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Abstract. In this paper we obtain common fixed point theorems for four self maps using
generalized TAC contractive condition in b-metric spaces. These results generalize the results
of Abbas and Doric[1], Roshan , Shobkolaei , Sedghi and Abbas[20] and extend the results of
Babu and Dula[9] to four mappings. To support our results some illustrative examples are also
furnished

1 Introduction

Now a days there are too many generalizations of metric spaces like b- metric spaces, quasi-
metric space, quasi-b-metric space, dislocated metric space (or metric-like space), dislocated b-
metric space (or b-metric-like space), dislocated quasi-metric space (or quasi- metric-like space),
dislocated quasi-b-metric space (or quasi-b-metric-like space). For instance, we refe[2,7,13,16,
18-21, 23-26].

In 1997, Alber and Guerre-Delabrere[4] proved that a weakly contractive map defined on
a Hilbert space is a Picard operator. Rhoades[22] extended this result considering the domain
of the mapping a complete metric space. Dutta and Choudhury[14] introduced (v, ¢)-weakly
contractive maps and proved fixed point theorems in complete metric spaces. In continuation , in
2010 Abbas and Doric[1] proved a common fixed point theorem for four maps for a generalized
(v, )-weakly contractive map. Recently, Chandok, Tas and Ansari[12] introduced the concept
of TAC- contractions and proved some fixed point theorems in the setting of metric spaces. In
sequel, Babu and Dula[9] extended this result to b-metric spaces.

We start by recalling some definitions and properties of b-metric spaces and well known
results.

Definition 1.1. [11] Let X be a non-empty set and s > 1 be a real number. A function
d: X x X — [0,00) is called a b-metric on X if it satisfies the following conditions:

(1) d(z,y)=0 if and only if z = y.
(2) d(z,y) = d(y,x) forall z,y € X.
(3) d(z,y) < sld(z, z) + d(z,y)], forall z,y, z € X.

Then the order pair (X, d) is said to be a b- metric space with s > 1.

Here we note that the class of b-metric spaces is larger class than the class of metric spaces,
since (X, d) is a metric space when s = 1.

In the following we give examples of b-metric which are not metric spaces.

Example 1.2. Let X = R? and we define d : X x X — Rby d(z,y) = |21 — 1> + |22 — »|?
forall z = (x1,22),y = (y1,42) € X. Then (X, d) is a b-metric space with s = 3.
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Example 1.3.Let X = {0,1,2}. Defined : X x X — Rby d(z,z) = Oforall z € X,
d(0,1) =d(1,0) = 1,d(1,2) = d(2,1) = 2, d(0,2) = d(2,0) = 6. Then clearly, d is a b-metric
space with s = 2. But, (X, d) is not a metric space. For, letz =0, y =2, z = 1 then

d(0,2) =6>4d(0,1)+d(1,2) =1+2.
Hence (X, d) is not a metric space.
Definition 1.4. [11] Let (X, d) be b-metric space.

(i) A sequence {z,} in X is called b-convergent if there exists z € X such that
lim,, 00 d(xy,, z) = 0. In this we write lim,, o, z, = .

(1) A sequence {z,} in X is called b-Cauchy if lim,, ,—s 00 d(2y, ) = 0.

(#i1) The b-metric space (X, d) is said to be b-complete if every b-Cauchy sequence in X is
b-convergent.

(iv) A set B C X is said to be b-closed if for any sequence {x,, } in B such that {z,,}
is b-convergent to z € X, we have z € B.

Proposition 1.5. [11] In a b-metric space (X, d) the following assertions hold:

(1) a b-convergent sequence has a unique limit

(1) each b-convergent sequence is b-Cauchy

(ii1) in general, a b-metric need not be continuous.

Lemma 1.6. [3] Let (X, d) be a b-metric space and limy,_, oo T, = x, limy,_o0 yn = y. Then

(i) Sd(z,y) <liminf, o0 d(zn,yn) < limsup,, _,  d(zy,yn) < s2d(z, ).
In particular, if x = y then lim,,_, d(zn,yn) = 0.

(i4) For each x € X
Ld(z,z) <liminf, o d(z,, 2) < limsup,,_,  d(z,,z) < sd(z, 2).

Lemma 1.7. [16] Let (X, d) be a b-metric space with s > 1 and {x,,} be a sequence in (X,d).
Then the following are equivalent.

(7) {xn} is a b-Cauchy sequence in (X, d)
(#4) {z2n} is a b-Cacuchy sequence in (X, d) and lim,, o0 d(xy, Tp41) = 0.

Definition 1.8. [16] Let A and B be nonempty subsets of X. A mapping f : AUB — AU B is
said to be cyclic if f(A) C B and f(B) C A.

Definition 1.9. [5] Let X be a nonempty set, f be a selfmap of X and o, 8 : X — [0, 00) be two
mappings. We say that f is a cyclic («, 3)-admissible mapping if

(i) for any z € X with a(x) > 1 = (fz) > 1, and
(%) for any y € X with 8(y) > 1 = o(fy) > 1.

In 2016, Hussain , Isik and Abbas[17] extended the definition of cyclic («, 3)-admissible map-
ping two pair of maps as follows.

Definition 1.10. Let f, g, S and T be selfmaps of a nonempty set X and o, 3 : X — R™'. Then
the pair (f, g) is called cyclic («, 8)-admissible with respect to (S,T) (briefly, (f,g) is cyclic
(a, B) (S,T)-admissible pair) if

(i) a(Sx) > 1 for some = € X implies 5(fx) > 1,
(ii) B(Tx) > 1 for some = € X implies a(gz) > 1.

If we take S = T' = I X (identity mapping on X) and f = g, then Definition 1.10 reduces to
Definition 1.9.

Recently, Ansari [6] defined the concept of C-class functions in the following.
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Definition 1.11. [6] A mapping F' : R* XR™ — R is called C-class function if it is continuous
and satisfies following conditions:

(1) F(s,t) <s;
(2) F(s,t) = s implies that either s = 0 or ¢t = 0 for all 5,¢ € R*.
Here we note that F(0,0) = 0.

We denote the set of C'-class functions as C.

Example 1.12. [6] The following functions F' : R*XR™ — R" are elements of C, for all
s,te R":

s—t ifs>t
(DF(s,t) =
0  otherwise
(2) F(s,t) =ksfor0< k < 1,if F(s,t) = sthen s = 0;
(3) F(s,t) =£sforO <k <landr € (1,00) if F(s,t) = s then s = 0;
(4) F(s,)

147 then if F(s,t) = s then either s =0ort = 0.

For more literature on C class functions we refer [8, 15].

Notation: Throught this paper we denote:

W = {1 :[0,00) = [0, 00)|¢ is continuous, nondecreasing and 1»~'(0) = 0},

D ={¢:[0,00) — [0,00)| limy,—00 H(tr,) — 0 = lim,,—, o t,, = 0},

Here we observe that if ¢ € ®, then ¢ = 0 implies ¢(¢) = 0

P ={¢:[0,00) = [0,00)|¢ is lower semicontinuous, ¢(¢t) > 0 forall t > 0, ¢(0) = 0} ,
C(f,g) : set of all common fixed points of f and g and W = {0,1,2,3,.....}.

The following theorem was proved by Abbas and Doric[1] in complete metric spaces.

Theorem 1.13. [1] Let f,g,S and T be selfmaps of a complete metric space (X,d) . Suppose
that f(X) C T(X), g(X) C S(X) and the pairs { f, S} and {g, T} are weakly compatible. If

P(d(fx, gy)) < P (M(z,y)) — ¢(M(x,y)) (1.13.1)

forall x,y € X, where ¢y €¢ ¥, ¢ € ®| and
M (z,y) = maz{d(Sz, Ty),d(fz, Sz),d(gy, Ty), Lzauidie.Tu)

then f,g,S and T have a unique fixed point in X provided one of the ranges f(X), g(X), S(X)
and T(X) is closed.

The following TAC type contractive definition is due to Chandok and Ansari[12].

Definition 1.14. [12] Let (X, d) be a metric space and let o, 8 : X — [0,00) be two given
mappings. We say that T': X — X is a TAC-contractive mapping if for all x,y € X with

a(x)Bly) = 1= ¢(d(Tz,Ty)) < F(P(d(z,y), o(d(z,y))) (1.14.1)

where ¢y € ¥, ¢ € P and F € C.

Recently, Babu and Dula [9] introduced the notion of generalized TAC-contractive map in
b-metric space setting and proved fixed point theorems.
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Definition 1.15. [9] Let (X, d) be a b- metric space and let v, 5 : X — [0, c0) be two mappings.
We say that T : X — X is a generalized TAC-contractive map if there exist ¢ € ¥, ¢ € ® and
F € Csuch that for all z,y € X with

a(x)B(y) > 1 = ¢(s*d(Tz,Ty)) < F(p(M,(z,y), o(M(z,y)), (1.15.1)

where M, (z,y) = maz{d(z,y),d(z, Tx), d(y, Ty), LoTelidw.Tu)y

Babu and Dula[9] established the following result.

Theorem 1.16. [9] Let (X, d) be a complete b-metric space with coefficient s > 1. Let T : X —
X be a seflmap of X. Assume that there exist two mappings o, : X — [0,00), v € ¥, ¢ € ®
and F € C such that T is a generalized TAC-contractive mapping. Further, suppose that there
exists xg € X such that o(zy) > 1 and B(xo) > 1, T is a cyclic («, 8)- admissible mapping and
either of the following conditions hold:

() T is continuous,

(13) if {xn} is a sequence in X such that x, — z oa(x,) > 1 and B(z,) > 1
foralln, then a(z) > 1 and B(z) > 1.

Then T has a fixed point in X. Moreover, if a(u) > 1 and $(u) > 1 whenever Tu = u. Then
T has a unique fixed point in X.

The following theorem was proved by Roshan, Shobkolaei, Sedghi and Abbas[20].

Theorem 1.17. [20] Suppose that f, g, S and T are self mappings on a complete b-metric space
(X,d) with s > 1 such that:

(1) F(X) € T(X),9(X) € S(X).

(ii) d(fz,gy) < S%maw{d(S%TyLd(fw,Sw),d(g%Ty% (d(Sz, gy) +d(f=,Ty))},
(1.17.1)
holds for each x,y € X with0 < q < 1. Then f,g,S and T have a unique common fixed point

in X provided that S and T are continuous and pairs (f, S) and (g, T) are compatible.

N —

The aim of the paper is to extend Theorem 1.16 to four mappings and generalize Theorem
1.13 and Theorem 1.17. To support our results examples are also furnished.

2 Fixed point theorems for generalized TAC-contractive map for four
selfmaps

In this section, first we define a generalized TAC-contractive map for four selfmaps.

Definition 2.1. Let (X, d) be a b- metric space with coefficient s > 1. Let a, 3 : X — [0, 00) be
two given maps and f, g, S and T" be four seflmaps on X. Suppose there exist ¢y € ¥, ¢ € ® and
F € C such that for all x,y € X with

a(Sz)B(Ty) > 1 = ¢(s*d(fx, gy)) < F(W(My(z,y)), ¢(Ms(z,9))), (2.1.1)
where M, (z,y) = maz{d(Sxz, Ty),d(fz, Sz),d(Ty, gy), L5zl tdfz.Ty)

2s

Then the pair (f, g) is said to be generalized TAC-(S, T contractive map in b- metric spaces.

Here we note that if we choose f = g and S =T = I, the identity map on X then Definition
2.1 reduces to Definition 1.15.

Theorem 2.2. Let (X, d) be a complete b- metric space with coefficient s > 1 and f, g, S and T
be four seflmaps on X. Assume that there exist two mappings o, 3 : X — [0,00), v € ¥, ¢ € P
and F € C such that (f,g) is a generalized TAC-(S,T) contractive mapping with respect to F.
Assume that:
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(1)) fXCTX and gX C SX
(i%) there exists xo € X such that a(Sxo) > 1 and B(Tx¢) > 1.

(#91) If {zn} is a sequence in X such that x,, — x, a(x,) > 1 and B(z,) > 1 for all n,
then a(z) > 1,8(x) > 1.

(iv) one of the ranges fX,gX,TX,SX is b-closed .
Then C(f,S) # ¢ and C(g,T) # ¢.

Proof. Let zp € X as in (ii). By condition (i), we define a sequence {y,} € X by
Yon = fron = Txon1 and yony1 = SToni2 = gToni1- (2.2.1)
First we show that {y,,} is a Cauchy sequence in X.

Since a(Szg) > 1 and (f,g) is cyclic («, ) -admissible with respect to (S, T), we have
B(fxo) > 1= p(Tx1)>1,algz;) > 1and 5(Sz;) > 1.

On continuing this process, we have
a(Szy,) > 1and B(Txns1) > 1 foralln € W. (2.2.2)
Similarly, 3(Tzo) > 1, we have
B(Tx2,) > 1 and a(Szont1) > 1 for alln € W. (2.2.3)
Thus from (2.2.2) and (2.2.3), we have
a(Szy) > 1and B(Tx,) > 1 foralln e W. (2.2.4)

If y2, = Y2n41 for some n € W then we have
M (2242, Tons1) = maz{d(Sxoni2, Toon11), d(fTon12, STon+2), A(TTon 41, §T2n+1),

2 d(S22012, 9T2n41) + d(fT2n42, TT2n41)]}

= max{d(yszrla yZTL)? d(y2n+27 y2n+1)7 d(y2n+l; yZn)7 ;jd(y2n+2a yZn)}

< max {d(y2n+1 ) yZn)v d(y2n+2, yZn)y
35 [A(W2n+1, ¥20) + d(Y2nr1, Y2n42)]}
< maz{d(y2n+1,Y2n), d(Y2n+1, Y2n42)} -
Therefore M (z2n42, Tant1) = d(Yan+1, Yont2)-
Now from (2.1.1) and (2.2.4), we have
D(d(y2n+1,92042)) < P($d(Y2nt1,Y20+2)) = V(S A(fr2n42, 9T2011))
(Ms(22n42, T2n+1)), O(Ms (2242, T2n+1)))

< F(y
< F(¥(d(y2n+2, Y2n+1)), 9(d(y2n+2, Y2n+1)))

= ¥(d(y2n+2; Y2nt1))

which implies F'(1)(d(yan+2, Y2n+1))s @(d(y2n42: Y2nt1))) = (d(Y2n+2, Y2nt1))-

Due to the property of F', we have 1 (d(y2n+2, Y2n+1)) = 0 or
&(d(Yan+2, Yan+1)) = 0, in any case d(y2n+1, Yont2) = O this implies y2n,11 = Y2 = Y2n+2. On
continuing this process we can prove that
Yn = YPn+1 = Yon+2 = Y2n43 = -oov - Thus Yon+1 = Yon for all n € W. Thus {yk}k22n
is a constant sequence hence it is convergent. Hence without loss of generality, assume that
Yon 7 Yon+1 for all n € W. First, we show that lim,,, o d(yn, Yn+1) = 0.

In view of condition (2.2.4), we have a(Sxy,) > 1 and 8(Tx2,11) > 1 implies
a(Sw2,)B(Txon1) > 1foralln e W.
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Now on using inequality (2.1.1) with x = x5, y = x2,+1, We have
Y((d(2n, Yans1)) < (S A(fr2m, gTom11)) < F((Ms(22m, 22041)), (Mo (220, T2m11)))- (2.2.5)
Now, M (225, T2n+1) = maz{d(Sxan, Tx2n41), d(fr2n, STon), d(TZ2n11, gT2n41),

2 1d(S22n, 922n41) + d(f220, T22011)]}

= mal’{d(yZna y2n—1)a d(yZna y2n+l)7 zlfsd(yZn—la y2n+l)}

< ma'x{d(yZna Yan—1 )7 d(yZn7 Yon+1 )} (2.2.6)
If d(yzn, y2n+1) > d(yzn, yzn_l) then from (2.2.6), we have
Y((d(Yan, Yant1)) < F(p(d(yan, yan+1), @(d(y2n, Yont1)) < 0((d(y2n, Yont1))- 2.2.7)

Hence F(¢(d(y2n, Yon+1), 2(d(Y2n, Y2n+1)) = Y ((d(y2n, Y2041))-

Owing to the property of F', we have ¢(d(yan, yan+1)) = 0 or ¢(d(yan,y2n+1)) = 0. In any
case we have v, = y»,,+1, a contradiction to our assumption. Hence

d(y2n, Y2n+1) < d(Y2n, y2n—1) for alln € W. (2.2.8)

Therefore {d(yan,y2n+1)} is a decreasing sequence of reals and hence it converges to r > 0.
Suppose that » > 0. From (2.2.7), we have

1/}(d(y2na Yon+1 )) < F(1/)(d(y2n, Yon+1 ))7 ¢(d(y2na Yon+1 )))
On letting n — oo, using continuity of 1 and F, we have

Y(r) < F((r), limn oo p(d(Yan, Yant1)) < 9(r)

which implies F'(¢(r), limy— 0o ®((d(y2n, Y2ns1)) = (7). Thus, by the property of F', we have
¥(r) = 0or limy— 00 d(d(yan, Yan+1)) = 0, this implies » = 0. Hence

limn 0@ (Yn, Yns1) = 0. (2.2.9)

We now show that {y,,} is a b-Cauchy sequence . If {y,,} is not a b-Cauchy sequence then
by lemma 1.7 , there exist € > 0, and subsequences {¥2,,(x)}> {¥2n(k)} Of {20} Where m(k) is
smallest integer such that m(k) > n(k) > k and

A(Yom(k)s Yan(k)) = € and d(Yom(k)—25 Yan(k)) < € (2.2.10)
Now from (2.2.10), we have
€ < d(Yam(k) Yan(k))
< 8d(Yam (k) Yam(k)=2) t 54 (Yam(k) =2 Yan(k))
< S d(Yam()> Yomk)—1) + A W2m(k)—1 Yom(r)—2) + s€.

Taking upper limit as k¥ — oo, using (2.2.9), we get

e < lim sup d(yZm(k)vyZn(k:)) < se. (2211)

k—o0
Again,
A(Yomk)s Yon(ie)+1) < 8 Yom(k)> Yon(k)) + SA(Yan(k)+1> Yan(k))-
Taking upper limit as £ — oo, using (2.2.9) and (2.2.11), we get

lim sup d(y27n(k)7y2n(k)+l) < 526- (2212)

k—oo
Also, we have

€ < d(Yom(k), Vo)) < A Yam(k)> Yon(k)+1) T 5A(Yan (k)11 Yon(k))-
Taking the upper limit as £ — oo and using (2.2.9), we have

< lim sup d(Yarm (k) Yon(k)+1)- (2.2.13)

k—o0

» | o
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Hence, from (2.2.12) and (2.2.13), it follows that

S lim sup d(me(k)a y2n(k)+l) S 526' (2214)

€
§ k—o00
We also have
d(y27n(k)—l ) yZn(k)) < Sd<y2m,(k’)—l ) y2m(k)) + Sd(yZm(k)7 yZn(k’))'
On taking upper limit as £ — oo using (2.2.9) and (2.2.11), we get
lim SUPk o0 d(y2m(k:)7 yZn(k)fl) < s’e. (2215)
Also, we have
€ < d(Yom(k), Yane)) < A Wamk)> Yom(k)—1) + A Yam k)15 Yan(k))-
On taking the upper limit as ¥ — oo and using (2.2.9), we have

< lim sup d(Yarm (k)— 15 Yan(k))- (2.2.16)

k—o0

Now, on combining (2.2.15) and (2.2.16), we have

[V e}

€ .
5 S M sup d(yaum(k)—1: Yon()) < 7€ (2.2.17)

k—oc0

In view of triangle inequality, we have
d(yZn(k)Jrl ) y2m(k)—1) < S[d(yZn(k)Jrl ) y2n(k)> + d(l/zn(k)7 yZm(k)—l)]

< s[d(Wan(k)+15 Yan(k)) + 5A(Yon(k)> Yom(k)) T SAY2m(k)s Yom (k) —1)]-
Letting upper limit as £ — oo, using (2.2.9) and (2.2.11), we get

1im sup d(Yan (k)15 Yom(r)—1) < se. (2.2.18)

k—ro0
Again,
€ < d(Yam(r) Yonk)) < 5A(Yom(k)> Yom(k)—1) + 5A(Y2m(k)—15 Yan(k))
< 5d(Yam(k)s Yam(k)—1) + A Yame)—1> Yon(e)+1) + S AYan(k)+15 Yan())-
Taking the upper limit as £ — oo and using (2.2.9) and (2.2.13), we get

€ ..
) < 1im sup d(Yom (k) — 15 Y2n(k)+1)- (2.2.19)

k—o0

Thus, from (2.2.20) and (2.2.21), we get

€ .
2 < limsup d(y2m(k)—]ayZn(k)+]) < se (2.2.20)

k—o0

From the condition (2.2.4),we have a/(Sxy,,(k)) > 1 and B(Tx5,,(5)11) > 1, thus

(ST (k) ) B(T T2 () 41) > 1, therefore from (2.1.1) , we have

w(83d(y2m(k)7 y2n(k)+l)) = ¢(33d(f$2m(k)7 gxzn(k;>+1))

< F(ql)(Ms (me(k)a xZn(k)Jrl))a ¢(Ms (me(k)7 $2n(k)+l)))7 (2.2.21)
where

M, (me(k)v mZn(k)Jrl) = max{d(yZm(k)—l ’ y2n(k))a d(yZm(k)—l s Yom(k) )7

d(y2n(k)a yZn(k)Jrl)a 2715 [d(y}m(k)fla y2n(k)+l) + d(yZm(k)a yZn(k))]} (2.2.22)
Letting limit supremum as k£ — oo and using (2.2.11), (2.2.17) and (2.2.20), we have

1
lim sup M (22,n(k)> Tan(k)+1) < maz{s’e, Z(s% + 5€)} = s%. (2.2.23)
k— o0
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Now from in (2.2.21), using (2.2.14) and (2.2.23), we have
P(s7€) = (57 €) < Y(Slimsupr—so0d(Yam(i) Yon(k)+1))
< F(p(limsupy,_, oo Ms(Zam (k) an(k)+1)), d(limsupy o Ms(Zom()s Tan(k)+1)))
< F(¢(s%€), limsup_, o ¢(Ms(Zom(1), Tan(r)+1)) < Y(s%€)
this implies that F (¢ (s¢), limsup,,_, . ¢(M (o), Tan(i)+1)) = ¥ (s%€).

Hence by the property of I, we have either 1(s%¢) = 0 or
lim sup,,_, o (M (Z2m(k), Zan(k)+1)) = 0, this implies s*¢ = 0 or
limsup,,_, Ms(x2m<k),x2n(k)+1) = 0. In both the cases we have ¢ = 0 which is a contrac-
tion.Hence {y»,} is a b-Cauchy sequence in X. Thus by Lemma 1.7, we conclude that {y,, } is a
b-Cauchy sequence in X. Since (X, d) is b-complete, there exists z € X such that lim,,—, o y2, =
z. Therefore

lim f(EQn = lim T.’tzn+1 = lim Sx2n+2 = lim grop+1 = . (2224)
n— oo n—oo n—oo n—0o0

Case(i): Suppose SX is closed.

In view of (2.2.24), we have z € SX, there exists v € X such that z = Su. From our
assumption (4:7) and (2.2.4), we have a(Su) > 1 and 8(T'x2,,+1) > 1. Now on using inequality
(2.1.1), we have

d(fu,z) < sld(fu, gxan+1) + d(gzani1, 2)].
On taking upper limit as n — oo in the above inequality and using (2.2.24), we have
éd(fu,z) <limsup,,_, . d(fu,gzon+1)-
Also, d(fu, grans1) < sld(fu, z) + d(z, gran+1))]-
Taking limit supremum as n — oo and again using (2.2.24), we get
limsup,, ,  d(fu, gran1) < s?d(fu, 2).
Therefore
D(d(fu, 2)) < d(s7d(fu, 2)) = (s> ({d(fu, 2))
< (s limsup,,_, ., d(fu, g2o+1)

< F(limsup,,_, o (Ms(u, xon41)), limsup,, , o o(Ms(u, z2n41)). (2.2.25)
Now,

M (u, Tany1) = max{d(Su, Tzan+1), d( fu, Su), d(TT2m+1, gUToni1),
zl—s[d(Su, 9T2n+1) + d(fu, Txap41)]}-
On taking upper limits as n — oo and using (2.2.24) we have
limsup,, , . Mg(22p41,u)
= limsup,, . max{d(Su, Txay+1),d(fu, Su), d(Tx2pn+1, guTsn+1),
21—3 [d(Su, gzont1) + d(fu, Txans1)]}
= d(fu, Su). (2.2.26)
Thus from (2.2.25) and (2.2.26), we get
P(d(fu, ) < F@A(fu, ), limsup, . 6(Ms(,2201)) < 6(d(f, 2)).
This implies ¢ (d(fu,2))) = 0 or limsup,,_, . ¢(Ms(u,z2,+1) = 0, thus, fu = z. Hence

z=Su= fu. (2.2.27)

Since z = fu € fX CTX, We have z € T X, there exists v € X such that
Tv = z. (2.2.28)
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We now show that gv = T'v.

Owing to the assumption (z4¢) and (2.2.4), we have
a(Sza,) > 1 and B(Tv) > 1. (2.2.29)

By triangle inequality, we have
d(Z, g’l}) S s[d(z, fZEQn) + d(fIva gU)]

Taking limit supremum as n — oo, we have
1
;d(zygv) < limsupp— 0od(fTan, gv). (2.2.30)

Also,
d(fzan, gv) < s[d(fxan,z) + d(z, gv)].
Taking limit supremum as n — 0o, we have
limsup,,_, . d(fzon, gv) < sd(z, gv). (2.2.31)
Thus, from (2.1.1), (2. 2.29) and (2.2.30), it follows that
U(d(z, gv)) < d(s7d(z, gv)) < (s> (5d(z, gv))
< ¢(s*limsup,, _, o d(fw2n, gv))

<limsup,,_,  F(¢Y(Msd(zan,v)), d(Msd(z20,v)) (2.2.32)
Now,
M, (220, v) = max{d(Sz2n, Tv), d(S22p, f225,), d(T, gv), 5= [d((ST2n, gv) + d(f22n, T0)]}.
(2.2.33)

Taking limit supremum as n — oo, using (2.2.24) and (2.2.28), we have
limsup,,_, . M,(22,,v) = max{d(z,Tv),0,d(z, gv), 5-[d(z, gv) + d(z, gv)]}
= d(z, gv). (2.2.34)
Hence from (2.2.33) and (2.2.34), we have
$(d(z. gv)) < F(limsup, . (M,(220,v)), limsup,,_, . ¢(M, (220, 0)))
< F(6(d(z,gv)), limsup,,_, o, (M (220,0))
< ¢(d(z, gv))

which implies that ¢)(d(z, gv)) = 0 or limsup,, , . ¢(Ms(x2,,v))) = 0.
In both cases we have d(z, gv) = 0 Hence z = gv. (2.2.35)
Thus, from (2.2.27) and (2.2.35), it follows that

fu=Su=gv=Tv ==z (2.2.36)

Hence

C(f,5) # ¢and C(g,T) # ¢.

Case (i%): Suppose that g X is closed. In this case z € gX, since gX C SX, we have z € SX
and hence we can choose u € X such that z = Su. Hence the proof follows. For the cases T'X
and fX closed, the proof runs in the same lines of case (i) and case (i). O

Theorem 2.3. In addition to the hypotheses of Theorem 2.2, suppose
(1) (f,8) and (g,T) are weakly compatible and

(#4) a(Su) > 1 and B(Tv) > 1 whenever u and v are coincident points of
(f,S) and (g,T) respectively.

Then f,qg,T and S have a unique common fixed point in X.
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Proof. In the light of Theorem 2.1, we have z = fu = Su = Tv = gv. Since the pair (f,S) is
weakly compatible, we have fz = fSu = S fu = Sz. z is a coincidence point of (f,.5). In view
of hypotheses (77), we have a(Sz) > 1 and 3(Twv) > 1 this implies a(Sz)3(Tv) > 1. Now on
using the inequality with = z and y = v , we have

V(d(f2,9v)) < D(sPd(fz,9v)) < F(O(Mi(2,0)), 6(Ms(2,0))). (2.3.1)
Now
Ms(z,v) = max{d(Sz,Tv),d(fz,5z),d(Tv, gv), i[d(Sz, gv) +d(fz,Tv)]}
= maz{d(fz,gv).0,0, % [d(Sz gv) + d(f gv)])
=d(fz, gv). (2.3.2)
Therefore from (2.3.1) and (2.3.2), we have
B(d(F2,g0)) < FU(d(f2, g0)), Bd(F2,gv))) < $(d(f2, gv)).

this implies
F((d(fz,gv)), ¢(d(fz,gv))) = p(d(fz, gv)),

which in turn implies ¢ (d(fz, gv)) = 0 or ¢(d(fz, gv)) = 0, in either case we have d(fz, gv) =
0. Hence
fz=8z==z. (2.3.3)

Thus, z is a common fixed point of f and S.

Since (g,T) is weakly compatible, we have Tz = Tgv = gTv = gz. z is a coincidence
point of (T, g). Again by our hypotheses (i) we have, «(Su) > 1 and 3(T'z) > 1 this implies
a(Su)B(Tz) > 1. Now on using the inequality (2.1.1) with x = v and y = z , we have

v(d(fu,gz)) < ¥(s*d(fu, 92)) < F(O(Mi(u, 2)), 6(My(u, 2)))- (2.3.4)
Now
M,(u, z) = maz{d(Su,Tz),d(fu, Su),d(Tz,gz), 5 [d(Su, gz) + d(fu, T2)]}
= maz{d(z,gz),0,0, 5-[d(Su, gz) + d(z, g2)]}
=d(z,gz).
Therefore

Y(d(fu, 92)) < F(d(d(fu, 92)), p(d(fu, g2))) < ¢(d(fu, g2)), this implies
F((d(fu, g2)), 6(d(fu,g2))) = v(d(fu,gz)), which in turn implies 1 (d(fu,gz)) = 0 or
o(d(fu, gz)) = 0, in either case we have d(fu, gz) = 0. Hence

gz=T==z. (2.3.5)

Thus, z is a common fixed point of 7" and g.

We now show that f, g, S and 7" have a unique common fixed point in X. Suppose that v and
z are two fixed points of S, f, g and T. Hence

fz=Tz2=82=gz==z. (2.3.6)

and
fu=Tu=gu=Su=u. (2.3.7)

By the hypotheses, we have a(Su) > 1 and 8(Tz) > 1 this implies
w(d(fu, g2)) < (s°d(fu, g2)) < F($(Mi(u, 2), 6(Ma(u, 2))).

Now,

M,(u, z) = maz{d(Su,Tz),d(fz,Sz),d(Tz,gz), 5 [d(Su, gz) + d(fu, Tz)]}
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= max{d(u, z), 0,0, i[d(u, z) + d(u, 2)]} = d(u, 2).

Therefore ¢ (d( fu, gz)) < F(¢(d(fu,92)), p(d(fu,g2)) < (d(fu, g2)),
gl(iz(i}npliezf(wéd(fu,gZ)), o(d(fu, gz))) = ¢(d(fu, gz)), which implies ¥ (d(fu, gz)) = 0 or
u,gz)) = 0.

Hence u = 2. Thus f, g,.S,T have a unique common fixed point in X. O

Theorem 2.4. Let A and B be two nonempty closed subsets of a b-metric space (X, d) such that
ANB# ¢andlet f,g: AUB — AU B be mappings with fA C B and gB C A. Assume that
thereexist Y € ¥, ¢ € ®, F € C such that

U(s*d(fx, gy)) < F((My(w,y), o(My(w,y))) for allz € Aandy € B (2.4.1)

where M(x,y) = max{d(z,y),d(fz,),d(y, gy), Ld(z, gy), Ld(fz,y)}.
Then f and g have a unique common fixed point u € AN B.

Proof. Letus definea,3: AUB — R" by

1 ifzed 1 ifxeB
afz) = and S(z) =

0 otherwise, 0 otherwise,
Forany z,y € AUB with o(z)8(y) > 1, wehave a(z) = 1 f(y) = l and z € A, y € B. Hence,
from (2.4.1), we have

Y(d(fz,gy)) < F(Y(My(x,y)), p(Ms(x,y))

forallz € Aand y € B. Suppose z € AU B with a(z) > 1. Thenz € Aand fz € fA C B so
that 3(fz) > 1. Suppose that y € AU B with 5(y) > 1. Theny € B, so that gy € ¢B C A so
that a(gy) > 1. Therefore (f, g) is cyclic (o, 3) admissible map. Since A N B # ¢, thereexist
xo € AN B such that a(zy) > 1 and B(zg) > 1.

If {z,} is a sequence in AU B such that z,, — = and a(z,) > 1, 8(x,) > 1 for all n, then
Z, € Aand z, € B. Since A and B are closed, z € A and z € B implies a(z) > 1 and
B(x) > 1. By choosing S = T = I on X in Theorem 2.3, f and g satisfy the hypotheses of
Theorem 2.3. Hence f and ¢g have a unique common fixed point say v and clearly, u € ANB. O

3 Corollaries

Corollary 3.1. Let (X, d) be a complete b-metric space with s > 1. Suppose that o, : X —
[0, 00) are two mappings. Let f,g,S and T be four seflmaps on X satisfying

(2) the pair (f, g) is cyclic (o, 8) admissible mapping with respect to (S, T)

(i) a(S2)B(Ty) > 1 = Y(s°d(fz, gy)) < V(M (z,y)) — ¢(M(z,y))
forall z,y € X, where ) € ¥, ¢ € ® and

M(x,y) = maa{d(Sz, Ty),d(fz, Sx), d(gy, Ty), 522 2Ty
(i) fX C TX, gX C SX
(iv) there exists xg € X such that a(Szo) > 1 and B(Txy) > 1.

(v) If {zy} is a sequence in X such that x,, — x and o(x,) > 1 and B(x,) > 1 for all n, then
alz) > 1,8(x) > 1.

vi) one of the ranges fX,gX,TX,SX is b-closed .
(vi) one of g g

(vii) a(Su) > 1 and B(Tv) > 1 whenever u and v are coincidence points of (f,S) and (g, T)
respectively.

Then f,g,T and S have a unique common fixed point in X provided (f,S) and (g,T) are
weakly compatible on X.
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Proof. Proof follows from Theorem 2.3 by choosing

s—t ifs>t
F(s,t) =

0 otherwise.
O

Corollary 3.2. Let (X, d) be a complete b- metric space with s > 1. Suppose that f, g, S and T
be four seflmaps on X satisfying

(i) fX CTX, gX C SX

(i) (P d(fz, 9y)) < F(p(Ms(z,y)), o(Ms(,y)))
forall x,y € X, wherep e ¥, € ®, F € C and

M, (z,y) = maz{d(Sxz, Ty), d(fz, Sz),d(gy, Ty), L5 rdlie L)y
(ii1) one of the ranges fX,gX,TX,SX is b-closed.

Then f,g,T and S have a unique common fixed point in X provided (f,S) and (g,T) are
weakly compatible on X.

Proof. Proof follows by choosing «(z) = 1 and 3(x) = 1 for all z € X in Theorem 2.3. o

Corollary 3.3.. Let (X, d) be a complete b-metric space. Suppose that «, 3 : X — [0,00) are
two mappings. Let f, g, S and T be four seflmaps on X satisfying:

(i) X CTX, gX CSX
(i) the pair (f, g) is cyclic («, B) admissible mapping with respect to (S, T)

(iii) a(S2) B(Ty)v(s*d(f, gy)) < F(¥(Ms(z,y)), d(Ms(2,y))) (3.3.1)
forall xz,y € X, wherep ¢ ¥, € ®, F € C and

M,(z,y) = maz{d(Sz, Ty), d(fz, Sz), d(gy, Ty), 250w tdfzTu)y

(iv) there exists g € X such that a(Szo) > 1 and B(Tzo) > 1.

(v) If {zn} is a sequence in X such that x,, — x and o(x,) > 1
and 3(xy,) > 1 for all n, then a(z) > 1, 8(x) > 1.

(vi) one of the ranges X, gX, TX,SX is b-closed .

(vii) a(Su) > 1 and B(Tv) > 1 whenever u and v are coincident points of (f,S) and (g,T)
respectively.

Then f,g,T and S have a unique common fixed point in X provided (f,S) and (g,T) are
weakly compatible on X.

Proof. Let z,y € X with o(Sz)3(Ty) > 1. Then

(s*d(fx, gy)) < a(Sz)B(Ty)v(s*d(fz, gy)) < F(W(Ms(z,y)), o(Ms(z,y))).-
Hence the conclusion this theorem follows from Theorem 2.3. O

Corollary 3.4. Let f,g,S and T be selfmaps of a complete metric space (X,d). Suppose that
f(X) CT(X), g(X) C S(X) and the pairs (f,S) and (g, T) are weakly compatible. If

(d(fz,gy)) < p(M(z,y)) — ¢(M(z,y)) (3.4.1)
forall x,y € X, where ¢y ¢ ¥, ¢ € ® and
M(w,y) = ma{d(Sz, Ty), d(fz, Sz), d(gy, Ty), 422 7dizTu)y

then f,g,S and T have a unique fixed point in X provided one of the ranges f(X), g(X), S(X)
and T(X) is closed.
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Proof. The proof of this corollary follows from Corollary 3.2 by choosing s = 1 and

s—t ifs>t
F(s,t) =

0 otherwise.
O

Remark 3.5. By choosing f = g = T and S = T = I, where [ is the identity map on R",
Theorem 1.15 follows as a Corollary to Theorem 2.3.

Corollary 3.6. Suppose that f, g, S and T are self mappings on a complete b-metric space (X, d)
with s > 1 such that:

(1) f(X) CT(X),9(X) C S(X).
(ii) s*d(fz, gy) < gqmax{d(Sz,Ty),d(fz, Sz),d(gy, Ty), 5 (d(Sz, gy) +d(fz,Ty))}, (3.6.1)

holds for each x,y € X with0 < q < 1, then f, g, S and T have a unique common fixed point in
X provided that S and T are continuous and and pairs f,S and g, T are compatible.

Proof. Proof follows by choosing a(z) = 1,8(z) = 1 forall z € X , ¢(t) = t,¢(t) = 1, and
F(r,t) = %r, where s € [0,00) and 0 < k < 1 in Theorem 2.3. i

4 Examples

Example 4.1. Let X = [0, 1] and we define d : X x X — [0,00) by d(z,y) = |z — y|? for all
z,y € X. Then (X, d) is a complete b metric space with s = 2. We define f, g, S and T'on X by

& ifzel0,y] £ ifaelo,d]
fl@) = and g(z) =
L ifre (4], 1 ifz e (5,1],
%2 if z €0, %} )
S(z) = T(x) = % forallz € [0, 1].

Loifee(5,1],
Clearly, fX = [0, 555 U {55} S TX = [0, 5] and gX = [0, 55 ] U {} € [0, %] = SX.
Clearly, T'X is closed.
Also, the pairs (f, S) and (g, T) are weakly compatible. We now define a, 3 on X by
s ifzel0,4] e ifxzel0,4]
afz) = and 8(z) =
0 otherwise, 0  otherwise,
We now prove that (£, g) is cyclic (a, 3) admissible mapping with respect to (S,7T'), indeed
if
a(Sz)>1=zx¢€ [0,%]:>ﬁ(fx):§—s =e>1.
Similarly, if
B(Tz)> 1=z e0,]=alge) =a(Z) =% +3> 1.
Hence (f,g) is cyclic («,3) admissible mapping with respect to (S,7). Also, at zp = 0,
a(Szg) = a(0) = 3 > 1 and B(z) = B(0) = e > 1. Next we will show that, (f, g) is a gener-
alized TAC-(S,T') contractive map with ¢(t) = ¢, ¢(t) = g—gt and f(s,t) = 133, forall s,t €
[0,00). Clearly, ¢ € ® and ¢ € ¥. Now, if {z,} is a sequence in X such that z,, — x,

a(z,) > 1 and B(x,) > 1 forall n € W then by the definition of o and 3 we have z,, € [0, 1],
therefore o(z) > 1, 3(z) > 1, hence we have

Y($2d(fe,gy) = (2[(%) — ()] = 23[(&) — (5))
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4 4

= (2[(2)2 + (L)) — (L))
< ([ + L%d(Sw, Ty))
= z%d(Sx,Ty)

d(Sz,Ty)
= 1+3d(Sz,Ty)
M, (z,y)
1+ 8 M, (z,y)

_ _Y(M(z,y))
1+¢(Ms(z,y))

= f(w(Ms(xvy))a ¢(Ms($7y))

Hence (f,g) is a generalized TAC-(S,T") contractive map. Hence f, g,.S and T satisfy all
the conditions of Theorem 2.3 and O is the unique common fixed point of S, T, f and ¢g. Here
we note that the with the usual distance, the condition (1.13.1) fails to hold when z € (3, 1] and
y =1, for any ¢ € ® and ¢ € W, since

<

Ddf2,99)) = ¥(5g) # Y (M(r,0) — 6(M,(2,9)) = ¥l5¢) — 6(7¢)

Hence Theorem 1.13 is not applicable.
Also, we observe that the inequality (1.17.1) fails to hold for any ¢ € [0, 1) since
d(fx,9y) = 555 = 5 756
= Lmax{d(Sz,Ty),d(fz,Sz),d(gy, Ty), 5(d(Sz, gy) + d(f=,Ty))}.
Hence Theorem 1.17 is not applicable.
Example 4.2. Let X = {1,2,3,4} . We write
Sy = {(17 1)7 (272)7 (37 3)7 (474)}
S, ={(1,3),(3,1)} and S5 = {(2,3),(3,2),(4,3),(3,4)}.

We defined : X x X — R by
O'Lf ($7y) eSl

1 'Lf (iE,y) € SZ
d(z,y) =
32if (z,y) € S

16 otherwise

Then (X, d) is a complete b-metric space with s = 2. Let A = {1,2,3} and B = {1,2,3,4}.
We define f,g: AUB — R* by fl = 1,f2 =3,f3=1,f4=2gl = 1,92 = 3,93 =
1,94 = 3. Clearly, fA = £({1,2.3}) = {1,2,3} C Band gB = ({1,2,3,4}) = {1,3} C 4,
ANB = {1,2,3} # ¢. We define ¢, ¢ : [0,00) — [0,00) by ¢(t) =1, ¢(t) = £, > 0 and
F :[0,00)* = Rby F(a,t) = 1% . Now we verify the inequality (2.4.1).

Case(i): If (z,y) € {(1,1),(1,3),(2,2),(2,4),(3,1), (3,3)}. Then
V(8d(fx,gy)) =0 < F(Y(M(x,y)), o(M(x,y)))

Case(ii): If (z,y) = {(1,2),(1,4),(2,1

~—

,(2,3),(3,2),(3,4)}. Then

‘ O8]
\S]

Y(8d(fx,gy)) =8 < = = F(Y(My(z,y)), o(Ms(z,y))).

@ W

Also, 1 is the unique fixed point of f and

Example 4.3. Let X = {1,2,3,4} . We write A= {(1,3),(3,1)}, B = {(1,2),(2,1)},C =
{(2,3),(3,2)} D={(1.4),(4,1)} and
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E=1{(3,4),(4,3),(2,4),(4,2)}. We defined : X x X — Rby
Oifx=vy

lif (z,y) € A

5if (z,y) € B
d(z,y)

11if(x,y) e C

48 if (z,y) € D

9 if (z,y) € E.
Then (X, d) is a complete b-metric space with s = 2.We now define f, g, S and 7" on X by
f1=1,f2=1,f3=1,f4=2,91=1,g2=3,93=1,9g4 =3,

S1=1,62=3,83=2,84=4andT1 =1,T2=2,T3 =4,T4 = 4. Clearly, fX = {1,2} C
TX ={1,2,4} gX = {1,3} C SX = {1,2,3,4}.

We define o, 8 : [0,00) — [0,00) by a(z) = 1 and B(z) = 1, ¢ : [0,00) — [0,00) by

Y(t) =t ¢:[0,00) = [0,00) by ¢(t) = &, > 0and F : [0,00)> — R by

s—t ifs>t
F(s,t) =

0 ifotherwise.
Now we verify the inequality (2.1.1)
Case(i): If (z,y) € {(1,1),(1,3),(2.1),(2,3),(3,1),(3,3)}. Then
Y(sd(fz,9y)) = 0 < F(o(M;(x,y)), 6(M(z,y)))
Case(ii): If (z,y) = {(1,2),(2,2),(3,2)}. Then

11

G(sd(fr,gy) =8 < 11 = 12 =103 = F((Ms(,9)), o(Ms(2,9))).

Case(iii): If (z,y) = {(2,4),(1,4),(3,4)}. Then

U(Pd(F, gy)) = 8 < 96 — 70 =90 = F(w(Ma(x. 1)), 6(Mi (x,)))

Case(iv): If (z,y) = {(4,2),(4,4)}. Then

Y55 d(f,gy)) = 88 < 96 — ¢ =90 = F(6(M,(x,9)), (M (x.9))).

Case(v): If (z,y) = {(4,1),(4,3)}. Then

Y52 d(f,gy)) =40 < 96 — ¢ =90 = F(6(M, (x,9)), (M, (x.9))).

Here we observe that with the usual distance the inequality (1.13.1) fails to hold at z = 3 and
y =2 forany ¢ € ® and ¢ € W since

d(fm,gy) =2 7£ w(Ms(l”Z/)) - (Z)(Ms(l‘,y)) =1.

Hence Theorem 1.13 is not applicable.
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Also, the inequality (1.17.1) fails to hold at z = 3 and y = 2 for any ¢ < 1 since

11

d(f,9y) = 1> 5 (M(a,y)) = ¢

24

Hence Theorem 1.17 is not applicable.
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