipative ¢—Dirac operator.
Furthermore, we determine characteristic function of this operator. Finally, we prove that all root
vectors of the maximal dissipative ¢—Dirac operator are complete in the space H.
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A similar way was employed earlier in the differential/difference operator cases in [8]-[10],
[15]-[17].

Now, we recall some necessary concepts of quantum analysis for convenience.

Following the standard notations in [7], [2], let ¢ be a positive number with 0 < ¢ < 1,
A C Rand a € A. A g-difference equation is an equation that contains g—derivatives of a
function defined on A. Let y be a complex-valued function on A. The g-difference operator D,
is defined by
y (g7) —y (z)

( 0 for all x € A.
qg— 1Dz

Dgy (z) =

The g—derivative at zero is defined by

Doy (0) = Tim y(¢"z) —y(0) (

n—00 q”x

zeA),

if the limit exists and does not depend on z. A right-inverse to D, the Jackson g—integration is
given by

[ r@ag =0 —)> " (g (= € A)

n=0

provided that the series converges, and

b b a
[ rwde= [ roae- [ 1w e
A function f which is defined on A, 0 € A, is said to be g—regular at zero if
lim f (z¢") = f(0),

for every x € A. Through the remainder of the paper, we deal only with functions g—regular at
zero. Let L2(0, a) be the space of all complex-valued functions defined on [0, a] such that

1= (/0 If(x)ldq:v>l/2 < oo,

The space Lé (0,a) is a separable Hilbert space with the inner product

(f.g) = /O " f () g @dya. f.g € 12(0.a),

and the orthonormal basis

0, otherwise,

where n =0, 1,2, ...(see [2]).

2 Extensions of symmetric g—Dirac Operators

In this section, we describe all extensions (dissipative, accumulative, self-adjoint and other) of
symmetric ¢g—Dirac Operators. We consider the g—Dirac systems

1
Iy = —¢Dg-1v2 +p (@) Y = Ay
Doy +7(z) 2 Ay

where p and r are real-valued functions defined on [0, a] and g—regular at zero and q is a positive
number which is less that 1.
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Now, using the inner product

(o= [ (@), 9 (@) dy,

we introduce convenient Hilbert space H := L2((0,a),C?) (0 < a < c0) of vector-valued func-
tions.

Y1
Y2
which y; and y, are g—regular at zero and I'y € H. We define the maximal operator Y, on the
set D by the equality Yy,xy := I'y. Now we have a

Let us consider the set D consisting of all vector-valued functions y = ( € Hin

Lemma 2.1 (Green’s formula). Let y = ( s ) , 2= < A > € D. Then, we have

(Fyv Z) - (yvrz) = [y’ Z}a - [ya Z]O7

where [y, z], = y1 (x) 22 (¢7'z) — 21 (x)12 (q_lx) .

Proof. Lety,z € D. Then, we obtain
e 1
(Ty,z) — (y,ITz) = / <—qu1y2 +p(x) yl) Zidgx
0
a
+ [ Dun +r @) ) e
0

e 1
_/ Y1 (—qulzz —I—p(l‘) Zl>dq$
0

—/ y2(Dgz1 + 1 (x) 22)dgx
0

e 1
= —/0 {(qu1y2>zl+y2(qul)] dqx
+
0

1
(Dgy1) 22 +u1 (qu1 z2>1 dgx

Since
Dy(a1 (@2 (a7 ') = (Daw2 (a7'2)) Dy (a7'2) (1 () 432 (2) (D21 (2))
- é(Dq—lyz)ZTerz(Dqu)
and
Dy (g )y (1)) = (Dyza (a7 10)) Dy (g~ @)y (2) + 22 () (Dyon ()
- é(Dq,le)y] + 22 (2) Dayr () -
Hence we get
T = T2) = = [ D@ (o)

+/0a D,(y1(x)z (¢ 'x))dgxr = /Oa D, [yl ()22 (g~ 'z) — 2z1(z)y2 (q_lx)} dgx

= [y,Z]a - [y7z]0
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Let Dpin denote the linear set of all vectors y € D satisfying the conditions

Y1 (0) =12 (0) = 1 (@) = 2 (ag™") = 0.

If we restrict the operator Y« to the set Dy, then we obtain the minimal operator Y. It is
clear that Y. = Yy, and Yy, is a closed symmetric operator (see [11] ). Now we recall the
following.

Definition 2.2. A linear operator M (with dense domain D (M) ) acting on some Hilbert space
H is called dissipative (accumulative) if Im (Mf,f) > 0 (Im(Mf,f) < 0) for all f €
D (M) and maximal dissipative (maximal accumulative) if it does not have a proper dissipative
(accumulative) extension (see [8]-[10]).

Definition 2.3. A triplet (H, A;, A;) is called a space of boundary values of a closed symmetric
operator M on a Hilbert space H if A; and A, are linear maps from D (M*) to H, with equal
deficiency numbers and such that:

i) For every f,g € D (M*) we have
(M*f,9)y — (f,M*g) g = (A1 f, A2g)g — (Ao f, A19) s

ii) For any F, F, € H there is a vector f € D (A*) such that A;f = Fy and A, f = F5 (see

[12]).
Let’s define by Ay, A, the linear maps from D to C? by the formula

_ [ w0 _( %(0
Ay = ( yi () ) s Aoy = ( n (aq_1) > : (2.1)

Now we will state and prove a theorem.
Theorem 2.4. The triplet (C*, Ay, Ay) defined by (3) is a boundary spaces of the operator Y.
Proof. Lety,z € D. Then, we have

Ay, Maz) e — (May, A1z)ee = —41(0)Z2(0) + 71 (0) 32 (0)
(

By Green’s formula, we obtain

(MY, Maz) e — (May, Ai2) e = [y, 2], — [y, 2], -

Hence
(Ymaxya Z)H - (:%Ymaxz)H = (AlyzAZZ)cz - (AZyvAIZ)@ .
Thus, we obtain the first condition of the definition of a space of boundary value.

Now, we will prove the second condition. Let u = ( u ) ,U = < vl ) € C?. Then the
u2 U2

vector-valued function

y(t) = < z; ) = a1 () ur (t) + a2 () v () + B () uz () + B2 () w2 (1),

where o (1) = o (1) a (1) = [ 2 (t) _ [ Bu () _ [ Ba(®)
here o (t) <a12(t) > 2 (1) <a22(t) )’Bl(t) (Blz(t) >,Bz(t) <ﬂ22(t)

H satisfy the conditions
0) = =1, a12(0) = ayi (a) = iz (ag™") =0,
a2 (0) = 1, az (0) = a1 (a) = ax (ag™") =0,
(@) = 1, B (0)=B12(0) =Bz (ag™") =0,
B (ag™") = 1, B21(0) = Bar (a) = B (0) =0,
belongs to the set D and Ay = u, Ayy = v. This finishes the proof. O

)
)
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Corollary 2.5. For any contraction K in C? the restriction of the operator Y to the set of
Sfunctions y € D satisfying either

(K= Ay +i(K+1)Ay=0 2.2)

or
(K—I)Aly—i(K+I)A2yIO 2.3)

is respectively the maximal dissipative and accumulative extension of the operator Y. Con-
versely, every maximal dissipative (accumulative) extension of the operator Y, is the restriction
of Ymax o the set of functions y € D satisfying (2.2) ( (2.3) ), and the extension uniquely de-
termines the contraction K. Conditions (2.2) ( (2.3) ), in which K is an isometry describe the
maximal symmetric extensions of Y nin in H. If K is unitary, these conditions define self-adjoint
extensions.

In particular, the boundary conditions

i) (0) + a1y; (0) =0, 2.4

Y2 (aqfl) + wyi (a) =0, (2.5)

with Ima; > 0ora; = oo, Imay > 0oray = oo, (Ima; = 0or a; = oo, Imay; =0
or a; = o0) describe the maximal dissipative (self-adjoint) extensions of Yy, with separated
boundary conditions. Note that if o«; = co (a; = 00), then the boundary condition (2.4) ( (2.5))
should be replaced by y; (0) =0 (y; (a) = 0).

From now on, we shall study the maximal dissipative operators Y,,,, generated by (1.1) and
the boundary conditions (2.4) and (2.5) with Sy > 0and I'may = 0 or ap = co.

3 Self-adjoint dilation

While we investigate the spectral analysis of the maximal dissipative operators, we will use the
functional model theory of Sz.-Nagy-Foias (see [6]). Hence, we must construct the characteristic
function of a contraction. But this is not easy. To overcome this problem, we will use the abstract
scattering function of Lax-Phillips ( see [5]) because it is unitary equivalent to the characteristic
function of Sz.-Nagy-Foias (see [6]).

In this section, we construct a self-adjoint dilation and its incoming and outgoing spectral
representations. Later, we determine the scattering matrix of the dilation according to the Lax
and Phillips scheme [5], [6].

Now, let us define the main Hilbert space of the dilation H =7_ & H & 7, where 7 =
L?(—00,0) and 7. = L? (0, 0) are the “incoming” and “outgoing” subspaces. In the space H,
we consider the operator I on the set D (T') , its elements consisting of vectors w = (¢_, y, ¢+ ),
generated by the expression

do_ d
C{o_,y,04) = <idLg7Fy,idig> (3.1

satisfying the conditions: ¢_ € W, (—00,0), p+ € W, (0,00),y € H,
y2(0) — ey (0) = v (0), 52 (0) — @1y (0) = ¢4 (0),
i (aqil) — oy (a) =0.
where W, are Sobolev spaces and 72 := 2 I'may, v > 0.

Theorem 3.1. The operator T is self-adjoint in H and it is a self-adjoint dilation of the operator
Yoo

Proof. Let f, g€ D(T), f = (p—,y, ¢+ ) and g = (¢_, 2,4 ). Then we have

(Ffvg)H - (f7 I‘g)H = (I‘<(P—,y,(,0+>7 <¢—asz+>) - (<<p_,y,<p+>,I‘<¢_,z,w+>)
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0 o0

= z/ d;%*_dg + (Cy, 2)  + i/%%dﬁ
N g
—i 7 soddz’idf = (W, T2)y — i7tp+cngd£
. g
- _7 ‘%@d& + [y, o + 27"2*%%
i 7 o~ G~ .7l z7so+ﬁ”gdf
N g

- 7;1/)7 (O) P_ (O) - Z.SO+ (0) 7/4 (O) + [y7 Z]a - [y> Z]O'

By direct computation, we get
W (0)B_ (0) —ips (0) ¥y (0) + [y, 2a — [y, )0 = 0.

Thus, T is a symmetric operator.
Now, we will prove that I is self-adjoint, i.e., T* C T. Let g = (¢_, z,v4) € D (I'*) and
I'*g = g* = (Y%, z*,¢}) € H, such that

(Tf,9)y = (£,T79)y = (f,9")y - (3.2)

Then, it is not difficult to show that ¢»_ € W) (—0,0), ¢, € W) (0,00), g € D(T) and
g* = I'g. Using (3.2), we obtain

(Tf,9)y = (f,Tg)y,f € D(T).

Furthermore, g € D (I'*) satisfies the conditions
2 (0) — 11 (0) =y (0), 12 (0) — @qy1 (0) = 4 (0),

2 (ag™") — ayi (a) = 0.
Consequently, D (I'*) C D (T'), i.e., I is self-adjoint.
On the other hand, we know that the self-adjoint operator I" generates on # a unitary group
U, = exp (il't) (t € R). Let denote by P : X — H and P; : H — H the mapping acting
according to the formulae P : (p_,y, o) = yand P : y — (0,y,0). Let Z, :== PU,P; t > 0.
Then, the family {Z;} (¢ > 0) of operators is a strongly continuous semigroup of completely
nonunitary contraction on H. The generator of this semigroup is defined by the formula

1
By = lim — (Zyy —
y= ftim 5 (Zey =)

The domain of B consists of all the vectors for which the limit exists. The operator B is maximal
dissipative. The operator I is called the self-adjoint dilation of B (see [6], [14]). We next show
that Y, = B and therefore I is self-adjoint dilation of B. For this purpose, it is sufficient to
verify the equality (see [6], [14])

PE=A)""Piy= (Yoo, — M) y,y € H, text Ima, < 0 text. (3.3)

Let (T — )\I)_] Py = g = (¢, 2,¢;). Then, we have (I' — A\I) g = Pyy. Conse-quently,
[z—Xz=y, ¥_ (&) =1_(0)e ™ and ¥, (&) = 94 (0) e~ <. Since g € D (T'), then ¢ €
W, (—o0,0), it follows that 1»_ (0) = 0, and consequently z satisfies the boundary condition
y2 (0) — ayy1 (0) = 0. Therefore z € D (Y4,q,) , and since point A with ImX < 0 cannot be an

eigenvalue of dissipative operator, then z = (Y0, — M )71 y. Thus

(T =AD" Piy = (0, (Yoo, =AD"y, 77" (12 (0) =@y (0) e ™)



206 B. P. Allahverdiev and Hiiseyin Tuna

fory € H and ImA < 0. On applying the mapping P, we obtain (3.3). Furthermore, using by
(3.3), we get

(Taluz - AI)_I = P (F — )\I)_l Pl — _i’])/ute—i)\tdtpl
0

= —z‘/Zte—Wdt =(B=AI)"", Imr<0,
0

ie., Yo,0, = B. ]

On the other hand, the unitary group {¢/; } has an important property which makes it possible
to apply it to the Lax-Phillips (see [5]). In the following theorem, we will give its properties.

Theorem 3.2. Let 7_ = (L*(—00,0),0,0) and 7 = (0,0, L?(0,00)) be orthogonal incom-
ing and outgoing subspaces of the unitary group {U;}, t € R. Then they have the following
properties:

(Z) Z/{tT, cT—, t S 0 andl/[t7'+ C 74, t 2 O,
(17) tgo UT— = tQOUtT+ = {0};
(iii) 7— L 7y
Proof. (i) For all A, with ImA < 0, we have
3
Rof = (T = AI)~" f = (0,0, —ie_i)‘f/ei’\sgm_ (s)ds), f = (0,0,04) € 71,
0
i.e., Rnf € 1. Furthermore, if g 1 7, then

0= (Rxf,9)y = —'/e_”‘t (Urf,g)4 dt, text ImA < 0.
0

which implies that (4, f, g),, = 0 for all t > 0. Hence, for t > 0, Uy, C 74, the proof for 7_ is
similar. O

(ii) Let us define the mappings P+ : H — L? (0,00) and P;" : L? (0, 00) — 7 as follows
Pt (p—,y,04) = o and P 1 o — (0,0, p), respectively. We take into consider that the
semigroup of isometries U, := PTUP;" (t > 0) is a one-sided shift in L? (0,00) . Indeed, the
generator of the semigroup of the one-sided shift V; in L? (0, c0) is the differential operator z’d%
with the boundary condition ¢ (0) = 0. On the other hand, the generator .S of the semigroup of
isometries U, (t > 0) is the operator

dp dyp

— +]_-\ +., — +]_'\ —_ Dt N s

S@ 7) PISD 7) <0707<)0> 7) <07072d€> ldf’

where ¢ € W) (0,00) and ¢ (0) = 0. Since a semigroup is uniquely determined by its generator,
it follows that ¢; = V;, and, hence,

tgoum = (0,0, tQOV;LZ (0,00)) = {0}.

(i4i) The proof is clear.
Now, we will give a definition and three lemmas to prove the another property of incoming
and outgoing subspaces of the unitary group {i4;}, t € R.

Definition 3.3 ([8]). In the Hilbert space H, the linear operator A (with domain D (A)) is called
simple (or completely non-self-adjoint) if there is no invariant subspace N C D (A) (N # {0})
of the operator A on which the restriction A to [V is self-adjoint.
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Lemma 3.4. The operator Y ,q, is simple.

Proof. Suppose the assertion of the lemma is false. Then we could find a nontrivial subspace H C
H such that Y, , induces a self-adjoint operator Y, ,, with domain D(T, =HND (Yo,a,) -

Ify € D(Y,,,,), theny € D(Y%, ) and
Y2 (0) — a1y1 (0) =0, y2 (0) — @y (0) =0,

Y2 (aq_]) — apy (a) = 0.

alaz)

Oélaz)

Since the eigenfunctions of the operator Yo, o, lie in H and are eigenfunctions of the operator Y, ,_,
we have y, (0) = y; (0) = 0. By the uniqueness theorem of the Cauchy problem for the equation
I'y = Ay, we obtain y (z,\) = 0. Hence, the resolvent Ry (Y,,q,) of the operator Yy, q, is a
compact operator, and the spectrum of Y,,,, is purely discrete. Consequently, by the theorem
on expansion in the eigenvectors of the self-adjoint operator Y, \arps WE Obtain H = {0}. This
contradicts our assumption. O

Now, let us define H_ = gOZ/{tT_, H, = L<JOL{tT+. Then, we have a
t> t<

Lemma 3.5. The equality H_ + Hy = H holds.

Proof. From Theorem 3.2, we show that the subspace H = H © (H_ + H.) is invariant relative
to the group {U; } and has the form # = (0, H,0), where H is a subspace in H. Therefore, if the
subspace H (and hence also H) were nontrivial, then the unitary group {U;} restricted to this
subspace would be a unitary part of the group {2, }, and hence, the restriction Y, 1o, Of Ty, tO

H would be a self-adjoint operator in H. Then, it follows that % = {0}, since the operator Y, q,
is simple. o

Assume that ¢ (z, \) = ( i; Ei’i; ) and ¢ (z, \) = < Z; Ei’i; ) are solutions of I'y =

Ay satisfying the conditions
@1 (0,A) =0, ©2(0,A) = =1, ¢ (0,A) =1, 92 (0,A) = 0.

The Titchmarsh-Weyl function mu o, (A) of the self-adjoint operator Y, ,, generated by the
boundary conditions y; (0) =0, y» (ag™") — auy (a) = 0 is determined by the condition

¥ (ag™") + Moo,a, (\) @2 (ag™") — a2 [1h1 (@) + Mos,a, (A) @1 (a)] = 0.

Hence, we have
2 (ag™") — a2ty (a)
¢2(ag™!) — azpr (a)
Note that the Weyl-Titchmarsh function m« 4, (A) is @ meromorphic function on C, and is a
holomorphic function with ImA # 0, ImA Imme a, (A) > 0 and M a, (A) = Moo,a, (A).
Then Mo o, (A) has a countable number of isolated poles on the real axis, these poles are the
eigenvalues of the self-adjoint operator Y ,, and the operator Y o, (also every self-adjoint
extension of the symmetric operator Yp,i,) has a purely discrete spectrum ([18], [19], [20]).

We set

Moo,a, (A) = — 34

_ _ —iE 1 T —iA¢
Q5 (7,6,¢) = (e ,mm,az(A)_alw(x,A),Ka]az(A)e )s (3.5)
. 1 .
QL (7,6,¢) = (Kayay () e™™, — (A)ialvx(x,)\),e_uc), (3.6)
where
w2, A) = (2, A) + Mooa, (A) @ (z,A),
Kopon (1) = Moo ) Z 01, 3.7

Moo, ay ()‘) — ]
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It is clear that the vectors QF (z,&,() for real A do not belong to the space H. However,
QT (z,¢,() satisfies the equation TU = AU and the corresponding boundary conditions for
the operator T.

Lemma 3.6. Let us define the transformation F+ : f — f; (A) by

(PN & = F 0= <= (.99,
(FJrf)()‘) :f’:r()‘) ::\/%(fag_;)yv f:<90—7yv§0+>

where p_, @y, y are smooth, compactly supported functions. Then the transformation F-
isometrically maps Hz onto L? (R). For all vectors f, g € Hx, the Parseval equality and the
inversion formulae hold:

(Frg)y = <fl,g”_>Lz= f_(A)gN( VX[ == / Fesdy,  (8)

(f7g)’;l-t = f+7g+ /f+ :\/%/fi(/\)gid)" (39)

where f— (X) = (F_f)(A). 9= () = (F-g) (N), f+ (X) = (Fy.f) (N) and g1 () = (Fig) (A).
Proof. We will just prove the formula (3.8) since the proof of (3.9) is similar. By Paley-Wiener

theorem, we have

FL0) = o= (1900 = o= [0 (@ Nas e 2.

where f,g € 7, f = (p-,0,0),9 = (»_,0,0). Using Parseval equality for Fourier integrals,
we obtain

(.05 = / o () V- (E)de = / NG A= (F_f,F_g),..

where H3 denote the Hardy classes in L? (R) consisting of the functions analytically extendible
to the upper and lower half-planes, respectively. Now, we extend to the Parseval equality to the
whole of H_. We consider in H_ the dense set of H_ of the vectors obtained as follows from
the smooth, compactly supported functions in 7_ : f € H_ if f = U; fo, fo = (p_,0,0),
p_ € C§°(—00,0), where T = T 1is a nonnegative number depending on f. If f,g € H_,
then for T' > Ty and T' > T, we have U_r f,U_rg € 7_, moreover, the first components of
these vectors belong to Cg° (—o0,0) . Therefore, since the operators U, (¢t € R) are unitary, by
the equality
FUf = (U f,Qx)y = ™ (f,Qx)y, = M F_f,
we have
(fs9)y = U= fU-T g)yy = (F-U-7 f,F-U-T g)[>

and N

(e F_f, e F_g)r2 = (f.9)12- (3.10)
By taking the closure (3.10), we obtain the Parseval equality for the space H_. The inversion
formula is obtained from the Parseval equality if all integrals in it are considered as limits in the
of integrals over finite intervals. Finally

F H = UF Ur = UeMH? =L*(R),
t>0 t>0

that is F_ maps H_ onto the whole of L? (R). The lemma is proved. i
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It is immediate that the function K, , (A) is meromorphic in C and all poles are in the lower
half-plane. From (3.7), |Kq,a, (A)] < 1 for all A € R. Hence, it explicitly follows from the
formulae for the vectors Qx and Q7 that

Qf = Ka0, (A) Q. (3.11)

Moreover, H_ = H. Together with Lemma 3.5, this shows that H_ = H, = H.
Summarizing, we have been proved the following theorem for the incoming and outgoing
subspaces (i.e., for the spaces 7_ and 7).

Theorem 3.7. U U7 = U Uty = H.
t>0 t<0

Thus, the transformation F_ isometrically maps H_ onto L? (R) with the subspace 7_ mapped
onto H? and the operators ; are transformed into the operators of multiplication by e**. This
means that F_ is the incoming spectral representation for the group {l/;}. Similarly, F is
the outgoing spectral representation for the group {U;} . It follows from (3.11) that the passage
from the F_ representation of an element f € # to its F; representation is accomplished as

f: (A) = Kaya, (A) f= (X) . Consequently, according to [5], we have proved the following.

Theorem 3.8. The scattering function of the group {Uy} is the function K, o, (M) i.e., the scat-
tering function of the self-adjoint operator T is the function K, o, (A) .

4 Functional model of the maximal dissipative g—Dirac operator

In this section, we construct a functional model of the maximal dissipative g—Dirac operator with
the help of incoming spectral representation. Furthermore, we determine characteristic function
of this operator and prove that all root vectors of the maximal dissipative g—Dirac operator are
complete.

Now, we will give some definitions.

Definition 4.1 ([6]). The analytic function S () on the upper half-plane C, is called inner func-
tionon C, if |S ()] < 1forall A € C; and |S (A)| =1 for almost all A € R

Definition 4.2 ([6]). Let us define ¥ = H? © SH?2, where S ()) be an arbitrary nonconstant
inner function on the upper half-plane. It is obvious that ¥ # {0} is a subspace of the Hilbert
space H?. We consider the semigroup of operators Z; (¢ > 0) acting in ¥ according to the
formula

Zyp =P [e™o] o =0 (X) €Y,

where P is the orthogonal projection from H? onto \P. The generator of the semigroup {Z;} is
denoted by

T = li i) (Zyp —

p = lim (it) " (Zip — ),

which T is a maximal dissipative operator acting in ¥ and with the domain D(T') consisting
of all functions ¢ € W, such that the limit exists. The operator T is called a model dissipative
operator.

Recall that this model dissipative operator, which is associated with the names of Lax-Phillips
[5], is a special case of a more general model dissipative operator constructed by Nagy and Foias
[6]. The basic assertion is that S () is the characteristic function of the operator 7.

Let V =(0,H,0),sothat H =7_ @ V @& 7. It follows from the explicit form of the unitary
transformation F'_ under the mapping F_

H o= LPR),f— [ (\) = (F_f)(N\), 7 — H> 1y = Kaya,H?, 4.1
Vo H2 0 KaaH?, Us — (FLUFT'f) (N) = ¢ f ()).

The formulas (4.1) show that operator Y,,,, is a unitarily equivalent to the model dissipative
operator with the characteristic function K,,, (A) . We have thus proved following theorem.
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Theorem 4.3. The characteristic function of the maximal dissipative operator Y, ., coincides
with the function K, (\) defined by (3.7).

Theorem 4.4. For all the values of o with Sa > 0, except possibly for a single value oy = o

and for fixed a; ( Imay = 0 or ap = o0), the characteristic function K, o, (\) of the maximal
dissipative operator Y, is a Blaschke product. The spectrum of Y, q, is purely discrete and
belongs to the open upper half-plane. The operator Yo,a, (1 # o) has a countable number
of isolated eigenvalues with finite multiplicity and limit points at infinity. The system of all
eigenvectors and associated vectors (or all root vectors) of the operator Y, , is complete in the
space H.

Proof. Tt is obvious that K., (A) is an inner function in the upper half-plane, and it is mero-
morphic in the whole complex A-plane. Therefore, we can say

Ka1a2 ()\> = ei)\cBalaz ()‘) y €= C(Oq) >0, “4.2)
where B, 4, (1) is a Blaschke product. Hence, we get
|Ka,a, (M) < e @) ImA = rma > 0. (4.3)

From (3.7), we obtain

ailKOélaz ()\) — O]
K@laz ()‘) -1

If ¢ (1) > 0, ( Imay > 0), then (4.3) implies that

4.4)

Moo,y <>‘) =

lim K, (iz) =0,

r—+00

and then (4.4) gives us that

zliffoomoo,az (iz) = of.

Since Mo, q, (A) does not depend on «, this implies that ¢ () can be nonzero at not more than
a single point o = af. O

References

[1] F. H. Jackson, On g—definite integrals, Quart. J. Pure Appl. Math. 41 (1910), 193-203..

[2] M. H. Annaby, Z. S. Mansour, g—Fractional calculus and equations. Lecture Notes in Mathematics, vol.
2056, Springer, Berlin 2012.

[3] T. Ernst, The History of ¢—Calculus and a New Method, U. U. D. M. Report (2000) : 16, ISSN 1101 —
3591, Department of Mathematics, Uppsala University, 2000.

[4] J. Weidmann, Spectral Theory of Ordinary Differential Operators, Lecture Notes in Mathematics, vol.
258, Springer, Berlin 1987.

[5] P.D. Lax and R. S. Phillips, Scattering Theory, Academic Press, New York, 1967.

[6] B. Sz. Nagy and C. Foias, Analyse Harmonique des Operateurs de L’espace de Hilbert, Masson, Akad.
Kiado, Paris, Budapest, 1967, English transl. North-Holland, Amsterdam, and Akad. Kiado, Budapest,
1970.

[7] V.Kac and P. Cheung, Quantum calculus, Springer, 2002.

[8] B.P. Allahverdiev, On dilation theory and spectral analysis of dissipative Schrodinger operators in Weyl’s
limit-circle case (Russian), Izv. Akad. Nauk. SSSR, Ser. Mat.54 (1990), 242 —257; English transl.: Math.
USSR Izv. 36 (1991), 247 — 262.

[9] B. P. Allahverdiev, Spectral analysis of dissipative Dirac operators with general boundary conditions, J.
Math. Anal. Appl. 283 (2003), 287 — 303.

[10] B.P. Allahverdiev, Dilation and Functional Model of Dissipative Operator Generated by an Infinite Jacobi
Matrix, Math. Comp. Modelling 38, 3 (2003), 989 — 1001.

[11] M. A. Naimark, Linear Differential Operators, 2nd edn., 1968, Nauka, Moscow, English transl. of 1st.
edn., 1,2, 1969, New York.

[12] M. L. Gorbachuk and V. I. Gorbachuk, Boundary Value Problems for Operator Differential Equations,
Naukova Dumka, Kiev, 1984; English transl. 1991,Birkhauser Verlag.



Dissipative g-Dirac Operator 211

[13]

[14]

[15]

[16]

[17]

[18]

[19]
[20]

A. N. Kochubei, Extensions of symmetric operators and symmetric binary relations, Mat.
Zametki 17, (1975), 41 — 48; English transl. in Math. Notes 17 (1975), 25 — 28.

A. Kuzhel, Characteristic Functions and Models of Nonselfadjoint Operators, Kluwer Academic, Dor-
drecht, 1996.

B. S. Pavlov, Selfadjoint Dilation of a Dissipative Schrodinger Operator and Eigenfunction Expansion,
Funct. Anal. Appl., vol. 98, (1975), 172 — 173.

B. S. Pavlov, Selfadjoint Dilation of a Dissipative Schrodinger Operator and its Resolution in terms of
Eigenfunctions, Math. USSR Sbornik, vol. 31, no.4, (1977), 457 — 478.

B. S. Pavlov, Dilation theory and spectral analysis of nonselfadjoint differential operators, Proc. 7th Winter
School, Drobobych (1974), 3 — 69, (1976) , (Russian); English transl: Transl. II. Ser., Am. Math. Soc.
115, (1981), 103 — 142.

M. H. Annaby, Z. S. Mansour and I. A. Soliman, g—Titchmarsh-Weyl theory: series expansion, Nagoya
Math. J. 205 (2012), 67-118.

F. V. Atkinson, Discrete and continuous boundary problems, Academic Press, New York, 1964.

N. Dunford and J. T. Schwartz, Linear operators, Part II, Interscience, New York, 1964.

Author information

B. P. Allahverdiev and Hiiseyin Tuna, Siileyman Demirel University,
32260 Isparta, Department of Mathematics,

Mehmet Akif Ersoy University, 15030

Burdur, TURKEY.

E-mail: bilenderpasaoglu@sdu.edu.tr, hustuna@gmail.com

Received: September 22, 2017.
Accepted: March 3, 2018.



	1 Introduction
	2 Extensions of symmetric q-Dirac Operators
	3 Self-adjoint dilation
	4 Functional model of the maximal dissipative q-Dirac operator

