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Abstract In this paper, we introduced the concepts of complex fuzzy soft rings and complex
fuzzy soft ideals, then we investigated some of their characteristics. Also, we defined the image
and inverse image of complex fuzzy soft rings under complex fuzzy soft homomorphism and we
studied their elementary properties.

1 Introduction

Zadeh [9] introduced the concept of fuzzy sets in 1965. A fuzzy set A in U is defined by a
membership function g4 : U — [0, 1], where U is nonempty set, called universe. In 1971,
Rosenfeld [8] introduced the concept of fuzzy subgroup. In 2002, Ramot et al.[7] introduced the
concept of the complex fuzzy sets, they extended the closed interval [0, 1] to the unite circle in
the complex plane. In 2010, Nadia [6] introduced the concept of complex fuzzy soft sets which
is a combination of complex fuzzy set and soft sets theory. In 2016, as a previous work we [1, 3]
introduced the concepts of complex fuzzy subgroups and complex fuzzy soft groups.

In this paper, we introduced the concepts of complex fuzzy soft rings and complex fuzzy
soft ideals, then we investigated some of their characteristics. Also, we defined the image and
inverse image of complex fuzzy soft rings under complex fuzzy soft homomorphism and we
studied their elementary properties.

2 Preliminaries

Definition 2.1. [7] A complex fuzzy set, defined on a universe of discourse U, is characterized by
a membership function p 4 () that assigns any element a complex-valued grade of membership
in A. By definition, the values ;14 () may receive all lie within the unit circle in the complex
plane, and are thus of the form r 4 (z).e*4(®) where i = /=1, 74(z) and w4 () are both real-
valued, and r4(z) € [0, 1], wa(x) € [0,2n]. The complex fuzzy set may be represented as the
set of ordered pairs

A={(z,pa(z)):zeU}.
Definition 2.2. Let A = {(x,uA(a:)) tpalz) = T'A(x)ei‘*"‘(x),x € U} and B = {(z, pp(x)) :
pp(z) =rp(z)es®) € U} be two complex fuzzy sets of the same universe U. Then
pang(z) = rAmB(x)ei“’A”B("”) =min{ra(z),rp(zr)} gimin{wa(e)ws (@)}

Definition 2.3. [5] Let Rbe aring and A = {(z, pa(z)) : @ € U} be a fuzzy set. Then A is said
to be a fuzzy subring if the following hold

(i) pa(z—y) >min{ua(z), pa(y)} forall z,y in R.
(i) pa(zy) > min{pa(z), pa(y)} forall z,y in R.

Definition 2.4. [5] Let Rbe aring and A = {(z, ua(z)) : © € U} be a fuzzy set. Then A is said
to be a fuzzy ideal if the following hold:

(1) palz—y) > min{pa(x),paly)} forall z,y in R.
(ii) pa(zy) > maz{pa(z),na(y)} forall z,y in R.
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Definition 2.5. [1]Let A = {(x, pa(z)) : @ € U} be afuzzy set. Thentheset A, = {(z,va,(2)) :
va, () = 2mwpa(z),z € U} is said to be a m—fuzzy set.

Definition 2.6. [2] Let R be a ring and A, be a m—fuzzy set. Then A, is said to be a m—fuzzy
subring if the following hold

() va,(x —y) = min{ya,(2),74,(y)} forall z,y in R.

(i) va, (zy) > min{ya, (z),va,(y)} forall z,y in R.
Definition 2.7. [2] Let R be a ring and A, be a m—fuzzy set. Then A is said to be a m—fuzzy
ideal if the following hold:

(i) va, (z —y) > min{ya,(z),va,(y)} forall z,y in R.

(ii) va, (zy) > maz{vya, (x),va,(y)} forall z,y in R.

Proposition 2.8. [2] A m—fuzzy set A, is a m—fuzzy subring (n—fuzzy ideal) if and only if A is a
Sfuzzy subring (fuzzy ideal).

Definition 2.9. [6] Let U be the initial universe and E be the set of parameters. let SU denote

the set of all complex fuzzy sets of U, A C E and f : A —— SY. A pair (f, A) is said to be a
complex fuzzy soft set over U.

Let U be a universe set and (f, A) be a complex fuzzy soft set over U. Then (f, A) yields
two fuzzy soft sets over U as follows

(i) The fuzzy soft set (f, A), where f : A+ 5" and 5V is the set of all fuzzy sets of the form
{(z, 70y () : x € Uya € A} such that pp,)(z) = rf<a)(x)e“"f<a>(z) is the membership
function of the complex fuzzy set f(a).

(i) The m—fuzzy soft set (i,A), where f @ A — sU and sY is the set of all m—fuzzy sets
of the forrp {(I’w.f(a)(z)) tx € Uya € A} such that pyq)(x) = (g (z)e™r@(*) is the
membership function of the complex fuzzy set f(a).

Definition 2.10. [4] A fuzzy soft set (f,A) is said to be a fuzzy soft ring (fuzzy soft ideal) if and
only if f(a) is a fuzzy subring (fuzzy ideal) for all a € A.

Definition 2.11. A m—fuzzy soft set (f, A) is said to be a m—fuzzy soft ring (7 —fuzzy soft ideal)
if and only if f(a) is a m—fuzzy subring (7—fuzzy ideal) for all a € A.

Definition 2.12. [6] The intersection of two complex fuzzy soft sets (f, A) and (g, B) over U,
denoted by (f, A) N (g, B), is the complex fuzzy soft set (h, C), where C = AN B, and h(c) =
f(e)ng(e) forall c € C.

Definition 2.13. [6] The union of two complex fuzzy soft sets (f, A) and (g, B) over U, denoted
by (f, A) U (g, B), is the complex fuzzy soft set (h,C'), where C' = AU B, and for all ¢ € C,

f(c) ifce A-B
hic) =4 gl(c) ,ifce B—A
fleyug(e) ,ifce ANB

Definition 2.14. [1] Let A = {(x, pa(z)) 1z € U} and B = {(z, up(x)) : € U} be two com-
plex fuzzy subsets of U, with membership functions p4(z) = ra(x)e™4®) and pp(z) =
rp(z)e™ 5@, respectively. Then

(i) A complex fuzzy subset A is said to be a homogeneous complex fuzzy setif forall z,y € U
ra(z) <ra(y)ifand only if wa(z) < wa(y).
(i1) A complex fuzzy subset A is said to be homogeneous with B, if for all z,y € U

ra(z) <rp(y)ifandonly if wa(z) < wp(y) forall z,y € U.
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Theorem 2.15. [2] Let R be a ring and A = {(z, pa(x)) : © € R} be a homogeneous complex
fuzzy set with membership function pa(z) = r4(x)e™4"). Then A is a complex fuzzy subring
(ideal) of R if and only if:

(i) The fuzzy set A= {(z,ra(x)): 2z € R,ra(x) € [0, 1]} is a fuzzy subring (ideal).
(ii) The m—fuzzy set A = {(z,wa(x)) 1z € R,wa(z) € [0,2n]} is a m—fuzzy subring (ideal).

3 Complex Fuzzy Soft Rings
Definition 3.1. [3] Let (f, A) and (g, B) be two complex fuzzy soft sets over a universe set U.
Then

(i) A complex fuzzy soft set (f, A) is said to be a homogeneous complex fuzzy soft set if and
only if f(a) is a homogeneous complex fuzzy set for all a € A.

(ii) A complex fuzzy soft set (f, A) is said to be a completely homogeneous complex fuzzy soft
set if and only if f(a) is a homogeneous with f(b) for all a,b € A.

(iii) A complex fuzzy soft set (f, A) is said to be homogeneous with (g, B) if and only if f(a)
is a homogeneous with g(a) foralla € AN B.

Definition 3.2. Let R be a ring and (f, A) be a homogeneous complex fuzzy soft set over R.
Then (f, A) is said to be a complex fuzzy soft ring shortly (CFSR) over R if and only if the
following hold

(1) /J'f(a)(x - y) > mln{:uf(a) (x)7ﬂf(a)(y)} foralla € A and ANTIS R.
(1) (o) (2y) = min{pysa)(2), py@a)(y)} foralla € Aand 2,y € R.

Definition 3.3. Let R be a ring and (f, A) be a homogeneous complex fuzzy soft set over R.
Then (f, A) is said to be a complex fuzzy soft ideal shortly (CFSI) over R if and only if the
following hold

W) ppy(@ —y) =min{ppa) (), ) (y)} foralla € Aand z,y € R.
(1) (o) (wy) > maz{ppq) (), ) (y)} foralla € Aand z,y € R.

Theorem 3.4. Let R be a ring and (f, A) be a homogeneous complex fuzzy soft set over R. Then
(f, A) is a complex fuzzy soft ring of R if and only if:

(i) The fuzzy soft set (f, A) is a fuzzy soft ring.
(ii) The m—fuzzy soft set (f, A) is a m—fuzzy soft ring.
Proof. Let (f, A) be aCFSR and z,y € R. Then for all « € A we have
Py (@ = y)e T = g (z — y)

> min {Mf(a)(m)a Nf(a)(y)}
= min {’“f(a) (2)e @@ 0 (y)e™s (‘”(y)}
=min {r) (), v ()} eimin{wsa) (@) wra) (v) }
(since (f, A) is homogeneous).

So ) (z —y) > min {rf(a) (x),rf(a)(y)} and wf(a)(:c —y) > min {wf(a)(x),wf(a)(y)}. On
the other hand

7 () (@) €@ ) = o (ay)
> min {:uf(a)(x)’ ,uf(a)(y)}
= min {rfm)(x)eiwf(a)(w), rf(a)(y)eiwﬂ@(y)}
=min {ra)(2),7 1) (¥)} eimin{w s @) w @ ®)}

(since (f, A) is homogeneous).
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Which implies 7 ;o) (zy) > min {rs)(z), ¢ (y)} and
Wya) (2y) = min {w;a) (2), W) (y) }-

So (f, A) is a fuzzy soft ring and (f, A) is a 7—fuzzy soft ring.
Conversely, let (f, A) be a fuzzy soft ring and (f, A) be a m—fuzzy soft ring, then for all a € A
we have

i) (@ —y) = min {rpa) (), 710 @)} @) (@ — y) = min {wie) (@), wp0) (1Y)}
Ty (@y) = min {r o) (@), 7o) () } and wp o) (@y) > min {wpe) (@), w i@ (y)} -

Now,
P (& = y) = 7y (@ — y)e e
> min {Tf (;1;) (y)} eimin{wf(a)(w)"“’f(a)@)}
= min { o (z)erte rf< )(y)e“’f } (homogeneity).
= min {py00) (@) 170 (8) )
On the other hand
1) (2Y) = 7p(a) (wy)e™so ™)
> min {7 () (@), 75y (9) } €0 @ wna ]}
= min {rf(a) (z)ewr@ (@) T #(a) (y)eis@( } (homogeneity).
= min {,uf(a) ('T)7 Hf(a) (y)} .
So f(a) is a complex fuzzy subring, thus (f, A) is a complex fuzzy soft ring. O

Theorem 3.5. Let R be a ring and (f, A) be a homogeneous complex fuzzy soft set over R. Then
(f, A) is a complex fuzzy soft ideal of R if and only if:

(i) The fuzzy soft set (f, A) is a fuzzy soft ideal.
(ii) The m—fuzzy soft set (f, A) is a m—fuzzy soft ideal.
Proof. Let (f, A) be aCFSI and z,y € R. Then for all a € A we have
rf(a) (.”L' - y)eiwf(a)(x—y) = :uf(a) (LL’ - y)
> min { g (a)(€); g (a) (¥) }
= min {r a) (@)™, 1y (y) s |
= min {rf< (z), Tia }elmm{wf (@) Wi ()}
(since (f, A) is homogeneous).
S0 74(a) (x —y) > min {rf(a)(x), T (a) (y)} and
wi(ay(@ = y) = min {w;(,)(x),w()(y) }. On the other hand
P i) (2y)e @0 = 1) (zy)
> max { fuy(a) (@), 1) (¥) }
= max {Tfm)(fv)e“”““( 2,1 oy (y)e s @}
= mazx {rf( x), T f(a } e“”‘”?{wf (@)wsa ()}

(since (f, A) is homogeneous).
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Which implies rf(a)(:zry) > max {rf(a)(as), T f(a) (y)} and
we(ay(xy) = maz {wye)(z), wia) () }-

So (f, A) is a fuzzy soft ideal and (f, A) is a 7—fuzzy soft ideal.

Conversely, let (f, A) be a fuzzy soft ideal and (f, A) be a m—fuzzy soft ideal, then for alla € A
we have

) (@ = y) = min {7 o) (2),7 1) ()} Wiy (@ — y) = min {wie) (), wpe)(Y) }
" pa)(2y) = maz {1 ) (2), 7 5(a) (y) } and wp(a) (2y) > maz {wp(a)(2), wr@)(y) } -

Now,
fp(a) (@ = y) = 70 (2 — y)e' e
> min {r () (), 7} (y)} eimin{we) (@) )}
= min { o (z)ere rf< ) (y)en o (v } (homogeneity).
= min {5(a) (), s (1) } -
On the other hand
1) (@y) = 7 p(a) ()™ V)
> max {r o) (), ri0)(y)} eimaz{w ;) (@) wsa) () }
= mazx {rf(a) (z)es@ @) T fa )(y)e“"f }(homogenelty)
= max {Nf(a) (@), :uf(a)(y)} :
So f(a) is a complex fuzzy ideal, thus (f, A) is a complex fuzzy soft ideal. ]

Theorem 3.6. Let {(f;, A;) : i € I} be a collection of CFSRs over a ring R such that (f;, A;) is
homogeneous with (fi, Ay) forall j,k € I. Then N;er(fi, Ai) is a CFSR.

Proof. Let Nier(fi, Ai) = (h,C) where C' = N;crA;. Then we have f;(c) is a complex fuzzy
subring for all i € I, so ry, (. (x) is a fuzzy subring and wy, ) (x) is a 7—fuzzy subring (Theorem
2.15). Now, for all z,y € R we have

Pnie) (T = Y) =i, fu(0) (€ = Y)
= Truer o) (= y)elmierfiaE=y)
= minier {Tfi(c) (x — y)} eiminicr{wy, o (@=y)}
> minger {min {ry, (@), 74,0 W)}} giminicr{min{ws, o) (@).ws, 0 (v) }}
= min {min;e; {rfi(c)(x }ominger {Tfi(c) y)}}
gimin{minier{wy, (@) pminier{wy, )} }
= min {miniel {ro(@)} eimimez{wf,i(c)(ac)}7
minier {r, ) (y)} eimmiel{“n(cﬂy)}}
(since (f;, A;) is homogeneous with (fx, Ay) for all j,k € I)

= min {/Jmielfi(c)(x)? Hrier file) (y)}
= min {uh(c)(l‘), Mh(c)(y)} :
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On the other hand

Hr(e)(BY) =tinc, fi(0) (TY)

= Tricrfile) ($y>€iwﬁielqu(u)(93y>

= minier {rs,c)(vy)} eiminier{wy, (o (#y)}

> minier {min {ry, (), r5,) (W)} } iminicr{min{wp,o(@)w s, )} }

= min {miniel {Tfi(c)(l’)} Miner {quy(c)(y)}}
gimin{minici{wy, o (@)} minicr{ws, o)} }

=min {miniel {T‘fi(c) (.Z')} eimimel{wfi(a)(x)},

minier {rp,(e)(y)} e oo}
(since (f;, A;) is homogeneous with (fi, Ax) for all j, k € I)
= min {fin, .0 (@) focrpie)(Y) }
= min { (o) (@), pney () } -

Theorem 3.7. Let {(f;, A;) : i € I} be a collection of CFSIs over a ring R such that (f;, A;) is
homogeneous with (fi, Ay) for all j,k € I. Then N;cr(fi, A;) is a CFSI.

Proof. Let Nier(fi, A;) = (h,C) where C' = N1 A;. Then we have f;(c) is a complex fuzzy
ideal for all i € I, s0 1y, (¢)(2) is a fuzzy ideal and wy, () () is a 7—fuzzy ideal (Theorem 2.15).
Now, for all x,y € R we have

Hn(e) (T = Y) =fin,er fi0) (T — Y)
= Tres ol (@ — y)etmiersio 7Y

= Minjer {rfi(c) (z — y)} eiminicr{wy, o (@=y)}
> minger {min {ry, (@), 7,0 W)} } grminser{min{wy;(o(@).wr, o)} }
= min {minicr {rf,()(x)} ,minier {rs, ()} }

gimin{minier{wy, (@) fminier{wy, )} }
= min {miniel {ro(@)} eimimez{wf,i(c)(ac)}7

minier {0 ()} eimmiel{“n(w(y)}}

(since (f;, A;) is homogeneous with (fx, Ay) for all j,k € I)

=min{n,c £,(0) (%) Boer g0 (W) }
= min { pne) (), o) (y) } -
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On the other hand

Ph(e) (TY) =over (o) ()
= T fu(o) (wy)e“nier V)
= Minjer {rf%(c) (xy)} piminicr{wy, o (@y)}
> min;er {max {Tfl.(@ (x), rfi(@(y)}} giminier{maz{ws, o) (x)ws, ) (¥) } }
> max {mz’niel {rf,',(c) (;v)} ,MiNeT {rfi(@(y)}}
gimaz{minicr{wy, o (@) fminier{ws, @ (W)} }

= max {minie[ {Tfi ) (ZIJ)} 6iminiez{wfi(c)(:c)},

minier {ry, ) (y)} eiminicr{wy, o)} }
(since (f;, A;) is homogeneous with (fx, Ay) for all j,k € I)
= maz { fe 1u0) () B 1ue) (V) }
= max {uh(c)(ffl Mh<c>(y)} :

O

Theorem 3.8. Let (f, A) and (g, B) be disjoint CFSRs (CFSIs). Then (f,A) U (g, B) is CFSR
(CFSI).

Proof. Straightforward. O

Definition 3.9. [3]Let (f, A) be a complex fuzzy soft set over a universe U. Then for all « €
[0, 1] and 3 € [0, 27], the set (f, A)(,5) = {f(a)(a,5) : @ € A} is called an («, §)—level soft set
of the complex fuzzy soft set (f, A), where f(a)(q,5 = {x € U : 75(4)(7) > a,wpe)(z) > B}
is an («, 8)—level set of the complex fuzzy set f(a). Here, for each a € [0, 1] and 8 € [0, 27],
(f, A)(a,p) 1s a soft set in the classical case.

Theorem 3.9. Let (f, A) be a complex fuzzy soft set over a ring R. Then (f, A) is a CFSR over
a ring R if and only if Va € A and for arbitrary o € [0,1] and 8 € [0,27], with f(a)(a. gy 7# ¢
the (v, B)—level soft set (f, A)(a,p) is a soft ring over R in classical case.

Proof. Let (f, A) be a CFSR over aring R. Then for all a € A, f(a) is a complex fuzzy subring
of R. For arbitrary o € [0, 1], 8 € [0,27] and a € A with f(a)(,,5) # ¢, letz,y € f(a)a,p)-
Then we have 7,y (x) > o and Wy, (z) > B, also, 74(4)(y) > a and wy ) (y) > B.
Now,
P (@ = y)e @ = ) (2 = y)
= min {p15(a) (%), () (9) }
= min {4y ()1 1 ) (y)e o |

=min {rs) (), r0)(v)} eimin{ws(a) (@) wsa)(®)}

This implies

) (@ —y) = min {rpo) (@), 74 (Y) }
> min{a,a}

= Q.
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And
W) (T = y) = min {wp) (@), w5 (y) }
> min {3, 5}
= f.
Sox —y € f(a)(a,p)- On the other hand we have

e >(w) @) = iy (wy)
> min {y(a) (%), i (a) () }
= min {rf(a) (z)er@@) " fla) (y)eiwf(a>(y)}

=min {r) (), r0) ()} eimin{ws(a)(@)wsa) ()}
This implies
"t (@y) Z min {7 () (), 74(a)(v) }
> min{a,a}
=a.
And
wr(a)(2y) > min {wp(a)(2), wra) (¥) }
> min{B, B}
— 8.

So zy € f(a)(a,p)- Therefore f(a)(q,p) is a subring of R, thus (f, A)(4,g) is a soft ring over R.
Conversely, for all a € A and for arbitrary a € [0, 1] and § € [0, 27] let (f, A) (4,5 be a soft ring
over R. Let z,y € R, assume "f(a ) (@) = ATy (y) =6, wi)(z )7 0 and wy(q) (y) = 1. Sup—
pose o = min {A, ¢} and 5 = min {0, n}, this 1mphesx y € f(a)(a,p)- By hypothesis, f(a)(a,
isasubring of R, sox—y € f(a)a,p andzy € f(a), Thusrf( )(x y) > a=min{\, 6} =
min {rpq)(2),74)(y)} and wp(z —y) > B = mm{9 n}t = min{w) (@), wra )},
therefore uf( (@ — y) > min{ppa) (), by (y)}. Also, 75 (ry) > a = min{), 6} =
min {7 (o) (), 7o) () } and wy(, ( y) > ﬁ = min {0,n} = min {o.)f (), wsa)(y)}, there-
fore p5(q) (xy) > mm{uf (@), ty)(y)}s so (f, A) is a CFSR over a rmg R. i

4 Homomorphism of Complex Fuzzy Soft Rings

Theorem 4.1. [4] Let (f, A) and (g, B) be two fuzzy soft rings over a ring R and S, respectively
and (o, %)) be a fuzzy soft homomorphism from R to S. Then

(i) The image of (f, A) under the fuzzy soft homomorphism (p,) is a fuzzy soft ring over S.

(ii) The pre-image of (g, B) under the fuzzy soft homomorphism (@, ) is a fuzzy soft ring over
R.
Definition 4.2. [3] Let ¢ : U — V and v : A — B be two functions, where A and B are

parameter sets for the crisp sets U and V, respectively. Then the pair (¢, 1)) is called a complex
fuzzy soft function from U to V.

Definition 4.3. [3] Let (f, A) and (g, B) be two complex fuzzy soft sets over U and V, respec-
tively. Let (¢, 1) be a complex fuzzy soft function from U to V. Then

(i) The image of (f, A) under the complex fuzzy soft function (¢, 1), denoted by (¢, ¥)(f, A),
is the complex fuzzy soft set over V defined by (¢, 4)(f, A) = (¢(f), % (A)), with mem-
bership function

w(z)=y (a)=b
0, otherwise

{ VoV (@) ifeT(y) # ¢
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where b € Y)(A) andy € V.

(ii) The pre-image of (g, B) under the complex fuzzy soft function (¢, 7)), denoted by (o,
is the complex fuzzy soft set over U defined by (p,) (g, B) = (¢~ (g),v~1(B)
that

)~ (
) such

uc

Ho=1(g)(@) (%) = Hg(p(a)) (P(2))
where a € v~1(B), z € U.

Lemma 4.4. [3] Let (f, A) and (g, B) be two completely homogeneous complex fuzzy soft sets
over U and V, respectively. Let (¢, 1) be a complex fuzzy soft function from U to V. Then

(D) Bo(5)(@)(¥) = To(r)(a)(y)e@en@®),

(i) 1-1(5)(0) () = Tt (gyp) () 07,

Theorem 4.5. Let (f, A) and (g, B) be two completely homogeneous CFSRs over a ring R and
S, respectively, and (o, ) be a complex fuzzy soft homomorphism from R to S. Then

(i) The image of (f, A) under the complex fuzzy soft homomorphism (@, 1) is a CFSR over S.

(ii) The pre-image of (g, B) under the complex fuzzy soft homomorphism (p, ) is a CFSR over
R.

Proof. (1) Since (f, A) is a complex fuzzy soft ring, then by Theorem 3.4 we have the fuzzy soft
set (f, A) is a fuzzy soft ring and the m—fuzzy soft set (f, A) is a m—fuzzy soft ring. Thus by

Theorem 4.1 and Proposition 2.8 the image of (f, A) and (f, A) are fuzzy soft ring and 7—fuzzy

soft ring, respectively, therefore for all a € (A) and z,y € S we have:

Po(p)@) (@ = ) Z min {ro)a) (@), 7o (1)) (W) 1

Tt )(zy) > min {ry >( )Tl )(a) ()
We(f)(a)(* — ) = min {w (f)(a)(x)vww(f)(a
We(r)(a) () 2 min {wy () () (%) we(r)a (9) }

Now, by Lemma 4.4

() (a) (T =) = To(r)a) (@ — y)eWetnie@=y)

Also,

= min {,Ug;(f)(a) (), Heo(f)(a) (y)} )

(2) Since (g, B) is a complex fuzzy soft group, then by Theorem 3.4 we have the fuzzy soft set

(g, B) is a fuzzy soft ring and the 7—fuzzy soft set (g, B) is a m—fuzzy soft ring. Thus by Theo-

rem 4.1 and Proposition 2.8 the pre-image of (g, B) and (g, B) are fuzzy soft ring and 7 —fuzzy

soft ring, respectively, therefore for all b € vy~!(B) and z,y € R we have:

T <g>(b>(l” —y) Zmin {ro-1(g)6) (@), o1 (g ) (9)

T p-1(g)(p) (zy) > min {r, 1)) (L), T b)(y)},
~i(g)(p) (& —y) = min {W 1g)m) (T ) ~1(g)(v)(y) } and

o) (@y) = min {we-1g)6) (), W19 0) (¥) }

1

B),
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Now, by Lemma 4.4

W —1(g)m) (T~Y)

Ho=1(g)() (T = Y) = Tpm1(g)n) (T — y)e
> min {1-1(g)) () o1 (9)0) () } {1010 (10 )}
= min {r@_l(g)(b)(gg)eiwv’](g)(b)(z), T'o1(g)(b) (y)eiwwfl(y)(b)(y)}

= min { fp-1(g)(b) (), Lo-1(g) ) (¥) } -

Also,
Ho=1(g)(v) (TY) = rw*‘(g)(b>(xy)ei%_](g>(b>(w)
> min {721 300 (@)1 gy (9)} €L 0 0 0]
= min {ﬁrl(g)(b)(x)e%"”“”(m)’ Tsrwg)(b)(y)e“w"(g“'“(y)}
= min {ftp-1(g)(0) (%), H-1(g)0) (V) }
O
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