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Abstract. In this paper, we obtain unique common fixed point theorems for six weakly
compatible mappings in intuitionistic generalized fuzzy metric spaces.

1 Introduction

The theory of fuzzy sets has evolved in many directions after investigation of the notion of
fuzzy sets by Zadeh [19]. Many authors have introduced the concept of a fuzzy metric space
in different ways [5,8].George and Veeramani [4] modified the concept of a fuzzy metric space
introduced by Kramosil and Michalek [8] and defined a Hausdroff topology on this fuzzy met-
ric space. Alternatively, Mustafa and Sims [9] introduced a new notion of a generalized metric
space called G-metric space. Rao et al. [15] proved two unique common coupled fixed point the-
orems for three mappings in symmetric G- fuzzy metric spaces. Sun and Yang [17] introduced
the concept of G- fuzzy metric spaces and proved two common fixed point theorems for four
mappings. Some interesting references on G- metric spaces are [9-12]. Park [14] introduced
and discussed in a notion of intuitionistic fuzzy metric space which is based both on the idea
of intuitionistic fuzzy set due to Atanassov [1], and the concept of a fuzzy metric space given
George and Veeramani [5]. We have generalized the result of Rao [15]. Before giving our main
results, we obtain unique common fixed point theorems for six weakly compatible mappings in
intuitionistic generalized fuzzy metric spaces.

Definition 1.1 A 3-tuple (X, G, *) is called a G-Fuzzy Metric Space (Shortly GEMS) if X
is an arbitrary nonempty set, * is a continuous t-norm and G is a fuzzy set on the X* x (0, o)
satisfying the following conditions: For each t, s > 0

(1) G(x, x,y,t) > 0forall x, ye X with x#y,

() G, x,y,t) > G(x,y, z,t) forall x, y, z € X with y # z,
(i) G(x,y,z, t)=1ifandonlyifx=y =1z,
(iv) G(x,Yy, z,t) = G(p(x, y, z), t) where p is a permutation function,
v) G, y,z,t+5s) > G(a, y, z, t) * G(x, a, a, s) for all x,y, z, a € X,
(vi) G(x,Y,z,.): (0,00) = [0,1] is continuous.

Definition 1.2 A 5 tuple (X, G, H, *, ¢ ) is said to be an Intuitionistic Generalized Fuzzy Metric
Space (Shortly GIFMS or IGEMS) if X is an arbitrary non-empty set, * is a continuous t-norm,
o is a continuous t-conorm, G and H are fuzzy sets on X3 x (0, c0) satisfying the following
conditions: For every x,y,z,a€ Xandt,s >0

1 G, y,z, t) +HX, y, z, t )< 1,

(1) G(x, x,y, t) > 0 for all x, ye X with x#y,
(i) G, x,y,t) > G(x,Yy, z, t) for y #z,
@iv) Gx,y,z,t)=1lifandonlyifx =y =z,
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v) G, Y, z, t) = G(p(x ,y, z), t), where p is a permutation function,
(vi) G(x,a,a,t) *G(a,y,z3) <G(X,Y,1z t+5),
(vii) G(x,9, 2, .) :(0,00) — [0, 1] is continuous,
(viii) G is a non-decreasing of R+, tll}go G(z,y,2,t) =1,
%E?)G(x,y,z,t) =0 forall z,y,z€ X,t>0,
(ix) Hx, x, y, t) < 1 for z # v,
x) Hx, x,y,t) <H(x,y, z, t) fory # z,
(xi) HX,y,z,t)=0ifand only if x =y =z,
(xii) H(x, y, z, t) = H(p(X, y, z), t), where p is a permutation function,
(xiii) H(x, a, a,t) o H(a, y, z, 8) > H(z,y,2,t + s),
(xiv) H(x,y, z, .) : (0, co)— [0,1] is continuous,

(xv) H is a non-increasing function on R, tlim H(x,y,2,t) =0,
—00
tlirr(l)H(x, y,z,t)=1forallx,y,z e X,t > 0.
-
In this case, the pair (G, H) is called an intuitionistic generalized fuzzy metric on X.
Lemma 1.3 Let (X, G, H, %, ¢ ) be an intuitionistic generalized fuzzy metric space. Then G and

H are continuous function on X3z(0,00). Now onwards, we assume the following condition :
lim G(z,y,2,t) =1 and lim H(z,y,2,t) =0forallx,y,z€ X
t—00 t—o00
Lemma 1.4 Let (X, G, H, %, ¢ ) be an intuitionistic generalized fuzzy metric space. If there
exists k € (0,1) such that

min{G(z,y, z, kt), G(u,v,w, kt)}
max{H (z,y,z, kt), H(u,v,w, kt)}

Y

min{G(z,y, 2,t), G(u,v,w,t)}.
max{H (z,y,z,t), H(u,v,w,t)}.

A

forallx,y,z,u,v, we Xandt>0,thenx=y=zandu=v=w.

2 Main Result

Let ¢ denote the set of all continuous non decreasing functions ¢, : [0,00) — [0, 0o) such that
¢"(t) = 0asn — coand Y™ (t) — 1 as n — oo forall t > 0. It is clear that ¢(t) < ¢,¢(t) > ¢
forall t > 0 and ¢(0) = 0 and (1) = 1.
Theorem 2.1
Let(X, G, H,*, ¢ ) be an intuitionistic generalized fuzzy metric space and
S, T,R, f, g, h: X — X be satisfying

() SX) € g(X),T(X)C h(X) and R(X) C f(X),

(i) One of the f(X), g(X) and h(X) is a complete subspace of X,

(iii) The pairs (S,f), (T,g) and (R,h) are weakly compatible and

(G(fz, Sz, Ty,t)

W —

G(fx,gy, hz,t),

+G(gy, Ty, Rz,t) + G(hz, Rz, Sx,t)],
G(Sz,Ty, Rz,t) > ¢ | min ( ) ( ) (2.1.1)

1
1[G (f2, Ty, hz,t) + G(Sx, gy, hz, t)

+G(fz, gy, Rz, t)]
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1
H(fxvgy7hzvt)a g[H(fJ?, S.I?,Ty,t)

+H(gy, Ty, Rz,t) + H(hz, Rz, Sx,1)],
H(Sz,Ty,Rz,t) <4 | mazx ( ) ( ) (2.1.2)

1
Z[H(fm, Ty, hz,t) + H(Sz, gy, hz,t)

+H(fz, gy, Rz, )]

for all x, y, z € X,where ¢,1€ ®. Then either one of the pairs (S, f), (T, g) and (R,h) has a
coincidence point or the maps S, T, R, f, g and h have a unique common fixed point in X.

Proof: Choose xo€ X. By (i), there exists X1, x3, z3 € Xsuch that Sxg = gz = ¥,
Tx; = hxy = y1, Rry = fzz = y,. Inductively, there exist sequences {z,, } and {y, } in X such
that y3, = ST3n = 9Z3n11,Y3n+1 = TT3n41 = ha3pny2 and yzpi2 = Ro3ny2 = fT3043,
where n =0, 1, 2... If y3,, = y3,,11 then z3,, is a coincidence point of g and T. If y3,, 11 = Y3n12
then 3,47 is a coincidence point of h and R. If y3,,12 = y3,+3 then 3,3 is a coincidence point
of f ant S. Now assume that y,, # y,,11 for all n. Denote d,, = G(yn, Yn+1, Yn+2, t) and
Pn = H(yna Yn+1,Yn+2, t)' PUtting T =23p, Y = T3nil, 2 = T3p42 10 (2.1.1), we get
B3 = G(Y3ns Yan+1, Yant2: t) = G(Sx3p, Tx3n41, R3042, 1)

(G(f3n, Sx3n, Tx3p41,1)

W —

G(fTn, gT3n+1, hasn o, t),

+G<g‘r3n+l 3 Tm3n+17 Rx3n+2a t) + G hx3n+27 R:L'3n+27 Sx3n7 t)]v
1

7 (G(fr3n, Tx3n41, htsnia, t) + G(Sx3n, 923011, hE3n42, 1)

—~

+G(f$3m 9T3n+1, RT3n 42, t)]

1

3

+G (Y3, Yan+15 Y3n+2: 1) + G(Yant1, Yan+2, Yans )],
1

Z [G(yS’nfl; y3n+l ) y3n+l ) t) + G(?JSm y3n7 y3n+17 t)

G(Y3n—1,Y3n Y3nt1: 1), 5 [G(Y3n—15Y3ns Y3n+1, t)

>¢ | min

+G(Y3n—1, Y3n, Y3n+2,t)]

d3n—1,

1
> (;5 man g[dSnfl + d3n + d3n]7

1
Z[d3n—1 + dsp + (dan—1 + d3y,)]

If d3,, < d3,,—1 then from lemma (1.4), we have d3,, > ¢(dzy,) > dan,.
It is a contradiction. Hence d3,, > d3,,_1. Now from lemma (1.4), d3,, > ¢(dzn_1) > d3p.-
P3n = H(Y3n, Y3nt1, Yans2,t) = H(Sx3,, T23041, RT3n42, 1)
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1
H(fxna 9T3n+1, hx3n+27 t)a g [H(fx&ru Sl‘3n, TmSn-‘rla t)

+H (923n+1, Tx3n41, Re3n42,t) + H(ht3n 2, RT3ni2, St3n, )],

<Y | maz {
Z [H(fx3n7 Tx3n+la hx3n+27 t) + H(Sx:’mv 9gT3n+1, h$3n+2a t)
+H(fx3na 9GT3n+1, R$3n+2a t)]
1
H(y3n—l » Y3ns Y3n+1, t)7 § [H(y?m,— 15 Y3n, Y3n+1, t)
+H (Y30 Y3nt1s Yant2,t) + H(Yant1, Y3n+2; Y3ns )]s
<y | max i
Z [H(y?’n— 1y Y3n+15 Y3n+1, t) + H<y3na Y3n, Y3n+1, t)
+H (Y301, Y3n, Y3n+2,t)]
P3n—1,
1
S 1/) max g[p:in—l +p3n +p3n]7
1
Z[p3n71 + P3in + (p3n71 + p3n)]>

If p3, > pan—1 then from lemma(l.4), we have p3, < ¥(p3,) < p3,. It is a contradic-
tion. Hence p3, < p3n_1. Now from lemma (1.4), p3, < t¥(p3n_1) Similarly, by putting
T = T3n43,Y = T3+, 2 = T3pg2 A0A T = T3,43,Y = T3nt4, 2 = Tapg2 in (2.1.1) and (2.1.2)
we get dani1 > ¢(dsn), d3pi2 > P(dsn1) and

P3nt1 < V(Pan)s Pant2 < Y(P3n41)
Thus, from lemma(1.4), Equations(2.1.1) and (2.1.2), we have

G(ynvyn-‘rlvyn-&-%t) ¢(G(yn—]ay7L7yn+lat))
2

>
Z ¢ (G(ynfz’yn*17yn7t)) Z Z (bn(G(yanlayZat))

We have G(Yna ynvyn+lvt) Z G(ynvyn+lvyn+27t) Z ¢n(G(y07y17y27t) and

IN

w(H(ynflvynﬁyn-H’t))
=~ wz(H(yn—Zayn—l;ynvt)) <..< ¢n(H(y0,y1,y2,t))

H(yna Yn+1,Yn+2, t)

N

We have H(y7u Yn, yn+1at) S H(yna Yn+1, Yn+2, t) S 1/)”(H(y0, Y1, Y2, t)-
Now for m > n, we have

G(Yns Yn,Ymst) > G(Yns Uns Ynt15 1) + GWUnt1, Yns 1, Yns2, 1) + oo + G(Ym—1, Ym—1, Y, 1)
> "Gy, y1,y2, 1) + "G (Yo, y1, y2, 1)) + .. £ 6™ (G0, y1, 92, 1))
— 1 as n— >

H(Yns YnsYmst) < HYno Yns Y15 1) + HYni1, Yns 15 Ynr2,8) + oo + H Y1, Y15 Ym,r )
< " (Ho v, 2, 1)) + " (H (yo, yis 2, 1)) + o+ 0™ (H (yo, y1, 42, t))
— 0 as n— oo.

Since ¢"(t) — 1 and "™ (t) — 0 as n — oo fort > 0.Hence{y,} is G- Cauchy.
Suppose f(X) is G- complete. Then there exists p,t € X such that y3,, 1o — p=ft . Since {y,} is
G- Cauchy, it follows that y3, — p and y3,+1 — p as n — oo. and G(St, TX3,,11, RT3,42,1)
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1
G(ft7 gT3n, ]’Ll‘3n+2, t)? § [G(ft7 Stv T'r371,+1 5 t)

+G(923n+1, Tx3n+1, Rx3nga,t) + G(hazpi, Rrsnio, St, )],
1

1 (G(ft, Tx3n11, htsnia,t) + G(St, gr3ns1, hrsnga,t)

> min

+G(ft, 973041, RT3n42,t)]

Letting n — oo, we get

1
la g[G(pa St7pa t) + 1 + G(papa St7t)}7
G(Sp,p.p;t) = ¢ | min .

Z[l + G(St,p,p,t) + 1)]

G(St, p, p, t) > ¢(G(St, p, p, t)and
H(St’ Tx3n+la Rx3n+2; t)

1
H(fta 9230, h23n42, t)7 § [H(fta St, Tx3n41, t)

+H(gx3n+17 Tx3n+lv Rx3n+27 t) + H(hx3n+27 Rx3n+27 Sta t)]v

1
Z[H(ft’ Tx3ny1, hxsnga,t) + H(St, gx3ns1, hasnia,t)

+H(ft, gz3n+1, RT3n12,t)]

Letting n — oo, we get

0, 3 [H(p, St,p,t) + 0+ H(p, p, St, )],

1
'3
H(Sp,p,p,t) <4 | max .

H(St, p.p, t) < w(H(St, p,p,t), sinceg is non decreasing and v is non increasing.

Hence St = p. Thus p = ft = St. Since the pairs (S, f) is weakly compatible, we have fp = Sp.
Putting x = p,y = 23,41, 2 = T3,42 in (2.1), we get

G(Sp, TXan+1, Re3n 42, t)

1
G(fp, 923n+1, he3ni2,t), 3 [G(fp,Sp, Tx3n41,t)

+G(923n+1, Tx3n+1, Rx3n42,t) + G(hazpia, Resni, Sp,t)],

1

7 [G(fp, Tx3p+1, hasnia,t) + G(Sp, gTans1, hxsnia,t)

> min

+G(fpa 9T3n+1, Rx3n+2; t)]

Letting n — oo, we have

G(Sp,p,p,t),
G(Sp,p.p,t) > ¢ | min

1
g[G(Sp, Sp,p,t) + 1+ G(p,p, Sp,1)],
1

Z[G(Spm,n t) + G(Sp,p,p.t) + G(Sp,p, p. t)]

Since G(Sp, Sp, p. t) > 2G(Sp, p, p, t), we have G(Sp, p, p, t) > ¢(G(Sp,p, p.t)) and
H(Sp, TX3,,41, Rx3542, 1)
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1
H(fpa 9T3n+1, hx3n+27 t)7 g[H(fpa Spa Tx3n+17 t)

+H (923041, Tx3n41, Rx3n42,t) + H(ha3ny2, Rsn 2, Sp, t)],

1
Z [H(fpa Txfin-‘rl 5 hx3n+2a t) + H(Sp7 gT3n+1, hx3n+27 t)

<y | max

+H(fp7 9T3n+1, Rx3n+27 t)]
Letting n — oo, we have

1
3
1

Z[H(Spapapv t) =+ H(Sp,p7p, t) + H(Sp,p,p, t)]

Since H(Sps Sp» ps t) S ZH(Sps p» ps t)9 we haVe H(Sps ps p$ t) S w(H(Spva)? t))
Thus Sp = p. Hence fp = Sp = p. Since p = Sp € g(X), thereexistsv € X such that p = gv.
Putting x =p,y =v,z= 2,4, in (2.1.1) we get

H(Sp,p,p,t), z[H(Sp, Sp,p,t) + 0+ H(p,p, Sp, t)],

H(Sp,p,p,t) <4¢ | maz

1
G(fp, gv, hx3n+27 t)7 g [G(fp7 Spu TU? t)

+G(9U, TU7 Rm3n+2a t) + G(hx3n+27 R$3n+2, Sp7 t)]a

1
Z [G(fp7 TU7 hx3’n+27 t) + G(Sp7 gv, hw3n+27 t)

+G(fpv gv, Rx3n+2» t)]

G(Sp,Tv, Rx3,42,t) > ¢ | min

Letting n — oo, we deduce that

1
17 g[G(p7p7 T’U,t) + G(p7 TU,p, t) + 1]7
G(p,Tv,p,t) = ¢ [ min > ¢(G(p, Tv,p,t)and

1

1
H(fp’ gv, hx3n+27t)7 g[H(fpa Sp7TUa t)

+H (gv, Tv, Rr3n42,t) + H(hz3n12, RT3n42, Sp, t)],
H(Spa TUaRx3n+2at) < ¢ max ! " "

1
7[H(fp7 TU7 hx3n+2a t) + H(Sp7 gv, hx3n+2; t)

4
+H(fp7 gv, Rx3n+2a t)]

Letting n — oo, we deduce that

1
07 g[H(pﬂ% T’U,t) + H(pv Tv7p7 t) + 0]7
H(p,Tv,p,t) <9 | maz < Y(H(p,Tv,p,t)

1
Z[H(p7 TU,p, t) + 0 +O]

Since ¢ is non decreasing and 1) is non increasing. Thus Tv = p, so that p =Tv = gv.
Since the pair (T,g) is weakly compatible, we have Tp = gp.

1
G(fpv gp, hm3n+2» t)v g[G(fpv Spv Tpa t)

+G(gp, Tp, Rr3ny2,t) + G(hwsnia, Rr3n12,5p,1)],
G(Sp,Tp, Rx3pia,t) > ¢ | min - * +

1
0 [G(fpa Tpv hm371+27 t) + G(Spa gp, hx3n+2; t)

4
+G(fpa gp, Rx3n+23 t)]
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Letting n — oo, we have

[G(p,p, Tp,t) + G(Tp,Tp, p,t) + 1],

W =

G(p, Tp,p,t),
G(p,Tp,p,t) > ¢ | min

1
Z[G(pa Tp7p7 t) + G(pa Tpvpa t) + G(p7 Tpvpa t)]

Since G(Tp, Tp, p, t)> 2G(T'p, p, p, t),we have , G(p, Tp, p, t) > ¢(G(p, Tp, p, t)).

1
H(fp, gp, hxsnia,t), 3 [H(fp,Sp, Tp,t)

+H gp7TpaRx3n 27t +H hx3n 27R.133n 2,Sp7t ,
H(Sp,Tp, Rx3pia,t) < | max ( 2,t) (han s N )]

1
Z[H<fp7 Tpa hx3n+27 t) + H(Spa gp, hl’3n+2, t)

+H(fpa gp, Rm3n+2a t)]

Letting n — oo, we have

1
H(p,Tp,p,1), g[H(p,nTp,t) + H(p, Tp,p,t) + 0],

1
Z[H(pa Tp7p7 t) + H(p7 Tpapa t) + H(pa Tpap7 t)}

H(p,Tp,p,t) <9 | max

Since H(Tp, Tp, p, )< 2H(T'p, p, p, t), wehave, H(p, Tp,p,t) < (H (p,Tp,p,t)).
Thus Tp = p. Hence gp = Tp = p. Since p = Tpe h(X), there exists w € X such that p = hw.
Putting x =p,y =p, z=win (2.1.1) we get

1
G(fpa gp, hwvt)a g[G(fpa Spa Tp7 t)

+G(gp, Tp, Rw,t) + G(hw, Rw, Sp, t)|,
G(Sp,Tp, Rw,t) > ¢ | min ( ) ( )

1

+G(fp, gp, Rw, )]

1
], g[l + G(pap7 R’U}, t) + G(p7 Rwap7 t)L
G(p,p, Rw,t) > ¢ | min > ¢(G(p, p, Rw, 1))
[1+1+G(p,p, Rw,t)]

1
4
1
H(fp, gp, hw,t), §[H (fp, Sp, Tp,t)

+H (gp, Tp, Rw,t) + H(hw, Rw, Sp,t)],

1
7H(p, Tp,hw, t) + H(Sp, gp, v, t)

+H(fp, gp, Rw, )]

1
Oa g[o + H(papa Rw7t) + H(pa Rwap7 t)}v
H(p,p, Rw,t) <9 [ max < ¥(H(p,p, Rw, 1))

1
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Since ¢ is non decreasing and 1) is non increasing. Thus Rw= p, so that p = hw = Rw.
Since the pair (R, h) is weakly compatible, we have Rp = hp.
Putting x =p,y=p,z=pin (2.1.1) we get,

1
G(fp.gp, Rp, 1), 5[1 + G(p,p, Rp, t)

G(p,p, Rp,t) = G(Sp, Tp, Rp,t) > : 1
(v.p, Bip,£) = G(Sp, Tp, Bp:£) 2 ¢ | min +G(Bp, Bp,p.t)), 1[G (p.p. Bp,1)

+G(p,p, Rp,t) + G(p, p, Rp, t)]

1
H(fp,gp, Rp,t), 5[0 + H(p,p, Rp,t)

H(p,p, Rp,t) = H(Sp,Tp, Rp,t) < ¢ | max 1
, 4[H (p,p, Rp,t)
+H (p,p, Rp,t) + H(p,p, Rp,1)]

Since G(Rp, Rp, p, t) > 2G(p, p, Rp, t) and HRp, Rp, p, t) < 2H(p, p, Rp, t).

We have G(p, p, Rp, t) > ¢(G(p. p, Rp, t))and H(p, p, Rp, t) < ¢ (H(p, p, Rp, 1)).

Thus Rp = p, so that Rp = hp = p. It follows that p is a common fixed point of S, T, R, f, g and h.
Uniqueness of common fixed point follows easily from (4) and (5). Similarly, we can prove the
theorem when g(X) or h(X) is a complete subspace of X.

+H (Rp, Rp, p, t)]

Corollary 2.2 Let (X, G, H, %, © ) be an intuitionistic generalized fuzzy metric space and
S, T,R, f, g, h: X — X be satisfying

(i) S(X) € g(X),T(X)and R(X) C f(X),
(i1) one of f(X), g(X) and h(X) is a complete subspace of X,
(iii) The pairs (S,f), (T,g) and (R,h) are weakly compatible and

(iv) G(Sx, Ty, Rz, ©) > 6(G(fx, gy, hz, t)and H(Sx, Ty, Rz, t) < ¥ (H(fx, gy, hz, 1)
forall x,y, z € X, where ¢ € @, € V.

Then the maps S, T, R, f, g and h have a unique fixed point in X.

Corollary 2.3 Let (X,G,H,*,¢ ) be an intuitionistic generalized fuzzy metric space and

S, T, R : X — X be satisfying G(Sx, Ty, Rz, t) > ¢(G(z, y, z,t) and H(Sx, Ty, Rz, t) < ¢ (H(X, y,
z,t)) for all x, y, z € X, where ¢ € @, € W. Then the maps S, T and R have a unique common
fixed pointin p € X and S, T, and R are G, H continuous at p.

Proof: There exists p€ X such that p is the unique common fixed point of S, T and R as in
Theorem 2.1 Let {y,, } be any sequence in X which G, H converges to p. Then

G(Syn, Sp, Sp,t) = G(Syn, Tp, Rp, t)< ¢(G(Yn,p,p,t)) = 1 as n — oo and

H(Syn, Sp, Sp,t) = H(Syn, Tp, Rp,t)> 1 (H(yn, p,p,t)) = 0 as n — oo

Hence S is G, H- continuous at p. Similarly, we can show that T and R are also G, H- continuous
at p.
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