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Abstract In this paper, we establish some hyperstability results concerning the following
Cauchy - Jensen functional equation

f(m;y+z> +f<3”2_y+z) = f(x) +2f(2)

in ultrametric Banach spaces.

1 Introduction

The starting point of studying the stability of functional equations seems to be the famous talk
of Ulam [32] in 1940, in which he discussed a number of important unsolved problems. Among
those was the question concerning the stability of group homomorphisms.

Let Gy be a group and let G, be a metric group with a metric d(.,.). Given ¢ > 0, does there
exists a & > 0 such that if a mapping h : Gy — G, satisfies the inequality d(h(zy), h(z)h(y)) <
§ forall z,y € G\, then there exists a homomorphism H : Gy — G, with d(h(z), H(z)) < ¢ for
all x € G;.

The first partial answer, in the case of Cauchys equation in Banach spaces, to Ulams question

was given by Hyers [22]. Later, the result of Hyers was significantly generalized by Rassias [30]
and Gavruta [19]. Since then, the stability problems of several functional equations have been
extensively investigated.
We say a functional equation is hyperstable if any function f satisfying the equation approxi-
mately (in some sense) must be actually solutions to it. It seems that the first hyperstability result
was published in [11] and concerned the ring homomorphisms. However, The term hypersta-
bility has been used for the first time in [26]. Quite often the hyperstability is confused with
superstability, which admits also bounded functions. Numerous papers on this subject have been
published and we refer to [1]-[5], [8], [15]-[18], [21], [26], [29], [31].

Throughout this paper, N stands for the set of all positive integers, Ny := N U {0}, N,,, the
set of integers > myg, R := [0, 00) and we use the notation X for the set X \ {0}.

Let us recall (see, for instance, [25]) some basic definitions and facts concerning non-Archimedean
normed spaces.

Definition 1.1. By a non-Archimedean field we mean a field K equipped with a function (valua-
tion) | - | : K — [0, 00) such that for all r, s € K, the following conditions hold:

(i) |r| = 0if and only if r = 0,
(i) |rs| = |r[[s],
(i) |r+ s| < max {|r[,|s|}.
The pair (K, |.|) is called a valued field.
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In any non-Archimedean field we have |1| = | — 1| = 1 and |n| < 1 for n € Ny. In any field
K the function | - | : K — R, given by
0, z=0,
|z] =
1, #0,

is a valuation which is called trivial, but the most important examples of non-Archimedean
fields are p-adic numbers which have gained the interest of physicists for their research in some
problems coming from quantum physics, p-adic strings and superstrings.

Definition 1.2. Let X be a vector space over a scalar field K with a non-Archimedean non-trivial
valuation | - |. A function || - ||« : X — R is a non-Archimedean norm (valuation) if it satisfies
the following conditions:

@) ||z|l« =0if and only if z = 0,
(i) [frzfle = [r[ [[2]l (reK,zeX),

(iii) The strong triangle inequality (ultrametric); namely

2+ yll < max {|lz., yl.} =yeX

Then (X, || - ||«) is called a non-Archimedean normed space or an ultrametric normed space.

Definition 1.3. Let {x,,} be a sequence in a non-Archimedean normed space X.

(i) A sequence{z, }>°, in a non-Archimedean space is a Cauchy sequence iff the sequence
{&n41 — zp}5°, converges to zero;

(i1) The sequence {x,} is said to be convergent if, there exists € X such that, for any ¢ > 0,
there is a positive integer NV such that ||z,, — ||« < e, for all n > N. Then the point x € X
is called the limit of the sequence {x,,}, which is denoted by lim,, ooz, = ;

(iii) If every Cauchy sequence in X converges, then the non-Archimedean normed space X is
called a non-Archimedean Banach space or an ultrametric Banach space.

Let X, Y be normed spaces. A function f : X — Y is Cauchy-Jensen provided it satisfies
the functional equation

f<x—zky+z> +f(x;y+z) = f(z) +2f(z) forall z,y,z€ X (1.1)

and we can say that f : X — Y is Cauchy-Jensen on X if it satisfies (1.1) for all z,y, z € Xy
suchthat%w—l—z;éOand%—i—z;éO.

Recently, interesting results concerning Cauchy-Jensen functional equation (1.1) have been
obtained in [6] and [27].

In 2013, A. Bahyrycz and al. [7] used the fixed point theorem from [12, Theorem 1] to
prove the stability results for a generalization of p-Wright affine equation in ultrametric spaces.
Recently, corresponding results for more general functional equations (in classical spaces) have
been proved in [9], [10], [33] and [34].

In this paper, using the fixed point method derived from [8], [15] and [14], we present some
hyperstability results for the equation (1.1) in ultrametric Banach spaces. Before proceeding
to the main results, we state Theorem 1.4 which is useful for our purpose. To present it, we
introduce the following three hypotheses:

(H1) X is a nonempty set, Y is an ultrametric Banach space over a non-Archimedean field,
fiyes fx : X — Xand Ly, ..., Ly : X — R, are given.

(H2) 7 : YX — Y X is an operator satisfying the inequality

< max {Ll(x)Hf(fz(l‘)) - M(fz(x))

«  1<i<k

| Te@)~Tu(a)

} tueyX, zex
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(H3) A:RY — R¥ is a linear operator defined by

Ad(z) := max {Li(m)é(fi(x))} , SeERY, zeX.

1<i<k

Thanks to a result due to J. Brzdegk and K. Cieplinski [13, Remark 2], we state an analogue of
the fixed point theorem [12, Theorem 1] in ultrametric spaces. We use it to assert the existence
of a unique fixed point of operator 7 : Y X — VX,

Theorem 1.4. Let hypotheses (HI)-(H3) be valid and functionse : X — Ry andp: X — Y
fulfil the following two conditions

ITe(@) = (@)l < &), zeX,
lim A"e(z) =0, zeX.
n—roo

Then there exists a unique fixed point 1) € YX of T with

[o(x) —¥(z)] < sup A"e(z), z € X.
neNy
Moreover
P(x) = ILm T (), zeX.

2 Main results

In this section, using Theorem 1.4 as a basic tool to prove the hyperstability results of the
Cauchy-Jensen functional equation (1.1) in ultrametric Banach spaces.

Theorem 2.1. Let (X, || - ||) and (Y, || - ||«) be normed space and ultrametric Banach space
respectively, c > 0, p,q, 7 € R, p+q+r <0andlet f: X — Y satisfies

(5t ve) s (B3 +5) - 20 - )

forall z,y,z € Xy such that ‘”T’Ly + 2 # 0and 5 + z # 0. Then f is Cauchy-Jensen on Xp.

<c ="yl =" @D

*

Proof. Take m € N such that
Q1= mPTT <1 and m > my.

Since p + g + r < 0, it is sufficient to consider only the case p + ¢ < 0. Replace « by mx, y
by maz and z by z in (2.1). Thus

1£((m + 1)z) = f(ma) - f(2)||, < cmP™|2]|P*F7, 2 € Xo. 2.2)

Define operators 7,, : YX0 — YX0 and A,, : RY* — R by

Trnk(z) i= g((m + l)x) —&(ma), E€Y™ ze X, (2.3)
Amd(z) == max{ 6((m + l)x> : (5(m:v)} , JeRY ze X, 2.4)

and write
em(x) := emPT9||z||PTITT 2 € X,. (2.5)

It is easily seen that A, has the form described in (H3) with k = 2, f1(z) = (m + 1)z, fo(x) =
max and Ly (z) = 1, Ly(z) = 1. Further, (2.2) can be written in the following way

[T f(2) = f(@)]l« < m(z), =€ Xo.
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Moreover, for every &, u € YX0, 2 € X,

Tmé(z) — Tmu(x)H* = H{((m + 1)37) —&(mx) — u((m + l)x) + p(ma) )
< max{ Hf((m—b— 1)x> - ( )H [|&(ma) ,u(m:v)H*}

So, (H2) is valid.
By using mathematical induction, we will show that for each « € X, we have

Al em(z) = ¢ mPHa|x||PTIT ol (2.6)

where o, = mPT4". From (2.5), we obtain that (2.6) holds for n = 0. Next, we will assume
that (2.6) holds for n = k, where & € N. Then we have

AbHen(2) = Am (AL em(2) = max{ Affnsm((m + 1)96) , Afnsm(ma:)}

ptq+r
¢ mPHa|z|[PretT of max{ (m+ 1) 7 mp+q+r}

= cmPTz|PTIT QT 2 € Xo.

This shows that (2.6) holds for n = k + 1. Now we can conclude that the inequality (2.6) holds
for all n € Ny. From (2.6), we obtain

lim A"e,,(z) =0,

n— oo

for all z € Xj. Hence, according to Theorem 1.4, there exists a unique solution .J,,, : Xg — Y
of the equation

T(z) = Jm<(m + 1)x> — J(mz), € Xo 2.7)
such that
1f(2) = T (@)« < sup { emPTz|PX ag ), € Xo. (2.8)
neNy
Moreover,

Im(z) = lim T f(x)

n—o0

for all z € Xy. Now we show that

7 (S5 ) s (B2 =) - 270 ) - T )

< cogllzl” Iyl ll=[",
2.9)

for every z,y, z € Xo such that 7% + z # 0 and 5% + z # 0. Since the case n = 0 is just (2.1),

take k£ € N and assume that (2.9) holds for n = & and every z,y, z € X, such that % +2z#0

*
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and 5 + z # 0. Then

7 (B2 ) 7ot (S50 ) - 2T ) - T )

T,,’if((erl)( ha )) _Thy <m<f”2“/+z))+7n’;f<(m+1) (””;HZ»

~Trf (m (33;3/ + z)) = 27X f((m+1)2) + 275 f(mz) — T f((m+ 1)2) + T,% f (mz)

Tht () (52 2) )+ 7 (1) (52 2) )~ 27 (m+ 1;)
T f((m+ 1)) )
7 (o (552 4 2) ) s (o (B2 2) ) — 27 (0) ~ T ()| |

< maX{ cap [P Iyl ll2]" (m+ DPFT e ag[l2]” ly)1* [|=])" mp+q+r}

§max{‘

)

= cablall” llg|? 12" max { (m + 1yt rtetr)

< cag [l [lyll? (121"

for all z,y, z € Xo such that £3¥ + 2 # 0 and 25 + z # 0. Thus, by induction we have shown
that (2.9) holds for every n € Ny. Letting n — oo in (2.9), we obtain that

. (””2“’ + ) T (2 ~|—z) = 27,0(2) + (),

for all z,y, z € Xy such that % + 2z # 0and ¥ + z # 0. In this way we obtain a sequence
{Jm }m>m, of Cauchy-Jensen functions on Xy such that

1f (@) = T (@) |« < sup { e mP4||z[[PHTal } @€ Xo,

neNy

this implies that
1f (@) = T (2) [ < cmPH|[2]|PTIT, 2 € X,

It follows, with m — oo, that f is Cauchy-Jensen on Xy. O

In a similar way we can prove the following theorem.

Theorem 2.2. Let (X, || - ||) and (Y, | - ||) be normed space and ultrametric Banach space
respectively, c > 0, p,q,7 € R, p+q+r >0andlet f : X — Y satisfy

Hf(“y s (5 ) -2 - f@)

forall x,y,z € Xo such that £¥ + z # 0 and 5% + z # 0. Then f is Cauchy-Jensen on Xj.
Proof. Take m € N such that

3 ptq+r
Ay 1= <m2+) <1 and m > my.
m

<c =" flyll* I=0" (2.10)

*

Since p 4+ ¢ 4+ r > 0, one of p, ¢ 4+ r must be positive; let ¢ + r > 0 and replace y and z by
L2 in (2.10). Thus
1
Hf (<m+3> x) —|—f ((ﬂH—) x) — 2f <£> _ f($) < Cm—q—er”erqur, z € Xp.
2m m

" 2.11)
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Write

Tink(z) = ¢ ((’Zﬁ) m) t¢ ((m;ml) a:) Y (%) £y reX, (212)

and
em(x) := em™97"||z||PTITT, 2 € Xo, (2.13)

then (2.11) takes form
[T f (@) = f(@)]l« <em(z), @€ Xo.
Define

And(z) :=max{§(<mz+ml> x) 5((”?) x) 20 (:;)} §eRY z e X,.

(2.14)
Then it is easily seen that A, has the form described in (H3) with k = 3, fi(z) = (%22)z,
fz(x) = (mH)x f3( ) =Z ponl L](SU) = Lz((L’) =1 and L3((E) = 2.
Moreover, for every &, i e YXo 2z e X,

Hng(x) -

)x)-W)
=2).) a3
gmax{\\g((wmg_u((”’m) () )
B 2¢ () (%)

By using mathematical induction, we will show that for each x € X, we have

Y

)w) *
1

Alen(x) = em™ 07 ||x||PTIT o, (2.15)

where a,,, = (m+3)p+q+r From (2.13), we obtain that (2.15) holds for » = 0. Next, we will
assume that (2.15) holds for n = k, where k£ € N. Then we have

k+1 _ k m+3 k m+1 k T
A e (x) = max{ A em <( T ) :c) s AL Em (( ) %) 2A) Em (m)
+q+r +q+r +q+r
= cm 7|z P oF max L—H o LH o 2 i o
m 2m "\ 2m TTA\m

= cm T |z|PTTT BT € X,

This shows that (2.15) holds for n = k + 1. Now we can conclude that the inequality (2.15)
holds for all n € Ny. From (2.15), we obtain

lim A"e,,(z) =0,

n— oo

for all z € Xj. Hence, according to Theorem 1.4, there exists a unique solution J,,, : Xg — Y
of the equation

To(@) = T ((’”2;3) :c) + ((m;ml) x> t20 (), weXe  @16)

such that

[ f(z) = Jm(@)][« < sup { em ™" |[2|P* ol }, € Xo. (2.17)
neNy
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Moreover,

I (x) := lim T, f(x)

n—oo

for all x € Xy. The rest of the proof is similar to the proof of Theorem 2.1. O

In the following theorem, we prove the hyperstability of the Cauchy-Jensen equation (1.1) on
the set containing 0.

Theorem 2.3. Let (X, || - ||) and (Y, || - ||) be normed space and ultrametric Banach space
respectively, ¢ > 0, p,q,7 > 0, and let f : X — Y satisfy

T+ T — ,
(5t e s (B3 5) ~ 2 - f@)| <clell e, @19)
forall x,y,z € X. Then f is Cauchy-Jensen on X.
Proof. Replacing y and z by x in (2.18), we get that
1
f(z)=3f(22), weX. (2.19)

The function f satisfies (2.18) and by using (2.18) and (2.19) we can prove by induction that
for every n € Ny

Hf (x;y +z> +f <f”;y +z> —2f(2) — f(x)

forall z,y,z € X.
Indeed, for n = 0 (2.20) is simply (2.18). So, take k € N and assume that (2.20) holds for n = k.
Then using (2.19) to (2.20) we have

1\ -
< () ol Tl el
(2.20)

1 1 1 I
|37 @yt 4 35 @myr 29 - 1) - 31 @a)| e () Bl

forall z,y,z € X and

1 1\
oI 200+ 7 0= +2) =2029) ~ 1@l < (g ) BelPlolFel”

forall z,y,z € X. Replacing = by 7, y by 4 and z by 5 in the last inequality, we obtain
T+y T—y 1 bl
(552 +2) w1 (2 +e) 200 - 10| < (g ) lell Il o

forall z,y, z € X, so (2.20) holds for every n € Ny. With n — oo in the inequality (2.20), we
obtain that f is Cauchy-Jensen on X. O

The above theorems imply in particular the following corollary, which shows their simple
application.

Corollary 2.4. Let (X, || - ||) and (Y,]| - ||+) be normed space and ultrametric Banach space
respectively, G : X* — Y and G(z,y, 2) # 0 for some x,y,z € X and

|G,y 2)|, <cllel? Iyl =" 2y.2€ X (2.21)
where ¢ > 0, p,q,m € R. Assume that the numbers p, q, r satisfy one of the following conditions:

(i) p+q+7r <0, and (2.1) holds for all x,y, z € Xy,
(ii) p+q+r >0, and (2.10) holds for all x,y, z € X,
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(iii) p,q,r > 0and (2.18) holds for all z,y, z € X.

Then the functional equation

+ _
g (J:Zy + Z) +yg (11274 + z) =29(2) +g(z) + G(z,y,2), ©,y,2€ X (2.22)

has no solution in the class of functions g : X = Y.

Proof. Suppose that g : X — Y is a solution to (2.22). Then (1.1) holds, and consequently,
according to the above theorems, g is Cauchy-Jensen on X, which means that G(z,y,2) = 0
for some x,y, z € X. This is a contradiction. O
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