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Abstract Let G be a group. Characterization of units in integral group ring ZG is a classical
open problem for various groups explicitly. In this work, we shall introduce a subgroup of unit
group in the integral group ring of the direct product which is defined as

C, ><C5:<a,33:a”:;105 = 1,cwc:a:a>

in terms of the unit group in integral group ring of C,,.

1 Introduction

Let U(Z@G) denote the unit group of the integral group ring of the group G over integers. For
many years, expression of U(ZG) as a set of generators of finite index has become a classical
hard problem for various types of G. In this study, we describe the subgroups of the unit group
of integral group ring Z(C,, x Cs) where

C, ><05:<a,x:a”::105 = 1,cwc::13a>

by using the known unit group U(ZC,,). One can notice that if G is a finite group, then the
center Z(U(Z@Q)) is a finitely generated abelian group of the form +Z(G) x F where F'is a free
Z-module with rank %(\G | + na + 1 — 21) [13]. Here, n, is the number of elements of order 2
of G and [ is the number of all the distinct cyclic subgroups of G. We can achieve a such F' for
a few cases of the group G. F' had been determined for the alternating groups As and Ag in [1]
and [6]. Aleev also had introduced the unit groups of integral group rings of the cyclic groups
C7 and Cy [8]. Hoechsmann had attained the set of generators of units in group rings for abelian
groups [5]. Ferraz displayed that

U@) = (10,140, (1+6+ .. +6'T))

therefore U(ZC),) = £ (g) x (S) such that

S={14+¢ 4+ ..+ NU+g" +¢* + ... +¢" V) —kg:i=1,.., pT}
where ¢ is a positive integer such that ¢/(Z,) = (t), r is the least positive integer such that
tr = 1(modp), k = “=1, pis a prime between 5 and 67, 6 is a pth primitive root of unity [9].

Ferraz and Marcuz alsg have considered the groups G = C}, x C; and G = C), x C x C, where

p is a prime between 5 and 67. They determined the unit groups of the integral group rings of
these groups [10]. Li displayed that U (Z[G x C5]) = K x D such that

K={u=14a(l —2):ae€ZGuclU(Z|G x C,])}

and
D =U(ZG) C U(Z[G x C3))

Moreover, any element which is of the form 1 + «(1 — ) is a unit in 4 (Z[G x C,]) if and only
if 1 +2a € U(ZG) [7]. Low effectuted the following split exact sequences for U (Z[G x C,)])
where p is a prime:
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M —— UZG) —— U(Z.G).
and stated that
U(ZIG x Cp]) = M x U(ZG). Since M C U(Z[(]G), it should be note that complete
characterization of M depends on getting the set of unit generators of finite index in group rings
whose coefficients are from complex integral domains [4]. He also had said that M could not be
characterized explicitly [4].
Kelebek constructed the normalized unit group of Z[C,, x K4| for the group

2 2:1

CnXK4:<a,x,y:a":x =y ,ax:xa,ay:ya,xy:yx>

as
ul(Z[On X K4]) :ul(ch) X Z/{](l +Kz) X u1(1 +Ky) xu1(1 +sz)

where
U+ K*)={1+Plx—1):1-2P elh(ZC,)}
U1+ K ={14+Ply—1):1-2P clUy(ZC,)}
U+ K)={1+Plx—-1)(y—1):14+4P € Uy(ZC,)}

2 Structure Theorem

LetC,, = (a:a" = 1) and Cs5 = (z : 2° = 1) be distinct cyclic groups. We can define the group
epimorphism ¢ : C,, x Cs — C,, by p(a,x) = a or ¢(z) = 1. ¢ can be extend to the integral
group rings as follows

0 Z(Cp x Cs) — ZC,

Z;:O Ajr?l - Ej:o Aj
Let Azc, (Cs) denote the kernel of . Then we can rearrange the form of Az, (Cs) as follows.
Proposition 2.1. Azc, (Cs) = (1 —z) @ (1 —2?) @ (1 — %) & (1 — a*) over ZC,,.
Proof.

Ao, (Cs) = {35 Al i X5 oA =0,4; € ZCy}
= {Z;:() ijj tAg=—A; — Ay — Az — Ay}

= {=3 A;(1—a7): A € ZCy}

= (I-2)+(1-2)+(1-2>)+ (1 -z

Let us show the sum is direct. Say 22:1 Aj(l—ai) = 22:1 Bj(1 —z7). Then A; = B; for all
j=1,2,3,4. Hence

Azc, (Cs)=(l-2)® (1 -2?) @ (1 -2*) @ (1 —2*)

Hence we can write a split exact sequence as

<1—x>@<1—x2>®<1—$3>@<1—x4> —— Z(C,, x Cs) —* 5 70,

Keeping in mind that Z(C,, x Cs) = (ZC,,)Cs = (ZCs)C,,, we can also define another group
epimorphism ¢ : C,, x C5 — Cs by ¢(a,z) = z or ¢)(a) = 1. Then, extending v linearly to
the integral group rings, we obtain

w : Z(Cn X C5) — ZC5
Yis Bl = XI5 B



388 Omer Kiismiis* and Richard M. Low

Let Az, (C),) be the kernel of ¢. Then we can introduce the following proposition without
giving the proof which is straightforward from the previous one.

Proposition 2.2. Az, (C,) = (1 —a) & ... & (1 —a"~") over ZCs.
Since
P(Azc, (Cs)) = Az(Cs) = (1 —z), @ (1 —a?), & (1 —2°), @ (1 —a*),

and
@(AZC;(On)) = AZ<C'IL) = <1 — CL>Z D...D <1 — a"71>Z

it can be written that
K % AZC5(Cn) L> AZ(C,,)
Azc, (Cs) —— Z(C, x Cs) —2—  7ZC,
| | |
Az(CS) % 7.Cs E— Z

Let us determine the ideal K. As

oS A1 —a)) = 3 p(A;)(1 —a)
J=1 j=1

Then for all A; € ZC,,
p(A)=0=A;je(l-z)0(l-2"), a(l-2°),®&(1-a"),
Hence,

Ker(9)lae,c) = {5520 Aj(1—a?): o(A;) =0, 4; € ZCy}
= {Z;:ol Aij(1—al): A; € Ker(p)}
= {00 Yool —a?)(1—2%) s oy € Z}

= (1-a)(1—a"):j=1un—Lk=1,.4),

If we move all the split exact sequences to unit level, we get the following sequences.

U1+ K) — s U1+ Az (C)) —E2— U1 + Az(C))
UL+ Age, (C5)) — U(Z(C, x C5)) —E—  U(ZC,)
o] ] |
U(l+Az(C5)) —— U(ZCs) S N U(Z)

As the embedding functions can be regarded as the reverse directions of ¢ and 1, all these
sequences split. This gives us the way on which we can state the unit group of Z(C,, x Cs) as
follows:

Corollary 2.3.

U(Z(Cy, x Cs)) =U(ZCs) x U(1 + Az (Cr)) =U(ZC,) x U(1 + Aze, (Cs))
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Let F'(G) denote the torsion-free part of the unit group of the integral group ring ZG. Since
U(Z) = {£1}, we obtain the following corollary:

Corollary 2.4.
and

F(Cs) U1+ Ag(C5))
Corollary 2.5.

U(Z(Cp, x C5)) = (C,, x Cs) x F(C,) x F(Cs) xU(1 + K)

By splitting U(Z(C,, x Cs)) into its subgroups, it is clear that the complete characterization
of the unit group U(Z(C,, x Cs)) depends on determining the subgroup U (1 + K) = U(1 +
((1 —a?)(1 —2*)),). For some orders n, the rank of /(1 + K) can be calculated however we
now need to give a very useful result of Téth [12].

Proposition 2.6. Let C,,, and C,,, be two cyclic groups have orders n, and n, respectively and
¢ be Euler’s totient function. Then for every ni,ny > 1 the number of cyclic subgroups of
Cp, x Cy, is

clni,ma) = Y lged(dy, dn))

d1 ‘nl,dz‘nz

Theorem 2.7. Let n = 5p* where p(# 5) is prime. Then, the rank of torsion-free part of the unit
subgroup U(1 + K) is determined by the following formula:

s(p, k) == 10p* — 4k — 5.

Proof. We explain the proof with two cases:
Case 1. Let p = 2. Then, the rank of torsion-free part of the unit group U(Z(C,, x Cs)) can
easily be calculated by Ayoub and Ayoub [14]. It is trivial that the order of C,, x Cs is 25p*. We
also need the number 7, and [ to complete the proof. These numbers can be seen at the table
below:

lg] 1 5 P p? | PR S5p 5p? ... | 5pF
a’ 1 a?’ P IV I IV a ] a
zad | — | x,za? — — =] e | 2 . za
200 | — | 22,227 - — — = 22T 22T ] ] 2%
Bad | — | 23, z3aP" — — I e
e I — - — [t T 2t T | ] 2t

This table show us that n, = 1. We also have 6k + 10 elements which satisfy (z) = (z*),
(2?) = (a%), <xa1’k71> = <x4a1’k71>, <a:2apkfl> = <x3apk71>. This means there are 6k + 6
distinct cyclic subgroups of the group C,, x Cs. Actually, we can also calculate the number of
cyclic subgroups of C,, x Cs from [12] since ¢ = 0, 1 as follows

k

c(5p",5) = Y dlged(di o)) =) dlged(5p7, 1)) + dlged (5, 5)).

d1|5p"‘,d2\5 j=1

Thus, we confirm that ¢(5p*,5) = (2k + 2)¢(1) + (k + 1)¢(5) = 6k + 6. Hence, the rank of
torsion-free part of the unit group U (Z(C,, x Cs)) is obtained as 25p*~! — 6k — 5. Besides, it can
be easily computed that the rank of the unit group U(ZC,,) as 5p*~! — 2k — 1 and Karpilovsky
displayed that the unit group U (ZCs) has a single generator. All the these parameters give us
from Corollary 2.5. that the rank of /(1 + K) is 10p* — 4k — 5.

Case 2. Let p # 2. Then since the order of C,, x Cs is odd, the parameter n, is 0. We know also
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that there are 6k + 6 distinct cyclic subgroups of C,, x Cs. Hence, the rank of U(Z(C,, x Cs)) is

25912611 ynd then the rank of U(1 + K) is obtained as 10p* — 4k — 5. B
Example.

plk| n Group | Rank of U(Z(C,, x Cs)) | s(p, k)
211 10 | CyoxCs 14 11
212 20 | CypxCs 33 27
311 15| Ci5x0Cs 26 21
32| 45 | Casx Cs 95 77
S| 1] 25 | Cys xCs 51 41
512|125 | Cips x Cs 295 237
711 35 | C35 xCs 83 61
712|245 | Cus xCs 595 477

As we stated before, an explicit characterization of the unit group U (Z(C,, x Cs)) can be intro-
duced if U(1+ K), U(1 + Azc (Cr)) or U(1 + Azc, (Cs)) can be expressed clearly. Now, let us
state and prove our main result as follows:

Theorem 2.8. Let C,, x C5 = <a,a: cat =2 =1,ax = xa>. Then
4
U(Z(Cy, x C5)) =U(ZCy) x {14+ > A(1 — ') : A; € ZCy}

i=1

if and only if the matrix

1+ A +> A A — Ay A — Az A — A
A+ A I+ A4 +> A Ay — Ay Ay — Az
—A) + Az —A| + A3 1+ A5+ > A Az — Ay
—Az + Ay —Ay + Ay —A1 4+ Ay 1+ A5+ > A

is invertible in M4(ZC,).
Proof. Let v; := 1 — z*. Then
Azc, (Cs) = (v1) © (v2) ® (v3) © (va)

is a ZC',-algebra of the following multiplication:

U1 (%) (%} V4
V1 201 — v+ vy — U3 V1 + U3 — U4 v + U4
vy | V1 + v — 3 20y — U4 v + U3 —V1 + v + g
V3 | V] +V3— U vy + U3 —v; + 2v3 —U2 + U3 + Vg
V4 v + 4 —v1 +vp+vs | —v2+ U3+ U4 —v3 + 214

One can clearly see that Az¢, (Cs) is also closed under addition and scalar multiplication. As
U1+ Aze, (Cs)) = [1 + Aze, (Cs)] NU(ZCy)

we must investigate the units of the form v = 1 + Z?zl A;v;. An element of the form v =
1+ 2?21 Ajv; is a unit if and only if Ju=' = 1 + Z?zl B;v; such that A;, B; € ZC,, and
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wu~! = 1. By the above multiplication table, we can get

wu =1 + ’Ul[Al + By +2A,B; + A;B) + A3 B,

+A4B) + A1 By — AyBy + A B3 — A3B3 + A By — A, By

+ ’Uz[Az + B, — A1B1 + AyB1 + A1By +2A2 By + A3 By
+A4By + Ay By — Ay B3 + Ay By — A3 By

+ wv3[A3+ B3 — AyB + A3B) — A\ By + A3B, + A1 B3
+AyB3 + 2A3B3 + A4B3 + A3 By — A4 By

+ v4[As + By — A3By + AuBy — Ay By + AyBy — A\ B3 + A4Bs
+A 1By + AyBy + A3By + 2A4By] = 1

It is clear that this equation is hold if and only if

N A+ By +2A1B1 + AyBy + A3By + A4B1 + A1 B,
—A4By + A1By — A3B3 + A1 By — Ay B4 =0

Z’L) Ay + B, — A\By+ AyB) + A1B, +2A,B, + A3B;
+A4By + AyBs — AyBs + AyBy — A3B4 =0

i) A3z + B3 — A2By + A3By — A1 By + A3B, + A1 Bs
+Ay, By + 2A3B3 + A4B3 + A3By — AyBy =0
iv) Ay + By — A3By + AyBy — Ay By + AyBy — A1 B3
+A4B3 + A1 By + AyBy + A3By +2A4B4 =0

Therefore, since N
X i=[A1, A, A3, A)7Y = [By, By, Bs, Bs]”

and
1+ A +> A Ay — Ay Ay — A; A=A
A —A+ A 1+ A+ > A Ay — Ay Ay — Az
. —Ay + A3 —A; + A3 1+ A5+ > A As — Ay
—Asz + Ay —Ay+ Ay —A+ Ay 1+ A3+ > A
we conclude from the uniqueness of the inverse of a unit that AY = —X has a unique solution

in integral group ring ZC,,. Thatis A € GL(4,ZC,,). B
The relation between the units in Z(C,, x Cs) and the units in ZC,, comes from the determinant of
this matrix which is very complicated. Hence, we consider some restrictions on the parameters
Als.

J

Lemma 2.9.

4
S:={>_Aju;: Ay = Ay, Ay = A3,VA; € ZCy}
j=1
is a Z.C',-subalgebra of Az, (Cs).

Proof. Let Ay =Asand Ay = Ajin Azcn(05). Then,
S = (v + v4) ® (02 + v3)
and we attain the following multiplications:

. V1 + g v + U3
U1 + g 4(1)1 + 1}4) - (Uz + 1}3) (Ul + 1)4) + (U2 + ’U3)
Uy + V3 (U] + ’U4) + (Uz + ’03) 4(’U2 + 1}3) — (’U] + 1}4)
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It is clear that addition and scalar multiplication are also closed in S. B
Since
U1+ 8) = (1+8)NU(1 +Azc,(Cs))

we need to get units of the form
1+ Ai(vr +v4) + Ax(v2 + v3)

Then u = 1+ A;(v1 + v4) + A2(v2 + v3) is a unit in U (1 + S) if and only if there is an element
u™! =14 B (vi +v4) + Ba(va + v3) such that uu~! = 1. Therefore,

wul=1 + (’Ul +U4)[A1 + B1 +4A1By + Ai1B, + A, By — AZBZ]
+ (0 +v3)[Ar+ By — AiBi + A By + Ay By +4A4,B,] = 1

Hence,
A +By+4AB + AB, + A,By — A,B, =0
Ay + By — A1B1 + A1By + Ay By +4A4:B, =0
and
1+4A, 4+ A, A — Ay B —A;
—A1+ Ay 1+ A +4A4; B, —A

has a unique solution in ZC,,. Thus,
1+5(A7 + A3+ 34142 + A1 + Ay) € U(ZCy)

If we also consider the conditions A; = A4 and A, = Aj in the matrix A, we get the LU
decomposition of A by using a computer software as

1 0 0 O
__A-A
1134, 124, 1 0 0
L = (lij)axa =
__A-A

0 iy vy vl SV

Al—A, Al—A, 0 1
1+3A,+24, 143A,+2A4, ]

and
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Since the entries /;; and w;; are elements in ZC,, for all ¢,j € {1,2,3,4}, we conclude that
1+3A; 4+ 2A5and 1 + 34, + 2A; must be units.

Corollary 2.10. Let Ay, Ay € ZC,, such that
i)1 +5(A2 + A3+ 3414, + Ay + Ay) € U(ZCY,)
i)l + 34, + 24, € U(ZC,,)
iii)1 + 3A; 4+ 24, € U(ZC,,). Then
U1+ Azc, (Cs)) DU+ S) = {1+ A (v1 + va) + Az(v2 +v3) 1v; =1 — 27}

Remark. One can notice that if u; = 1 + 34, + 245, up = 1 + 34, + 24, and v =
1+5(A2 + A3+ 34,4, + Ay + A,) are units in ZC,,

uiuy — (Al — A2)2 =

Here, the term —(A4; — A2)2 may not be a special element in ZC,,. However, if we especially
consider —(A; — A,)? as a nilpotent element in ZC,,, this last equality is satisfied since the sum
of a unit and a nilpotent element is also a unit. Besides, we can say the nilpotent element is only
0 in ZC,, from Proposition 4 in [11]. Thus, if —(4; — A2)2 is a nilpotent element in ZC),, then
Ay = Ay = a. Let us define

UL+ S)={1+ Ai(vi +v4) + Ao(v2 +v3) 10, =1 —ad, A = Ay}

Therefore we can illustrate to find generators of U(1 + S)o C U(1 + S) satisfy the condition
14+ 5a € U(ZC),) for some n € N.

Example Let n = 8. Then we know from [13] that U(ZCs) = +Cs x (u) where u =
2+a—a®—a*—a +a’. A straightforward computation gives us that

u’ =14 5(1960 + 1386a — 13864 — 1960a* — 1386a° + 1386a’)
Hence, by taking
o = 1960 + 1386a — 13864 — 1960a* — 13864’ + 13864’

we can say that (1 + S)g is generated by 1 + a(vy + vy +v3 +v4). O
More examples can be introduced for n € N for which the generators of U(ZC,,) are obvious
explicitly.
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