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Abstract. For any closed convex non-empty subset C of a real Banach space E, we proved
that a double sequence Hybrid S-Iteration scheme converges to a fixed point of Lipschitz pseu-
docontractive map T which maps C into C.

1 Introduction

In this article, we only consider a real Banach space. For a Banach space E, the normalized
duality map from E to 2E∗ is denoted by J and is defined by

J(x) = {f∗ ∈ E∗ : 〈x, f∗〉 =|| x ||2, || f∗ ||=|| x ||} , for all x ∈ E,

where E∗ denotes the dual space of E and 〈. , . 〉 denotes the generalized duality pairing. We will
denote single-valued duality map by j.

The following definitions have been studied widely and deeply by many authors; see, e.g.,
[1-12] for more details.

Definition 1.1. LetC be non-empty closed convex subset of a Banach spaceE and let T : C → C
be a mapping. Then

(i) The mapping T is said to be nonexpansive if

|| Tx− Ty || ≤ || x− y || , for all x, y ∈ C

(ii) The mapping T is said to be Lipschitzian if there exists a constant
L >1 such that

|| Tx− Ty || ≤ L || x− y || , for all x, y ∈ C

Now let us recall pseudocontractive and strongly pseudocontractive mapping.

Definition 1.2. The mapping T : C → C is said to be pseudocontractive if there exists j(x−y) ∈
J(x− y) such that

〈Tx− Ty , j(x− y)〉 ≤ || x− y ||2 for all x, y ∈ C.

Definition 1.3. The mapping T is said to be strongly pseudocontractive if there exists 0 < k < 1
such that

〈Tx− Ty , j(x− y)〉 ≤ k || x− y ||2 for all x, y ∈ C.

In [11], C. Moore introduced the concept of double sequence iteration process in fixed point
theory. Let N denote the set of all the non-negative integers and let E be a normed linear space.
By a double sequence in E is meant a function f : N × N → E defined by f(n,m) = xn,m
which is in E.
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Definition 1.4. The double sequence {xn,m} is said to converge strongly to x∗ if given any ε > 0
there exist integer N,M > 0 such that ∀n ≥ N,m ≥ M , we have that || xn,m − x∗ ||< ε. If
∀n, r ≥ N and if m, t ≥ M, we have that || xn,r − xm,t ||< ε, then the double sequence is said
to be Cauchy. Furthermore, if for each fixed n, xn,m → x∗n as m → ∞ and then x∗n → x∗ as
n→∞ then xn,m → x∗ as n,m→∞.

Many types of iteration process have been established for the constructive approximation of
the solution to a family of nonlinear operator equations and several convergence results built us-
ing these iterative processes in the last few years (see, e.g [1-12] and the reference cited therein).
Especially the iteration process of Mann, Ishikawa and Hybrid S- types have been used to find
most of the convergence result as the iterative solution for the approximation of fixed point of
nonlinear maps.

The concept of Mann-type double sequence iteration process introduced by C. Moore and he
proved that it converges strongly to a fixed point of a continuous pseudocontraction map which
maps a bounded closed convex non-empty subset of a real Hilbert space into itself.

2 Main Results

In this section, we mainly prove that the strong convergence of double sequence of Hybrid S-
iterative scheme to a fixed point of a Lipschitz pseudocontraction map which maps a bounded
closed convex non-empty subset of a real Banach space into itself. To prove our main result, we
need the following two lemmas.

Lemma 2.1. (see [2]). Let J : E → 2E∗ be the normalized duality mapping. Then for any
x, y ∈ E, one has

|| x+ y ||2≤|| x ||2 +2〈y, j(x+ y)〉, ∀j(x+ y) ∈ J(x+ y).

Lemma 2.2. (see [12]). Let {ρn} and {θn} be non-negative sequences satisfying

ρn+1 ≤ (1− θn)ρn + ωn,

where θn ∈ [0, 1],
∑
n≥1

θn =∞, and ωn = o(θn). Then lim
n→∞

ρn = 0.

Now our main result states that

Theorem 2.3. For any non-empty bounded closed convex subset C of a real Banach space E,
let S : C → C be nonexpansive mapping satisfying || x − Sy ||≤|| Sx − Sy || ∀x, y ∈ C and
let T : C → C be a Lipschitz pseudocontractive map. If {βn}n≥0, {ak}k≥0 ⊆ (0, 1) are real
sequences satisfying the following conditions

(i)
∞∑
n=1

βn =∞, (ii) lim
n→∞

βn = 0, (iii) lim
k→∞

ak = 0.

For any arbitrary but fixed µ ∈ C and for each k ≥ 0, define Tk : C → C by Tkx = (1− ak)µ+
akTx, and satisfying condition that || x− Tky ||≤|| Tkx− Tky || ∀x, y ∈ C. Then, the double
sequence {xk,n}k≥0,n≥0 generated from an arbitrary x0,0 ∈ C by

xk,n+1 = Syk,n

(2.1)

yk,n = (1− βn)xk,n + βnTkxk,n, k, n ≥ 0.

converges strongly to fixed point x∗∞ of T in C.

Proof.Since T is Lipschitz pseudocontractive, so

|| Tkx− Tky ||= ak || Tx− Ty ||≤ Lak || x− y || (2.2)

where L is Lipschitz constant of T .

〈Tkx− Tky, j(x− y)〉 = ak〈Tx− Ty, j(x− y)〉 ≤ ak || x− y ||2 (2.3)

So that for all k ≥ 0, Tk is continuous and strongly pseudocontractive. Also C is invariant under
Tk, for all k by convexity. Hence, Tk has unique fixed point x∗k ∈ C, for all k ≥ 0. It thus suffices
to prove the following
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(i) for each fixed k ≥ 0, xk,n → x∗k ∈ C as n→∞;

(ii) x∗k → x∗∞ ∈ C as k →∞;

(iii) x∗∞ ∈ F (T ).

Since lim
n→∞

βn = 0, there exists n0 ∈ N such that for all n ≥ n0,

βn ≤ min
{

(1− ak)
(1 + 3Lak)(1 + akL)

,
1

4ak

}
(2.4)

Consider

|| xk,n+1 − x∗k ||2 = 〈xk,n+1 − x∗k, j(xk,n+1 − x∗k)〉
= 〈Syk,n − x∗k, j(xk,n+1 − x∗k)〉
= 〈Tkxk,n+1 − x∗k, j(xk,n+1 − x∗k)〉+ 〈Syk,n − Tkxk,n+1, j(xk,n+1 − x∗k)〉

≤ ak || xk,n+1 − x∗k ||2 + || Syk,n − Tkxk,n+1 |||| xk,n+1 − x∗k || (2.5)

Now, consider

|| Syk,n − Tkxk,n+1 || ≤ || xk,n − Syk,n || + || xk,n − Tkyk,n || + || Tkyk,n − Tkxk,n+1 ||
≤ || Sxk,n − Syk,n || + || Tkxk,n − Tkyk,n || + || Tkyk,n − Tkxk,n+1 ||

Since S is nonexpansive and using equation (2.2) in above inequality, we get

|| Syk,n − Tkxk,n+1 || ≤ || xk,n − yk,n || +akL{|| xk,n − yk,n || + || yk,n − xk,n+1 ||}
(2.6)

Also,

|| yk,n − xk,n+1 || ≤ || xk,n − yk,n || + || xk,n − xk,n+1 ||
= || xk,n − yk,n || + || xk,n − Syk,n ||
≤ || xk,n − yk,n || + || Sxk,n − Syk,n ||
≤ 2 || xk,n − yk,n ||

Using this inequality in equation (2.6), we get

|| Syk,n − Tkxk,n+1 || ≤ (1 + 3akL) || xk,n − yk,n ||
= (1 + 3akL) || xk,n − (1− βn)xk,n − βnTkxk,n ||
= βn(1 + 3akL) || xk,n − Tkxk,n ||
≤ βn(1 + 3akL){|| xk,n − x∗k || + || x∗k − Tkxk,n ||}
≤ βn(1 + 3akL)(1 + akL)) || xk,n − x∗k ||

Substitute this in equation (2.5), we get

|| xk,n+1 − x∗k ||2≤ ak || xk,n+1 − x∗k ||2 +βn(1 + 3akL)(1 + akL)) || xk,n − x∗k |||| xk,n+1 − x∗k ||

which implies that

|| xk,n+1 − x∗k || ≤
βn(1 + 3akL)(1 + akL)

1− ak
|| xk,n − x∗k ||

using equation (2.4) in the above inequality, we get

|| xk,n+1 − x∗k || ≤ || xk,n − x∗k ||
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So, from the above discussion, we can conclude that the sequence {xk,n−x∗k} is bounded. Since
Tk is Lipschitzian, so {Tkxk,n − x∗k} is also bounded.
Let M

′

k = sup
n≥1
|| xk,n − x∗k || + sup

n≥1
|| Tkxk,n − x∗k ||. Now

|| xk,n − yk,n || = || xk,n − (1− βn)xk,n − βnTkxk,n ||
= βn || xk,n − Tkxk,n ||
≤ βn(|| xk,n − x∗k || + || Tkxk,n − x∗k ||)

≤ βnM
′

k

→ 0

as n → ∞, implying that {xk,n − yk,n} is bounded, so let M
′′

k = sup
n≥1
|| xk,n − yk,n || +M

′

k.

Further,

|| yk,n − x∗k || ≤ || yk,n − xk,n || + || xk,n − x∗k ||

≤ M
′′

k

which implies that {yk,n − x∗k} is bounded. Therefore, {Tkyk,n − x∗k} is also bounded. Let

M
′′′

k = sup
n≥1
|| yk,n − x∗k || + sup

n≥1
|| Tkyk,n − x∗k ||

Denote Mk =M
′

k +M
′′

k +M
′′′

k . Obviously Mk <∞. Now from (2.1) for all n ≥ 1, we obtain

|| xk,n+1 − x∗k ||2=|| Syk,n − x∗k ||2≤|| yk,n − x∗k ||2, (2.7)

and by Lemma (2.1) we get

|| yk,n − x∗k ||2 = || (1− βn)xk,n + βnTkxk,n − x∗k ||2

= || (1− βn)(xk,n − x∗k) + βn(Tkxk,n − x∗k) ||2

≤ (1− βn)2 || xk,n − x∗k ||2 +2βn〈Tkxk,n − x∗k, j(yk,n − x∗k)〉

= (1− βn)2 || xk,n − x∗k ||2 +2βn〈Tkyk,n − x∗k, j(yk,n − x∗k)〉
+2βn〈Tkxk,n − Tkyk,n, j(yk,n − x∗k)〉

≤ (1− βn)2 || xk,n − x∗k ||2 +2βnak || yk,n − x∗k ||2

+2βn || Tkxk,n − Tkyk,n |||| yk,n − x∗k ||

≤ (1− βn)2 || xk,n − x∗k ||2 +2βnak || yk,n − x∗k ||2 +2βnakLMk || xk,n − yk,n ||

which implies that

|| yk,n − x∗k ||2 ≤ (1− βn)2

1− 2βnak
|| xk,n − x∗k ||2 +

2βnakLMk

1− 2βnak
|| xk,n − yk,n ||

≤ (1− βn) || xk,n − x∗k ||2 +4βnakLMk || xk,n − yk,n ||

because by (2.4), we have (1− βn)/(1− 2βnak) ≤ 1 and (1/(1− 2βnak)) ≤ 2.
Hence (2.7) gives us

|| xk,n+1 − x∗k ||2 ≤ (1− βn) || xk,n − x∗k ||2 +4βnakLMk || xk,n − yk,n || (2.8)

for all n ≥ 1, put

ρn = || xk,n − x∗k ||2,
θn = βn,

ωn = 4βnakLMk || xk,n − yk,n ||
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then accordng to Lemma (2.2), we obtain from (2.8) that

lim
n→∞

|| xk,n − x∗k ||= 0

So the first part is proved. Now,

|| x∗k − Tx∗k || ≤ || x∗k − x∗r || + || x∗r − Tx∗k || where 0 < k < r

= || Tkx∗k − Trx∗r || + || Trx∗r − Tx∗k ||
≤ || (1− ak)µ+ akTx

∗
k − (1− ar)µ− arTx∗r || + || Trx∗r − TrTx∗k ||

≤ || µ(ar − ak) + (ak − ar)Tx∗k || +ar || Tx∗k − Tx∗r || +ar || x∗r − Tx∗k ||
≤ | ak − ar ||| Tx∗k − µ || +ar2d+ ar2d where d = diamC

≤ 2d | ak − ar | +4ard

So that

lim
k→∞

|| x∗k − Tx∗k ||= 0

and hence {x∗k} is an approximate fixed point sequence for T . Also, supposing that x∗∞ is a fixed
point of T , then

lim
k→∞

|| x∗∞ − Tkx∗∞ ||≤ 0

Now, for all 0 < m ≤ k

|| x∗k − x∗m ||2 = 〈x∗k − x∗m, j(x∗k − x∗m)〉
= 〈Tkx∗k − Tmx∗m, j(x∗k − x∗m)〉
= 〈(am − ak)µ+ (ak − am)Tx∗m + ak(Tx

∗
k − Tx∗m), j(x∗k − x∗m)〉

= | ak − am | 〈µ, j(x∗k − x∗m)〉+ | ak − am | 〈Tx∗m, j(x∗k − x∗m)〉
+ak〈Tx∗k − Tx∗m, j(x∗k − x∗m)〉

≤ | ak − am | || µ || || x∗k − x∗m || + | ak − am | || Tx∗m || || x∗k − x∗m ||
+ak || x∗k − x∗m ||2

which implies that, we get

|| x∗k − x∗m || ≤
| ak − am |

1− ak
{|| µ || + || Tx∗m ||}

and hence,

lim
k,r→∞

|| x∗k − x∗m || ≤ 2d lim
k,r→∞

| ak − am |
1− ak

= 0

Thus, {x∗k} is a Cauchy sequence and hence, there exists x∗∞ ∈ C such that x∗k → x∗∞ as k →∞.
So, the second part is proved.
By continuity, Tx∗k → Tx∗∞ as k → ∞. But x∗k − Tx∗k → 0 as k → ∞. Hence, x∗∞ ∈ F (T ).
This completes the proof.
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