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Abstract In this paper, we present some sufficient conditions which do guarantee the exis-
tence of a weighted mean for Stepanov almost periodic functions, which will then coincide with
the classical Bohr mean. Moreover, we will show that under those conditions, the corresponding
weighted Bohr transform exists.

1 Introduction And Preliminaries

Although the concept of Stepanov almost periodic functions was introduced more than 90 years
ago, some of their properties which play an important role in discussing the solutions of differ-
ential equations were not established until recently. In particular, Does the mean value; under a
weight p; exist for all almost periodic functions?

Let U denotes the collection of all functions (weights) i : R — (0, 00) which are locally
integrable over R such that u(z) > 0 for almost each z € R. From now on, if 4 € U and for
r >0, wethenset Q, := [, 7]; Qriq := [—7 + a,7 + a] and

W@ = [ nte)at.

[d

As in the particular case when u(x) = 1 for each x € R, we are exclusively interested in those
weights, u(z) = 1, for which u(Q,) — o as r — oo Consequently, we define the set of
weights Uy, by

U :={pelU: TEIEOO (Qy) = oo}

Suppose 1 € Uy and let X be a Banach space. If f : R — X is a bounded measurable
function, we define its weighted mean , if the limit exists, by

m [ pou) .

)= i
M(f /‘l’) T—1+OO ,U(Qr) QT

Let LP(R,X) denote the space of all classes of equivalence ( with respect to the equality
almost everywhere on R ) of measurable functions f : R — X such that || f|| € LP(R). Let
L? (R,X) denote the space of all classes of equivalence of measurable functions f : R — X
such that the restriction of every bounded subinterval of R is in LP(R, X).

Definition 1.1. A continuous function f : R — X is called (Bohr) almost periodic (AP (X)) if
for each £ > 0, there exists /() > 0 such that every interval of length /(<) contains a numbers 7
with the property that || f(¢ + 7) — f(¢)|| < e for each ¢ € R.

Definition 1.2. The Bochner transform f°(¢,s),t € R, s € [0,1], of a function f : R — X is
defined by f°(t,s) := f(t + s).

Remark 1.3. A function ¢(¢,s),t € R, s € [0, 1], is the Bochner transform of a certain function
f,o(t,s) = fb(t,s), if and only if
ot+7,s—7)=p(s,t)forallt e R,s € [0,1]and 7 € [s — 1, s].
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Definition 1.4. Let p € [1,00). The space BS?(X) of all Stepanov bounded functions, with the
exponent p, consists of all measurable functions f : R — X such that f* € L>(R, L?(0, 1;X)).
This is a Banach space with the norm

t+1 %
150 =17 zmy =sop ([ 1717 as)
teR t

Definition 1.5. A function f € BS?(X) is said to be SP-almost periodic (or Stepanov almost
periodic) if f* € AP(LP((0,1),X)). That is, for each ¢ > 0 there exists /() > 0 such that every
interval of length [(¢) contains a number 7 with the property that

L \ » 1/p t+1
jgﬂg(/o Hf (t—b—T,s)—f(t,s)H ds) zjgﬂg(/t Hf s+T) H )

The collection of such functions will be denoted by S%(X).

Theorem 1.6. ([1]) Every SP-almost periodic function can be represented by its Fourier series,
given by
F@) ~> alAn, fem e
n
Theorem 1.7. ([1]) The mean value of every SP-almost periodic function exists and
T 0

2) M(f) = lim © [ f(t)dt = lim © s i

r—oo T Jo r—oo 1

a+r
b) M(f) = lim 1 / f(t) dt uniformly in a € R.

-r

Consequently, since for every SP-almost periodic function f and for every real number ), the
fonction f(t)e~* is still a SP-almost periodic function, the following limit:

a(FN) = M=) = lim — [ f(t)e= at

r—+oo 21 Qr

always exists and is called the Bohr transform of f.

It is well-known ([2], [4], [1]) that for every SP-almost periodic function f, there exists at
most a countable infinite set of the Fourier-Bohr exponents A, for which a(f, A) # 0. The set
defined by

op(f) ={A € R:a(f,A) # 0}
is called the Bohr spactrum of f.
Consider an X-valued trigonometric polynomial function P, : R — X of the form

n
— § akel)\kt
k=1

where A\, € R and a;, € X for k = 1, ..., n. We have the following approximation theorem

Theorem 1.8. ([1],[4]) Let f be a SP-almost periodic function. Then for every € > 0 there exists
a trigonometric polynomial
— Z akei)\kt
k=1

where A\, € o,(f) and a;, € X, such that

1/
([ ler-reoff)

Remark 1.9. 5% (X) can be seen as the space obtained as the closure in BS?(X) of the space of
all trigonometric polynomials.
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2 Weighted Mean For Stepanov Almost Periodic Functions

Let p, g > 1 such that % + é = 1. Consider the sets of weights UZ_ and U?_ defined by

, 1(Qriq)
U ={peU,nL] (R):limsu
{M ! ( ) T—>oop M(Qr)

<oo}

1

where 1(Q,; q) (fQ (u(t))? >q and

_ q (QT+T)
B {N © U TILI{}O :U(Qr )

Next, we establish the following main result:

<oo forallT € R}

Theorem 2.1. Fix p € UL . If f : R — X is a SP-almost periodic function such that

lggo‘u(é))/ eMu(t) dt‘ =0 2.1)

for all 0 # X\ € op(f). Then the weighted mean of f,

1
M(f,p) = Tlggou(Qr) Tf(t)u(t)dt

exists and M(f, n) = M(f).

Proof. If f is a trigonometric polynomial, say, f Z are*t where aj, € X and \;, € R for

k=0
k=1,..,n,thenop(f) = {\p : k= 1,...,n} . Moreover,

o |, Homw s =as s | [z} it

=ag+ Z ak [ / ek (t) dt}

7

and hence
1
o o o= <3 taul| s [ et a
“M(Qr) Qr ( ) Z Qr
which by Eq.(2.1) yields
1

—0 as r— o

F(O)p(t) di —ao

@ fa

and therefore M(f, u) = ap = M(f).
If in the finite sequence of \j there exist A,, = O for k£ = 1,...,] with a,, € X — 0 for all
m # ni(k =1,...,1), then it can be easly shown that

l
p) =Y an, = M(f)

Since p € UZ, there exist constants ¢, r; > 0 such that for all » > 7

i,

(u(t))q dt) ’ <ec

1



234 Mohamed Zitane

Now, if f is an arbitrary SP-almost periodic function, then for every ¢ > 0 there exists a
trigonometric polynomial
n
— Z akei/\kt
k=1

where M\ € o,(f) and a, € X, such that

9
— Pllsr < .
If = Pells» < 5

By using the well-known convergence criterion of Cauchy, Indeed, proceeding as in ([3]) it
follows that there exists r¢ such that for all r, 3 > o,

e [, oo

In view of the above and by using Holder inequality, it follows that for all r,, 3 > 0,

1 1 1
g L, om0 [ stomr i = s [ 1) - Rt a

g [ ronoa- o /Q | POue) at|

2

P0)ute)dt| = [ M(Pop) - M(P]| =0 < 5.

3

3

M(é j [, o0 = Pt
M@ |l p
Lo l-rl,
1 1
+ Hm g Jo, PO a s [ ol
1(@rs3 )
"y =,
Now, for all » > rg, one has
[r [, r0m0r - s [, momer a <5
and hence M(f, u) = M(P-, n) = M(P.) = M(f). This completes the proof. o

Example 2.2. Suppose that () = 1 + [¢] for all ¢ € R. It is easy to check that u € U%, and that
Eq.(2.1) holds for all (nonconstant) SP-almost periodic functions ¢ : R — X. Using Theorem
(2.1), it follows that the weighted mean M, 1) exists and

1 1
tim g | e+ de= tim oo [ o) an

d

Corollary 2.3. Fix € U2 . If f is a SP-almost periodic function such that Eq.(2.1) holds, then

M(fa;,u'a) = M(fa ,LL) = M(f)

uniformly in a € R, where

M(fa, pta) = lim fa()pa(t) dt = lim f(t +a)u(t +a) dt.

=00 ,u'a(Qr) Qr 700 H’(Qr + CL)
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Proof. The proof is similar to that one of corollary (2.5) in ([5]). However, for the sake of clarity,
we reproduce it here. First of all, let us mention that the existence of M(f, 1) is a straightforward
consequence of Theorem (2.1). It is sufficient to suppose that a > 0. Now since the space S? (X)
is translation invariant, it follows that f, : ¢ — f(t + a) belongs to S%,(X), too. On the other
hand, it is not difficult to see that the weight p, defined by 1, (¢) := pe(t + a) for all ¢ € R
belongs to 1 € U% . Now

‘/ e g (t) dt‘ = ’/ M=) (1) dt’ = ‘/ eMpu(t) dt’ < ‘/ eMu(t) dt’

r Qr+a Qr+a

r+a

and hence
. 1 ixt ’ T w(Qr) 1 ixt '
M| (@) / Tt dt = lim o w@) /Qf palt) di

IN

(@) 1
A um/

M(Qr) % /’[‘(QT-'FCL) x 1 /
=00 Na(Qr) H(Qr) :u(Qera)

eMu(t) dt‘

r+a

eMu(t) dt’

r+a

. H(Qr+a) . ’ 1 / iXt ’
= lim | ————*~| x lim |—— e’ t) dt
r—00 'U,(Q7 =+ a) r—00 ﬂ(Q?HLa) . /L( )

=0

forall 0 # X € op(f).
Now using Theorem (2.1) it follows that the weighted mean of f defined by
M(f, 1) = lim

M0 o, F()pa(t) dt

exists for all a € R. Furthermore, M(f, u,) = M(f) forall a € R.

Similarly, using the fact o (f) = o4(f,) for all a € R (see Bohr [3]) and Theorem (2.1) it
follows that the weighted mean of f, relatively to p, exists, too. Moreover, M ( fo, pta) = M(fa)
uniformly in a € R. Again from Bohr [3], M(f,) = M(f) uniformly in a € R, which completes
the proof. O

Let f : R — X be a SP-almost periodic function and t + f,(t) := f(t)e~**. Clearly,
fw € Sgp(X), and
op(fu) =0p(f) —w={A—w:A€a(f)}

Definition 2.4. Fix 4 € UZ_. If f : R — X is a SP-almost periodic function such that

i(A-w)t dt| =0 2.2
u(Q»/Qf k() t‘ 22

for all A € o, (f) with w # X, we then define its weighted Bohr transform by

a = lim 71 e iwt
D) = lim s [ e i

By Theorem (2.1), one can see that

au(f)(w) = M(f(-)e™™") = a(f,w).

lim ‘ —
r—00

that is, under Eq.(2.2),

AN = fim e [ a0 ute) = tim o [ e ) de = o(f0)

Clearly, a,(f)(w) = a(f,w) is nonzero at most at countably many points and therefore,

ap (f) ={w e R:au(f)(w) # 0}

coincides with the Bohr spectrum o (), that is

oy (f) = ou(f)
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