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Abstract. In this article the two classes Sq,∗(α) and Kq,∗(α) of q-starlike and q-convex
functions of reciprocal order α respectively are considered for the function f(z) in the open unit
disc U .The coefficient inequalities for f(z) in theses classes are discussed.

1 Introduction

Let A denote the class of functions of the form

f(z) = z +
∞∑
n=2

anz
n, an ≥ 0. (1.1)

which are analytic in the open unit disc U = {z ∈ C : |z| < 1} .
Let 0 ≤ β < 1.The function f ∈ A is said to be q-starlike of order β in U if it satisfies

Re

(
z∂qf(z)

f(z)

)
> β, (z ∈ U)

and the class of all such q-starlike functions of order β is denoted by S∗q (β).The function f ∈ A
is said to be q- convex of order β if

Re

(
∂q(z∂qf(z))

∂qf(z)

)
> β, (z ∈ U). (1.2)

and the class of all such convex functions of order β is denoted by Kq(β) As usual, let

S∗q (0) ≡ S∗q and Kq(0) ≡ Kq

.
A function f ∈ S∗q (β) is q-starlike of reciprocal order α ,(0 ≤ α < 1),in U , if it satisfies

Re

(
f(z)

z∂qf(z)

)
> α (z ∈ U). (1.3)

the class of such functions is denoted by Sq,∗(α).
Also, we define the subclass Kq,∗(α) of A which satisfy

Re

(
∂qf(z)

∂q(z∂qf(z))

)
> α, (z ∈ U) (1.4)

the class of such functions are called q-convex of reciprocal order α,(0 ≤ α < 1), in U
we also note that

f(z) ∈ Kq,∗(α) ⇐⇒ z∂qf(z) ∈ Sq,∗(α)

In the present paper, we consider some coefficient inequalities for f(z) in the classes Sq,∗(α)
and Kq,∗(α).
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2 Main Results

In order to consider some coefficient inequalities for f(z), we have to recall the following defi-
nition.Let p(z) be analytic in U with

p(z) = 1 + c1z + c2z
2 + ... (2.1)

If p(z) given by (2.1) satisfies

Rep(z) > 0, (z ∈ U), (2.2)

then p(z) is said to be caratheodory function in U .It is well known that

|cn| ≤ 2, (n = 1, 2, 3, ...) (2.3)

and the equality holds true for

p(z) =
1 + z

1− z
(2.4)

Theorem 2.1. If f(z) ∈ Sq,∗(α) then

|an| ≤
2(1− α)(1 + [2]q|a2|)

[n]q − 1

n−2∏
k=2

[
1 +

2(1− α)[k + 1]q
[k + 1]q − 1

]
(n = 4, 5, 6, ...) (2.5)

with |a2| ≤
2(1− α)
[2]q − 1

and |a3| ≤
2(1− α)
[3]q − 1

[1 + [2]q|a2|]

If we define the function p(z) by

p(z) =

f(z)

z∂qf(z)
− α

1− α
= 1 + c1z + c2z

2 + ... (2.6)

then
f(z) = z∂qf(z)[α+ (1− α)p(z)]

that is,

z +
∞∑
n=2

anz
n = (z +

∞∑
n=2

[n]qanz
n)(1 + (1− α)

∞∑
n=1

cnz
n).

which gives that

an =
1− α

1− [n]q
(cn−1 + [2]qa2cn−2 + [3]qa3cn−3 + ...+ [n− 1]qan−1c1)

applying |cn| ≤ 2 we obtain that

|an| ≤
2(1− α)
[n]q − 1

(1 + [2]q|a2|+ [3]q|a3|+ ...+ [n− 1]q|an−1|)

this implies that

|a2| ≤
2(1− α)
[2]q − 1

and

|a3| ≤
2(1− α)
[3]q − 1

(1 + [2]q|a2|)

For n = 4 we also see that

|a4| ≤
2(1− α)
[4]q − 1

{1 + [2]q|a2|+ [3]q|a3|}
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≤ 2(1− α)
[4]q − 1

{
1 + [2]q|a2|+ [3]q

2(1− α)
[3]q − 1

[1 + [2]q|a2|]
}

≤ 2(1− α)
[4]q − 1

{
[1 + [2]q|a2|]

[
1 + [3]q

2(1− α)
[3]q − 1

]}
which proves that (2.5)holds true for n = 4.we suppose that that the coefficient inequality
(2.5)holds true for n = j.Then we get

|aj+1| ≤
2(1− α)

[j + 1]q − 1
{1 + [2]q|a2|+ [3]q|a3|+ ...[j]q|aj |} .

|aj+1| ≤
2(1− α)

([j + 1]q − 1)

{
1 + [2]q|a2|+ [3]q

2(1− α)
[3]q − 1

[1 + [2]q|a2|]

+[4]q
2(1− α)
[4]q − 1

(
1 + [2]q|a2|

[
1 + [3]q

2(1− α)
[3]q − 1

])
+.....+ [j]q

2(1− α)
[j]q − 1

{
(1 + [2]q|a2|)

j−2∏
k=2

(
1 +

2(1− α)[k + 1]q
[k + 1]q − 1

)}}

|aj+1| ≤
2(1− α)(1 + [2]q|a2|)

([j + 1]q − 1)

j−1∏
k=2

(
1 +

2(1− α)[k + 1]q
[k + 1]q − 1

)
.

Thus (2.5)holds true for n = j+ 1.Therefore applying the mathematical induction, we prove the
coefficient inequality for n = 4, 5, 6, ....

Corollary 2.2. If f(z) ∈ Sq,∗, then

|an| ≤
2(1 + [2]q|a2|)

[n]q − 1

n−2∏
k=2

[
3[k + 1]q − 1
[k + 1]q − 1

]
(n = 4, 5, 6)

with |a2| ≤
2

[2]q − 1
and |a3| ≤

2
[3]q − 1

[1 + [2]q|a2|]

For f(z) ∈ Kq,∗(α), we have

Theorem 2.3. If f(z) ∈ Kq,∗(α), then

|an| ≤
2(1− α)(1 + [2]2q|a2|)

[n]q([n]q − 1)

n−2∏
k=2

[
1 +

2(1− α)[k + 1]q
[k + 1]q − 1

]
(n = 4, 5, 6, ...)

with |a2| ≤
2(1− α)

[2]q([2]q − 1)]
and |a3| ≤

2(1− α)
[3]q([3]q − 1)

{
1 + [2]2q|a2|

}
Proof. We note that f(z) ∈ Kq.∗(α) if and only if z∂qf(z) ∈ Sq,∗(α). This shows that

[n]q|an| ≤
2(1− α)
[n]q − 1

(1 + [2]2q|a2|)
n−2∏
k=2

[
1 +

2(1− α)[k + 1]q
[k + 1]q − 1

]
.

for n = 4, 5, 6, ...,

|a2| ≤
2(1− α)

[2]q([2]q − 1)
and |a3 ≤

2(1− α)
[3]q([3]q − 1)

{
1 + [2]2q|a2|

}
.

This completes the proof of the theorem.

Corollary 2.4. If f(z) ∈ Kq,∗, then

|an| ≤
2

[n]q([n]q − 1)
(1 + [2]2q|a2|)

n−2∏
k=2

[
1 +

2[k + 1]q
[k + 1]q − 1

]
.for n = 4, 5, 6, ...,

|a2| ≤
2

[2]q([2]q − 1)
and |a3 ≤

2
[3]q([3]q − 1)

{
1 + [2]2q|a2|

}
.

Remark 2.5. As q → 1 we get the results of Junichi Nishiwaki and Shigeyoshi owa [2].
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