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Abstract. In the present research paper, authors introduce a new class of integrals involving
a product of generalized Bessel function and Jacobi polynomial, whose explicit representations
are given in terms of Kampé de Fériet and Srivastava and Daoust functions. Furthermore, we
derive some other interesting integrals as special cases of our main results.

1 Introduction

In recent years, a number of researchers have introduced a variety of integral operators involving
different kind of special functions (see [1]- [10]). Such integrals play a very important role in
many diverse field of engineering and sciences. In a continuation of such type of works, in this
paper we introduce two new integrals involving a product of generalized Bessel function wuδ,v(z)

and Jacobi polynomial P (α,β)
n (z), which are expressed in terms of Kampé de Fériet and Srivas-

tava and Daoust functions.
In order to derive our main results, we recall here the following definitions of some well known
special functions:

The generalized Bessel function wuδ,v(z) is defined by (see [9]):

wuδ,v(z) =
∞∑
m=0

(−1)mvm(z/2)δ+2m

m!Γ(δ +m+ 1+u
2 )

, (1.1)

which have the following relations with sine and cosine functions:

wu1−u
2 ,−v2(z) =

(
2
z

)u
2 sin vz√

π
(1.2)

and

wu−u
2 ,v

2(z) =

(
2
z

)u
2 cos vz√

π
. (1.3)

The Jacobi polynomial P (α,β)
n (z) is defined by (see [8], [12]):

P (α,β)
n (z) =

(1 + α)n
n! 2F1

 −n, 1 + α+ β + n;

1 + α;

1− z
2

 , (1.4)

or, equivalently (see [8], [12]):

P (α,β)
n (z) =

n∑
k=0

(1 + α)n(1 + α+ β)n+k
k! (n− k! (1 + α)k(1 + α+ β)n)

(
z − 1

2

)k
. (1.5)
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From equation (1.4) and (1.5), we have

P (α,β)
n (1) =

(1 + α)n
n!

, (1.6)

where P (α,β)
n (z) is a polynomial of degree n.

By setting β = α in (1.4) the polynomial P (α,α)
n (z) is called the ultraspherical polynomial and

further on setting α = β = ξ − 1
2 in (1.4), we have

P
(ξ− 1

2 ,ξ−
1
2 )

n (z) =
(ξ + 1

2)n
(2ξ)n

Cξn(z), (1.7)

where Cξn(z) is the Gegenbauer polynomial (see [8], [12]).
Again setting α = β = − 1

2 and α = β = 1
2 respectively in equations (1.4) we get

P
(− 1

2 ,−
1
2 )

n (z) =

( 1
2

)
n

n!
Tn(z) (1.8)

and

P
( 1

2 ,
1
2 )

n (z) =

( 3
2

)
n

(n+ 1)!
Un(z), (1.9)

where Tn(z) and Un(z) are Tchebicheff polynomials of first kind and second kind respectively
(see [8], [12]).
Also, for α = β = 0 in equation (1.4), we have

P (0,0)
n (z) = Pn(z), (1.10)

where Pn(z) is the Legendre polynomial (see [8], [12]).

The Kampé de Fériet function (see [8], [12]) is defined by:

F p:q;k
l:m;n

 (ap) : (bq); (ck);

(αl) : (βm); (γn);
x, y

 =
∞∑

r,s=0

∏p
j=1(aj)r+s

∏q
j=1(bj)r

∏k
j=1(cj)s∏l

j=1(αj)r+s
∏m
j=1(βj)r

∏n
j=1(γj)s

xrys

r! s!
, (1.11)

where, for convergence,

(i) p+ q < l+m+ 1, p+ k < l+ n+ 1, |x| <∞, |y| <∞, or

(ii) p+ q = l+m+ 1, p+ k = l+ n+ 1,
and{

|x|
1

p−l + |y|
1

p−1 < 1; ifp > l

max{|x|, |y|} < 1; ifp ≤ l.

The Srivastava and Daoust multivariable hypergeometric function (see [8], [12]) is given as
follows:

F p:m1;...;ms

l:q1;...;qs

 (aj : α1
j , ...α

(s)
j )1,p : (c1

j , r
1
j)1,q1 ; ...; (c(s)j , r

(s)
j )1,qs ;

(bj : β1
j , ...β

(s)
j )1,l : (d1

j , δ
1
j)1,m1 ; ...; (d(s)j , δ

(s)
j )1,ms

;
x1, x2, ...xs



=
∞∑

n1,n2,...ns=0

∏p
j=i(aj)n1a

1
j+...nsa

(s)
j

∏q1
j=i(c

(1)
j )

n1r
(1)
j

...
∏qs
j=i(c

(s)
j )

nsr
(s)
j∏l

j=i(bj)n1b
1
j+...nsb

(s)
j

∏m1
j=i(d

(1)
j )

n1δ
(1)
j

...
∏ms

j=i(d
(s)
j )

nsδ
(s)
j

xn1
1
n1!

...
xns
s

ns!
, (1.12)

where the multiple hypergeometric series converges absolutely under the parametric and variable
constraints and (λ)ν denotes the well known Pochhammer symbol (see [8], [12]).
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For our present investigation, we also recall here the following interesting and useful result
of MacRobert [10]:∫ 1

0
xα−1(1− x)β−1[ax+ b(1− x)]−α−βdx =

1
aαbβ

Γ(α)Γ(β)

Γ(α+ β)
, (1.13)

provided <(α) > 0, <(β) > 0, a, b are non-zero constants and the expression ax + b(1 − x),
where 0 ≤ x ≤ 1, is non-zero.

2 Main Results

In this section, we establish two interesting integrals involving the product of generalized Bessel
function of first kind wuδ,v(z) and Jacobi polynomial P (α,β)

n (z), which are obtain in terms of
Kampé de Fériet and Srivastava and Daoust functions.

Theorem 2.1. For <(ξ) > 0, <(δ) > 0, <(λ) > 0, <(δ) > −
( 1+u

2

)
, p and q are non zero

constants and the expression px+q(1−x), (where 0 ≤ x ≤ 1) is non zero, the following integral
formula (in terms of Kampé de Fériet) holds true:

∫ 1

0
xξ−1(1− x)λ−1[px+ q(1− x)]−ξ−λwvδ,u

[
2pqx(1− x)

[px+ q(1− x)]2

]
×P (a,b)

n

[
1− 2pqrx(1− x)

[px+ q(1− x)]2

]
dx

=
1

pξqλ
(1 + a)nΓ(ξ + δ)Γ(λ+ δ)

Γ(δ + 1+u
2 )n!

{
1

Γ(ξ + λ+ 2δ)

×F 4:0;4
4:1;3

 M (2; ξ + δ),M (2;λ+ δ) : −;M (2; 1 + a+ b+ n),M (2;−n);

M (4, ξ + λ+ 2δ) : δ + 1+u
2 ;M (2; 1 + a), 1

2 ;
− v, r2


+
p(ξ + δ)(λ+ δ)(1 + a+ b+ n)(−n)

Γ(ξ + λ+ 2δ + 2)(1 + a)

× F 4:0;4
4:1;3

[
M (2; ξ + δ + 1), M (2;λ+ δ + 1) : −;

M (4, ξ + λ+ 2δ + 2) : δ + 1+u
2 ; M (2; 2 + a),

M (2; 2 + a+ b+ n), M (2;−n+ 1);

3
2 ;

− v,−r2


 . (2.1)

where M (m; l) abbreviates the array of m parameters l
m ,

l+1
m , · · · , l+m−1

m ,m ≥ 1 and F p:q;r
l:m;n is

the Kampé de Fériet function given in (1.11).

Proof. We denote the left hand side of (2.1) by I1, using (1.1) and (1.5) in the integrand of (2.1)
and then interchanging the order of integration and summation (which is true under the given
conditions), we have

I1 =
∞∑
m=0

n∑
k=0

(−1)mvmrk(−n)k(1 + α)n(1 + α+ β + n)k

m! n! k! Γ
(
δ + 1+u

2

)
(1 + α)k(δ + (1 + u)/2)m

×
∫ 1

0
xξ+δ+2m+k−1(1− x)λ+δ+2m+k−1[px+ q(1− x)]−(ξ+λ+2δ+4m+2k)dx. (2.2)
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On using (1.13) in the above equation and after little simplification, we get

I1 =
1

(p)ξ(q)λ
(1 + α)n

Γ
(
δ + 1+u

2

)
n!

×
∞∑
m=0

n∑
k=0

(−1)mvmrk(−n)k(1 + α+ β + n)kΓ(ξ + δ + 2m+ k)Γ(λ+ δ + 2m+ k)

m! k!
(
δ + 1+u

2

)
m
(1 + α)kΓ(ξ + λ+ 2δ + 4m+ 2k)

. (2.3)

Now separating k-series into even and odd terms and then using the result
(B)m+n = (B)m(B +m)n, in the second term of the given expression, we get

I1 =
1

(p)ξ(q)λ
(1 + α)n Γ(ξ + δ) Γ(λ+ δ)

Γ
(
δ + 1+u

2

)
n!

[
1

Γ(ξ + λ+ 2δ)

×
∞∑
m=0

n∑
k=0

(ξ + δ)2(m+k)(λ+ δ)2(m+k)(1 + α+ β + n)2k(−n)2k(−v)m (r)2k

m! k! 22k
( 1

2

)
k

(
δ + 1+u

2

)
m
(1 + α)2k (ξ + λ+ 2δ)4(m+k)

+
r(ξ + δ)(λ+ δ)(1 + α+ β + n)(−n)

(1 + α)Γ(ξ + λ+ 2δ + 2)
∞∑
m=0

n∑
k=0

(ξ + δ + 1)2(m+k)(λ+ δ + 1)2(m+k)(2 + α+ β + n)2k(−n+ 1)2k(−v)m(r)2k

m! k! 22k
( 3

2

)
k

(
δ + 1+u

2

)
m
(2 + α)2k (ξ + λ+ 2δ + 2)4(m+k)

]
.

(2.4)
On using the result [12, Page 23, eq. 26] in (2.4), and after arranging the resulting expression
into Kampé de Fériet function, we get our desired result.

Theorem 2.2. For <(ξ) > 0,<(δ) > 0,<(λ) > 0,<(δ) > −
( 1+u

2

)
, p and q are non zero con-

stants and the expression px + q(1 − x), (where 0 ≤ x ≤ 1) is non zero, the following integral
formula (in terms of Srivastava and Daoust function) holds true:

∫ 1

0
xξ−1(1− x)λ−1[px+ q(1− x)]−ξ−λwvδ,u

[
2pqx(1− x)

[px+ q(1− x)]2

]
×P (a,b)

n

[
1− 2pqrx(1− x)

[px+ q(1− x)]2

]
dx

=
1

pξqλ
Γ(ξ + δ)Γ(λ+ δ)

Γ(δ + 1+u
2 )Γ(ξ + λ+ 2δ)

×F 4:0;0
4:0;1

 (1 + a : 1, 1), (1 + a+ b : 1, 2), (ξ + δ : 2, 3),

(1 : 1, 1), (δ + 1+u
2 : 1, 1), (1 + a+ b : 1, 1),

(λ+ δ : 2, 3) : − ; − ;

(ξ + λ+ 2δ : 4, 6) : −; (1 + a : 1);
− v, r2

 . (2.5)

Proof. We denote the left hand side of (2.5) by I2. Applying (1.1) and (1.5) in the integral
(2.5), interchanging the order of integration and summation (which is guaranteed under the given
conditions), and after using the following Lemma (see, [11], [12]):

∞∑
n=0

n∑
k=0

B(k, n) =
∞∑
n=0

∞∑
k=0

B(k, n+ k),

we get

I2 =
∞∑
n=0

∞∑
k=0

(1 + α)n+k(1 + α+ β)n+2k(−v)n(r)2k(pq)δ+2n+3k

(n+ k)!Γ(n+ k + δ + 1+u
2 )n! k! (1 + α)k
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×
∫ 1

0
xξ+δ+2n+3k−1(1− x)λ+δ+2n+3k−1[px+ q(1− x)]−(ξ+λ+2δ+4n+6k)dx. (2.6)

Now by using (1.13) and after little simplification, the equation (2.6) reduces to

I2 =
Γ(ξ + δ)Γ(λ+ δ)

(p)ξ(q)λΓ
(
δ + 1+u

2

)
Γ(ξ + λ+ 2δ)

×
∞∑
n=0

∞∑
k=0

(ξ + δ)2n+3k(λ+ δ)2n+3k(1 + α)n+k(1 + α+ β)n+2kv
nr2k(−1)n

(ξ + λ+ 2δ)4n+6k(1)n+k(1 + α)k(1 + α+ β)n+k n! k!
(
δ + 1+u

2

)
n+k

. (2.7)

Summing up the series (2.7) with the help of (1.12), leads us to the right hand side of (2.5).

Remark 1. For u = v = 1 in Theorem 2.1 and Theorem 2.2, the resulting identities reduces to
a known result of Khan et al. [8].

3 Special Cases

In this section, we obtain some integrals with the help of Theorem 2.1, which involve the product
of generalized Bessel function with some orthogonal polynomials, sine and cosine functions in
the form of corollaries.

Corollary 3.1. By taking β = α in 2.1, we get the following integral formula

∫ 1

0
xξ−1(1− x)λ−1[px+ q(1− x)]−ξ−λwvδ,u

[
2pqx(1− x)

[px+ q(1− x)]2

]
×P (a,a)

n

[
1− 2pqrx(1− x)

[px+ q(1− x)]2

]
dx

=
1

pξqλ
(1 + a)nΓ(ξ + δ)Γ(λ+ δ)

Γ(δ + 1+u
2 )n!

{
1

Γ(ξ + λ+ 2δ)

×F 4:0;4
4:1;3

 M (2; ξ + δ),M (2;λ+ δ) : −;M (2; 1 + 2a+ n),M (2;−n);

M (4, ξ + λ+ 2δ) : δ + 1+u
2 ;M (2; 1 + a), 1

2 ;
− v, r2


+
r(ξ + δ)(λ+ δ)(1 + 2a+ n)(−n)

Γ(ξ + λ+ 2δ + 2)(1 + a)

×F 4:0;4
4:1;3

 M (2; ξ + δ + 1),M (2;λ+ δ + 1) : −;M (2; 2 + 2a+ n),

M (4, ξ + λ+ 2δ + 2) : δ + 1+u
2 ;M (2; 2 + a),

M (2;−n+ 1);
3
2 ;

− v, r2

]}
, (3.1)

where <(δ) > −( 1+u
2 ), <(ξ) > 0,<(λ) > 0 and P (α,α)

n (z) is the ultraspherical polynomial
(see [12]).

Corollary 3.2. If we assign β = α = l − 1
2 in (2.1), then by using (1.7), we have

∫ 1

0
xξ−1(1− x)λ−1[px+ q(1− x)]−ξ−λwvδ,u

[
2pqx(1− x)

[px+ q(1− x)]2

]
×Cln

[
1− 2pqrx(1− x)

[px+ q(1− x)]2

]
dx
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=
1

pξqλ
(2l)nΓ(ξ + δ)Γ(λ+ δ)

Γ(δ + 1+u
2 )n!

{
1

Γ(ξ + λ+ 2δ)

×F 4:0;4
4:1;3

 M (2; ξ + δ),M (2;λ+ δ) : −;M (2; 2l+ n),M (2;−n);

M (4, ξ + λ+ 2δ) : δ + 1+u
2 ;M (2; l+ 1

2),
1
2 ;

− v, r2


+
r(ξ + δ)(λ+ δ)(2l+ n)(−n)

Γ(ξ + λ+ 2δ + 2)(l+ 1
2)

×F 4:0;4
4:1;3

 M (2; ξ + δ + 1),M (2;λ+ δ + 1) : −;M (2; 1 + 2l+ n),

M (4, ξ + λ+ 2δ + 2) : δ + 1+u
2 ;M (2; l+ 3

2),

M (2;−n+ 1);
3
2 ;

− v, r2

]}
, (3.2)

where <(δ) > −( 1+u
2 ), <(ξ) > 0,<(λ) > 0 and Cln(z) is the Gegenbauer polynomial (see

[12]).

Corollary 3.3. Assuming β = α = − 1
2 in (2.1) and by using (1.8), the following integral formula

holds true

∫ 1

0
xξ−1(1− x)λ−1[px+ q(1− x)]−ξ−λwvδ,u

[
2pqx(1− x)

[px+ q(1− x)]2

]
×Tn

[
1− 2pqrx(1− x)

[px+ q(1− x)]2

]
dx

=
1

pξqλ
Γ(ξ + δ)Γ(λ+ δ)

Γ(δ + 1+u
2 )

×

 1
Γ(ξ + λ+ 2δ)

F 4:0;4
4:1;3

 4(2; ξ + δ),4(2;λ+ δ) : −;4(2;n),4(2;−n);

4(4; ξ + λ+ 2δ) : δ + 1+u
2 ;4(2; 1

2),
1
2 ;

− v, r2


+
r(ξ + δ)(λ+ δ)(n)(−n)
Γ(ξ + λ+ 2δ + 2)( 1

2)

×F 4:0;4
4:1;3

 4(2; ξ + δ + 1),4(2;λ+ δ + 1) : −;4(2;n+ 1),4(2;−n+ 1);

4(4; ξ + λ+ 2δ + 2) : δ + 1+u
2 ; 4(2; 3

2),
3
2 ;

− v, r2


 ,

(3.3)
where <(δ) > −( 1+u

2 ), <(ξ) > 0,<(λ) > 0 and Tn(z) is the Tchebicheff polynomial of first
kind (see [12]).

Corollary 3.4. Setting β = α = 1
2 in (2.1) and then by using (1.9), we have

∫ 1

0
xξ−1(1− x)λ−1[px+ q(1− x)]−ξ−λwvδ,u

[
2pqx(1− x)

[px+ q(1− x)]2

]
×Un

[
1− 2pqrx(1− x)

[px+ q(1− x)]2

]
dx

=
1

pξqλ
(n+ 1)Γ(ξ + δ)Γ(λ+ δ)

Γ(δ + 1+u
2 )

{
1

Γ(ξ + λ+ 2δ)
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×F 4:0;4
4:1;3

 4(2; ξ + δ),4(2;λ+ δ) : −;4(2; 2 + n),4(2;−n);

4(4; ξ + λ+ 2δ) : δ + 1+u
2 ;4(2; 3

2),
1
2 ;

− v, r2


+
r(ξ + δ)(λ+ δ)(2 + n)(−n)

Γ(ξ + λ+ 2δ + 2)( 3
2)

×F 4:0;4
4:1;3

 4(2; ξ + δ + 1),4(2;λ+ δ + 1) : −;4(2;n+ 3),4(2;−n+ 1);

4(4; ξ + λ+ 2δ + 2) : δ + 1+u
2 ;4(2; 5

2),
3
2 ;

− v, r2


 ,

(3.4)
where <(δ) > −( 1+u

2 ), <(ξ) > 0,<(λ) > 0 and Un(z) is the Tchebicheff polynomial of second
kind (see [12]).

Corollary 3.5. On setting β = α = 0 in (2.1) and then by using (1.10), we get

∫ 1

0
xξ−1(1− x)λ−1[px+ q(1− x)]−ξ−λwvδ,u

[
2pqx(1− x)

[px+ q(1− x)]2

]

×Pn
[

1− 2pqrx(1− x)
[px+ q(1− x)]2

]
dx

=
1

pξqλ
Γ(ξ + δ)Γ(λ+ δ)

Γ(δ + 1+u
2 ) 1

Γ(ξ + λ+ 2δ)
F 4:0;4

4:1;3

 4(2; ξ + δ),4(2;λ+ δ) : −;4(2; 2 + n),4(2;−n);

4(4; ξ + λ+ 2δ) : δ + 1+u
2 ;4(2; 1), 1

2 ;
− v, r2


+
r(ξ + δ)(λ+ δ)(1 + n)(−n)

Γ(ξ + λ+ 2δ + 2)(1)

×F 4:0;4
4:1;3

 4(2; ξ + δ + 1),4(2;λ+ δ + 1) : −;4(2;n+ 2),4(2;−n+ 1);

4(4; ξ + λ+ 2δ + 2) : δ + 1+u
2 ;4(2; 2), 3

2 ;
− v, r2


 ,

(3.5)
where <(δ) > −( 1+u

2 ), <(ξ) > 0,<(λ) > 0 and Pn(z) is the Legendre polynomial (see [12]).

Corollary 3.6. For δ = 1/2 in (2.1) then by using (1.2), the following integral formula holds true

∫ 1

0
xξ−3/2(1− x)λ−3/2[px+ q(1− x)]−ξ−λ+1 sin

[
2pqx(1− x)

[px+ q(1− x)]2

]

×P (a,b)
n

[
1− 2pqrx(1− x)

[px+ q(1− x)]2

]
dx

=
1

pξ−1/2qλ−1/2

Γ(ξ + 1
2)Γ(λ+

1
2)(1 + a)nΓ( 1

2)

n!

{
1

Γ(ξ + λ− 1)

×F 4:0;4
4:1;3

 4(2; ξ + 1
2),4(2;λ+ 1

2) : −;4(2; 1 + a+ b+ n),4(2;−n);

4(4; ξ + λ+ 1) : 3
2 ;4(2; (1 + a)), 1

2 ;
− v, r2


+
r(ξ + 1

2)(λ+
1
2)(1 + a+ b+ n)(−n)

Γ(ξ + λ+ 1)( 1
2)
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×F 4:0;4
4:1;3

 4(2; ξ + 3
2),4(2;λ+ 3

2) : −;4(2;−n+ 1),4(2; 2 + a+ b+ n);

4(4; ξ + λ+ 2) : 5
2 ;4(2; 2 + a), 3

2 ;
− v, r2


 ,

(3.6)

where <(ξ) > 0,<(λ) > 0.

Corollary 3.7. By letting δ = −1/2 in (2.1), and by using (1.3), we have

∫ 1

0
xξ−3/2(1− x)λ−3/2[px+ q(1− x)]−ξ−λ+1 cos

[
2pqx(1− x)

[px+ q(1− x)]2

]
×P (a,b)

n

[
1− 2pqrx(1− x)

[px+ q(1− x)]2

]
dx

=
1

pξ−1/2qλ−1/2

Γ(ξ + 1
2)Γ(λ+

1
2)(1 + a)nΓ( 1

2)

n!

{
1

Γ(ξ + λ− 1)

× F 4:0;4
4:1;3

 4(2; ξ − 1
2),4(2;λ− 1

2) : −;4(2; 1 + a+ b+ n),4(2;−n);

4(4; ξ + λ− 1) : 1
2 ;4(2; 1 + a), 1

2 ;
− v, r2


+
r(ξ − 1

2)(λ−
1
2)(1 + a+ b+ n)(−n)

Γ(ξ + λ+ 1)()1 + a

×F 4:0;4
4:1;3

 4(2; ξ + 1
2),4(2;λ+ 1

2) : −;4(2;−n+ 1),4(2; 2 + a+ b+ n);

4(4; ξ + λ+ 1) : 1
2 ;4(2; 2 + a), 3

2 ;
− v, r2


 ,

(3.7)
where <(ξ) > 0,<(λ) > 0.

Remark 2. It is notice that, we can derive similar integral formulas (given in the above corollar-
ies) for Theorem 2.2, in terms of Srivastava and Daoust function by arranging the same values
to the parameters.

4 Relation between Kampé de Fériet and Srivastava and Daoust functions

In this section, we establish an interesting relation between Kampé de Fériet function and Sri-
vastava and Daoust function as follows:{

1
Γ(ξ + λ+ 2δ)

×F 4:0;4
4:1;3

 M (2; ξ + δ),M (2;λ+ δ) : −;M (2; 1 + a+ b+ n),M (2;−n);

M (4, ξ + λ+ 2δ) : δ + 1+u
2 ;M (2; 1 + a), 1

2 ;
− v, r2


+
p(ξ + δ)(λ+ δ)(1 + a+ b+ n)(−n)

Γ(ξ + λ+ 2δ + 2)(1 + a)

× F 4:0;4
4:1;3

[
M (2; ξ + δ + 1), M (2;λ+ δ + 1) : −;

M (4, ξ + λ+ 2δ + 2) : δ + 1+u
2 ; M (2; 2 + a),

M (2; 2 + a+ b+ n), M (2;−n+ 1);

3
2 ;

− v,−r2



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=
n!

(1 + a)nΓ(ξ + λ+ 2δ)
F 4:0;0

4:0;1

 (1 + a : 1, 1), (1 + a+ b : 1, 2), (ξ + δ : 2, 3),

(1 : 1, 1), (δ + 1+u
2 : 1, 1), (1 + a+ b : 1, 1),

(λ+ δ : 2, 3) : − ; − ;

(ξ + λ+ 2δ : 4, 6) : −; (1 + a : 1);
− v, r2

 . (4.1)
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