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Abstract. In this paper, a boundary version of the Schwarz lemma for classes M («, 6)
is investigated. Let f(z) = z 4+ 22> + ¢32° + ... be a holomorphic function in the unit disc

z

U = {z:|z] < 1}. We estimate a modulus of the angular derivative of ]J:gi‘)z) function at the

c]{ gg) = L= iy |6] < Z. The sharpness of these inequalities is also

boundary point to ¢ with
proved.

1 Introduction

Let U = {z:|z| < 1} be the unit disc in C. The classical Schwarz lemma in one complex
variable is as follows:

Let f : U — U be a holomorphic mapping with f(0) = 0. Then the following statements
hold:

i—) |f(2)] < |z| forany z € U,

ii—) |f'(0)] < 1,

iii—) if there exists z; € U\ {0} such that |f(z1)| = |z1], or |f’(0)] = 1, then there exists a
complex number A of modulus 1 such that f(z) = Az and f is an automorphism of U [9]. For
historical background about the Schwarz lemma and its applications on the boundary of the unit
disc, we refer to ([3], [8])

Let f(z) = z + c22% + ¢32° + ... be a holomorphic function in the unit disc U and « be a real
number. Then f(z) is said to be a—spiral-convex function if and only if it satisfies the estimate

R { (e — arcos ) Zj:giz)) + acosf (1 + ZJ{’ILS)) } >0

in U, for some |#| < 7. Denote this class by M (c, #). In [22], a subclass of spiral-like function,
which for different values of o and 6 leads to the class of a—convex function and spiral-convex
functions introduced. In our study, the behavior of a—spiral-like functions at the boundary of
the unit disc will be examined. Also, the Schwarz lemma in class M («, 0) will be expressed.
In order to show our main results, we need the following lemma due to Jack’s Lemma [10].

Lemma 1.1 (Jack’s Lemma). Let f(z) be a non-constant and holomorphic function in the unit
disc E with f(0) = 0. If | f(2)| attains its maximum value on the circle |z| = r at the point z,

then
2/ (20) _
f(20) 7

where k > 1 is a real number.

Let f(z) € M (a, ) be a holomorphic function in the unit disc U with |#| < 7. Consider the
function
1—h(z)

P(2) = h(z) e 20

(1.1)

where h(z) = zj’f(S) ¢ is a real number and |0| < 3. Clearly, the function ¢(z) is a holomorphic

in U and ¢(0) = 0. Now, let us show that the function |¢(z)| < 1 in U. We suppose that there
exists a point zg € U such that

max [¢(z)] = |¢(z0)] = 1.

[2]<]20]
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From the Jack’s lemma, we have
#(20) = e and 200 (20) = ko(20).
Also, from (1.1), we get

6i9h(z) — 1 tzgz; cos @ +isinf.

If we show that

!/ 1
R3S (e —acost ) + accos <1 + 2 (Z)>} =0
{ )76 )
at the point z, then it contradicts the fact that f(z) € M («, 0)
From (1.2), we take

%{(eie — acosb) ZJJ:ES) + acosf (1 + zf”(z))}

f'(2)
= %{’ezf(z) acos@zjféij)—l—acos&—l—acosa ef"(z }

1+ ¢(2) . 2f'(2) Zf”
= %{1¢(Z)cose+zs1n9+a0059(1+ )}

f(z)  f(2)
Since
SN | e (146) Y
< ) > e 9<1_¢(z) c039+zs1n0>
f'(z) ") 2 ff(2)N L e 200(2) o
f(2) (H 1) f(z)) (1-o(2)) ’
and

f'(z)  2f'(2) _ f(2) e i0 2¢/(2) cos
) f) f'(z) ( )’

1—¢(z
—i0_2¢'(2) 2z2¢'(z)
N (e —6(2))’ 0059) _ T-er !
. z 1+o¢(z
e~ (ﬁigz)) cos f + isin 9) T— ¢Ez) cosf +isinf’
we obtain
1+ ¢(2) . < 2f'(2) zf”(z>>}
3‘%{ cosf +isinf + acosf [ 1+
1—¢(2) ) f(2)
2z2¢' (2

) cos @
= R 1+¢(Z)cos€+z’sin0+acos€ 1 (1-¢(=))"
1 —¢(z) ﬁzg))cosﬂ—i—zsma

2z¢" (2
= R L+6(2) cosf +isinf + acos> (l_¢(<z)))2
1 —¢(z) 1+¢(z) '

gz Cos O +isin®
In the last equality, if we take m(z) = -t2(2)

,¢<i) and m’(z)
R { i i_ zgz; cosf +isinf + acosf <1 + foES) - Zﬁ;i?) }
= %{m(z)cos@—l—isin@—l—acoszﬁ( zm(2) )}

m(z) cos 0+ isin@

(12_¢q;8)2, so we have

(1.2)
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Therefore, by Jack’s lemma we have

m(z)_l—l—(;ﬁ(zo)_l—}—e” _ sin~y
YT T 2 6(z)  1—en  1-—cosy
and
2200 (% 2ko(z Sl
Zom/(Z()) _ O(b( 0)2 _ d)( 0) - — 2%k —
(I=¢(20))" (1 -a(20)) (1—em)
e 1
o 2k‘l —2ei7 4 27 T Zke—” — 2+ ety
1 k

k = .
2cosy—2 cosy—1

Thus, we obtain

o 2 zom’(2)
é}%{m(zo)cosﬁ—i— isinf + acos” 0 <m(z0)cose+isin9

, k

= %{ilsmcow—i-isin@—i-acosz@( e cosy1 )}
— Cosy zlicosvcos9+zsm9

= 0.

This contradicts the condition f(z) € M (a,8). This means that there is no point 29 € U.
Therefore, |¢(z)| < 1 for |z| < 1. By the Schwarz lemma, we obtain

2] < 2cosb. ()

The result is sharp and the extremal function is

z
f(Z)—W,

where @ is real number with [0| < 7.

It is an elementary consequence of Schwarz lemma that if f extends continuously to some
boundary point ¢ with |¢| = 1, and if |f(c)| = 1 and f'(c) exists, then |f'(c)| > 1, which is
known as the Schwarz lemma on the boundary. The equality in |f’(c)| > 1 holds if and only
if f(z) = ze", o real. This result of Schwarz lemma and its generalization are described as
Schwarz lemma at the boundary in the literature.

More than the last decade, there have been tremendous studies on Schwarz lemma at the
boundary (see,[1], [2], [3], [6], [7], [16] [17], [18], and references therein). Some of them are
about the below boundary of modulus of the functions derivation at the points (contact points)
which satisfies | f (¢)| = 1 condition of the boundary of the unit circle.

Osserman [16] has given the inequalities which are called the boundary Schwarz lemma. He
has first showed that

) 2
7O T 7o 10 (1.3)
and
1f(c)] > 1 (1.4)

under the assumption f(0) = 0, where f is a holomorphic function mapping the unit disc into
itself and ¢ is a boundary point which f extends continuosly, and |f(c)| = 1. In addition, the
equality in (1.4) holds if and only if f(z) = ze', where o is a real number. Also, Inequality
(1.3) is sharp, with equality possible for each value of | f'(0)].

The following set is called a Stolz angle at ¢ € OU

A={zeU:|arg(l —¢z)| <, |z—¢| <7}, (O<g<g, r<2cos<>.
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Let f be a function from U to C. It is said that f has an angular limit d € C at ¢ € 9U if
f(z2) > d as z— ¢,z €A

for each stolz angle A at c. The number 2¢ which is length of A can be any number less than 7.
It is said that f has the unrestricted limit d € C at b if

f(z) >das z—c¢,z€eU.

Clearly, in the last fact, if the function f which is continuous in U is defined at the point b as
f(c) = d then f becomes continuous in U U {c}.
Let f be a functionfrom U to U and v be its angular limit at the point c. If there exists a point

¢ such that
lim M

z—c, zEAN Z — C

=¢

for every Stolz anagle A at the point ¢ then ( is called the angular derivative of the function f at
c and iy is shown with f'(c) [19].
The following lemma, known as the Julia-Wolff lemma, is needed in the sequel (see [19]).

Lemma 1.2 (Julia-Wolff lemma). Let f be a holomorphic function in U, f(0) = 0 and f(U) C
U. If, in addition, the function f has an angular limit f(c) at ¢ € 90U, |f(c)| = 1, then the
angular derivative f'(c) exists and 1 < |f'(c)] < oo.

Corollary 1.3. The holomorphic function f has a finite angular derivative f'(c) if and only if f’
has the finite angular limit f'(c) at ¢ € 9U.

D. M. Burns and S. G. Krantz [4] and D. Chelst [5] studied the uniqueness part of the Schwarz
lemma. The similar types of results which are related with the subject of the paper can be found
in ([13], [14] and [15]).

The inequality (1.3) is a particular case of a result due to Vladimir N. Dubinin in [6], who
strengthened the inequality |f’(c)| > 1 by involving zeros of the function f.

X. Tang, T. Liu and J. Lu [20] established a new type of the classical boundary Schwraz
lemma for holomorphic self-mappings of the unit polydisk E™ in C™. They extended the classical
Schwarz lemma at the boundary to high dimensions.

Also, M. Jeong [12] showed some inequalities at a boundary point for different form of
holomorphic functions and found the condition for equality and in [11] a holomorphic self map
defined on the closed unit disc with fixed points only on the boundary of the unit disc. Further-
more, X. Tang, T. Liu and W. Zhang [21] established a new type of the classical Schwarz lemma
at the boundary for holomorphic self-mappings of the unit ball in C", and then give the boundary
version of the rigidity theorem. S.L. Wail and W.M. Shah [23] established some results by using
a boundary refinement of the classical Schwarz lemma.

2 Main Results

In this section, a boundary version of the Schwarz lemma for classes M («, 8) is investigated.
We establish a new type of the classical Schwarz lemma at the boundary for holomorphic in
class M (a,0). Let f(2) = z + 22> + ¢32° + ... be a holomorphic function in the unit disc

U = {z:]z| < 1} with |§] < 5. We estimate a modulus of the angular derivative of Z}f(g)

cf’(e) _ 1—e "
fle) = 2

function at the boundary point to ¢ with
also proved.

. The sharpness of these inequalities is

Theorem 2.1. Let f(z) € M (v, 8). Suppose that, for some c € U, f has an angular limit f(c)
cf'(c) _ 1—e=**

ate, S = 53— Then we have the inequality
z2f'(2) > ' cosf
> (2.1
| < f(z) z=cC 2
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The inequality (2.1) is sharp with extremal function

z

f(z) = ——F—=w>
(1 + Z)1+e 2i8
where 0 is real number with |0 < 7.
Proof. Let us consider the following function
R0
¢(Z) - h(Z) + €_2i9a

where h(z) = Zﬁg), 6 is a real number and |#| < Z. Then ¢(z) is holomorphic function in the

unit disc U and ¢(0) = 0. By the Jack’s lemma and since f(z) € M («, ), we take |¢(z)| < 1
for |z| < 1. Also, we have |¢(c)| = 1 for ¢ € 9U. It is clear that

B W (z) (1+ e %0)
(h(z) + e720)*

¢'(2) =

Therefore, for h(c) = #, we take from (1.4), we obtain

1 (c) (1 + 6—21'9)
(h(c) + e*2i9)2

B [ (c) |1 + 6_2i9|
— 5

L < (c)| =

’ 1_62—21‘9 1 e-2ib

0]
T |14 e |1+ cos 26 — i sin 26
|1/ ()]
\/(1 +c0s20)” + sin® 26
4l ()

V1 420520 + cos? 26 + sin” 26

4lp' ()l 411’ (0]
V2 (1 +cos20)  /2(1+2cos?0—1)
2|1’ (0)]

cosd

= 4

and 0
W)l = 2.

Now, we shall show that the inequality (2.1) is sharp. Let

f(z) = (1_|_Z)21+628 (2.2)

Differentiating (2.2) logarithmically, we obtain

Inf(z) = In &

=1Inz— (1 +e_2i9) In(1+2),
(1+2)

1+e—20

Flz) 1 (1+e)
fz) =z 1+ 2

and

fz) 1+ 2 14z

z2f'(z) | _Z (1+e20) ] —ze 20
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Thus, we take

1 —2i0
W(z)= -
(1+2)
and o
|h,(1)|:\1+e “]_ cos
4 2

O

Theorem 2.2. Let f(z) € M («,8). Suppose that, for some ¢ € U, f has an angular limit f(c)
cf'(c) _ 1—e=*?

are, Sy = 3 Then we have the inequality
2f'(2)\’ . 2cos? 6 . 23)
f(z) )._.| = 2cosf+|cf
The inequality (2.3) is sharp with extremal function
z
f(z) = o —2i0 9

(14 2az+ 2?)

where 0 is real number with |0| < 5 and a = 2';53‘9 is an arbitrary number from [0, 1] (see, x).

Proof. Let ¢(z) be the same as in the proof of Theorem 2.1. Therefore, we take from (1.3), we
obtain 5 210(e)]
&
<|¢'(c)] =
o) =)

cosf
Since

zf'(2)
(;5(2) — l_h(z) — 1- f(z)
h(z) + 20 Zf(()) 4 28

1-(1+cz+ (2c3—-3) 22 +...)
(1+cz+ (23— ) 22+ ..) + 720’

o(2) = czz+(203—c%)zz+...
“ = 14+ e20 4 cpz + (203 - c%) 224+ ...

and
leal  _ leal
I1+e29  2cosf’

|#'(0)] =

we take
2 2[h'(c)]

1+ 2|02\9 ~ cosf

and
2cos2 6

n >
[P (€)] 2 2cos 6 + ez
Now, we shall show that the inequality (2.2) is sharp. Let

f(z) - : ho—2i0 ° (2.4
(14+2az+2%) 2

Differentiating (2.4) logarithmically, we obtain

Inf(z) = In .
(142az+2%) 2

= Inz—In(1+2az+2) ~
1 —2160
= lnz—%ln(l#—Zaz—Fzz),
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flz) 1 14+e 20422

f(z) =z 2 1+ 2az + 22

and

/ ~2i6 2
hz) zf(z):1_1+e 2az + 2z .
f(2) 2 1 4 2az + 22

Therefore, we get

W (z) 1+e720 | (2a+42) (1 +2az + 2%) — (2a 4 22) (2az + 22?)
2) = — ,
2 (1—|—2az—|—zz)2
h,(l)__1+e—m (Qa+4)(1+2a+1)— (2a+2)(2a+2)
2 (1+2a+1)°
and ‘
(1] = [1+e 2% 1 2cosf®  cosh
N 2 l+a 2(1+a) 1+a
Thus, since a = zlcfi‘ 5> We obtain
(1)) = cosf  cosf 2cos? @

l4+a 14_% :20059+|cz|'
O

An interesting special case of Theorem 2.2 is when ¢; = 0, in which case inequality (2.3)

implies / /
(F5)..

f(z) =

> cosf.

Clearly equality holds for
z

11e—2i0 °

(142%) 7

The inequality (2.3) can be strengthened as below by taking into account ¢3 which is third coef-
ficient in the expansion of the function f(z).

Theorem 2.3. Let f(z) € M (v, 8). Suppose that, for some ¢ € U, [ has an angular limit f(c)

arc, cﬁg) = 1_6272”. Then we have the inequality
/ ! N 2
<zf (z)) > cosf - 2520089 lea]) | ' 25)
f(2) ) .—. 2 4cos?0 — |ea]” + |2¢3 4 (2¢3 — ) e72°|

The equality in (2.5) occurs for the function

f(Z):W»

where 0 is real number with 0] < T.

Proof. Let ¢(z) be the same as in the proof of Theorem 2.1. Let us consider the function

12 =55

where B(z) = z. The function g(z) is holomorphic in U. According to the maximum princible,
we have |g(z)| < 1 for each z € U. In particular, we have

| leal (2.6)

l9(0)] = 2cosf —
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" 263+ (262 = ) e
, 263+ (23— ) e
l9'(0) = 4cos?2 6 ‘
Furthermore, it can be seen that
c¢’'(c) / ' cB'(c)
= C > B C = .
Consider the function
_ 9() — 9(0)
1—g(0)g(2)

This function is holomorphic in U, |Y(z)| < 1 for |z] < 1, Y(0) = 0, and [Y(c¢)| = 1 for ¢ € dU.
From (1.3), we obtain
2 1—[g(0)
ETO]] < (o) = ‘—()'2 9" (c)]
1 —g(0)g(c)

L+H19O ¢ o — 15/
W{W(CM |B'(c)[} -

Since 2
1 —1g(0
T'(z) = %g’@)
(1-909(=))
and o
2c 2c3—c5 )e " .
|g’(0)\ % _ ‘203 + (203 — C%) e—219|

Y'(0) = =
1—g(0) 1— ( [5Y )2 4cos20 — |ea|?

2cos 6

we take

2 sy [200@)]
|ZC3+(ZC3—C§)6*2W 1— lea] cos 6 ’
W 2cos 6
2
2<4C0s29— |ea| ) _ 2cos 0 + |ca {2|h’(c) - }
4cos20 — |eo]* + 2¢3 + (2¢3 — 3) e=%i6|  — 2cosf —|caf | cosf
2(2cosf — |02|)2 < 211 (e)]
4cos2 — |cz|2 + ’203 + (203 — c%) 6_2i9’ o cosf
2(2cos b — |ea])’ 2| (c)|
4cos20 — |ea|* + 12¢3 + (2¢3 — ) e~ 20| cosd

2
|h,(c)|zcosé <1+ 2(2cosf — |ea)) )

2 4¢0s20 — |ea]” + |2¢3 + (23 — 3) €721

1+

and

Now, we shall show that the inequality (2.5) is sharp. Let

z

Then )
zf'(z) 1 —ze %

M =TE) T T

and .
|14+e72|  coso

4 2
Since |cp| = 2cos 6, (2.5) is satisfied with equality. ]

W] =
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If f(z) — z has no zeros different from z = 0 in Theorem 2.3, the inequality (2.5) can be
further strengthened. This is given by the following Theorem.

Theorem 2.4. Let f(2) € M (a.0), f(z) — 2 has no zeros in U except z = 0 and c; > 0.
Suppose that, for some ¢ € AU, f has an angular limit f(c) at c, C-}c(fj) = # Then we have

the inequality

(zf’(z))/ Jcosf [ 4c; cos f1n” (525) Y o
f(2) .| = 2 4eycosOIn (525) — |2¢3 + (2¢3 — ) e 29|
The equality in (2.7) occurs for the function
z
f(2) = ———=w
(1 _|_ Z)1+6 2i0

where 0 is real number with |0 < 7.

Proof. Let ¢; > 0 and let us consider the function g(z) as in Theorem 2.3. Taking account of
the equality (2.6), we denote by Ing(z) the holomorphic branch of the logarithm normed by
condition

] ]

In.9(0) :ln(2cose> :ln‘ﬁ’ +iarg(2cose> <0 >0

and

In (chcfsﬂ) <0

Take the following auxiliary function

_ Ing(z) —Ing(0)
A g g0y

It is obvious that Q(z) is a holomorphic function in U, Q(0) = 0, |Q(z)| < 1 for |z] < 1, and
also |Q(c)| = 1 for ¢ € OU. So, we can apply (1.3) to the function Q(z). Since

Q/(2) =21Ing(0 9'(2) ,
D gt + mg0))

and

we obtain

2 ey = 2[ng(0)]

o = T 0 e
—21Ing(0) ¢'(c)

In® g(0) + arg? g(c) | B(c)  B(c)

—21Ing(0) p(c)||e¢'(c) eB'(c)

In? g(0) 4+ arg2 g(c) | ¢* || é(c) ~ B(o)
~21n¢(0)

= T g @I BN

—21ng(0) { 21k (c)]
In2 9(0) cos

" (_2 {2|czls(;)| a 1}'

Ted)

IN

— 1} (Replacing arg® g(c) by zero)
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Since 0)
Q0= I
= 3507 g(0)
and thus,
|203+(203—02)372w| 2
‘Ql<0)| _ 4003229 _ ’263+(263—C§)6 29’
_22022591n(20p356) —402005911’1(2;259)
we have
2 =2 [21n()
| PetCa-d)e[ = n (525) | cosd ’
402(:039111(2;%) )
2 ,
- 4y cos 01n” (725) - 2 |n'(c)]
4eycosfln (525) — |23+ (23 — 3) e720| = cosf
and )
|h,(c>|>cos€) B 4cycos01n” (725) '
-2 4eycosOIn (525) — |2¢3 + (2¢3 — 3) e 27|
Since |cp| = 2cos 6, (2.7) is satisfied with equality. ]
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