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Abstract. In this paper, we defined concept of Wijsman Z,-Cesaro summability and in-
vestigate the relationships between the concepts of Wijsman strongly Z,-Cesaro summability,
Wijsman strongly 7,-lacunary convergence, Wijsman p-strongly Z,-Cesaro summability and Wi-
jsman Z,-statistical convergence of double sequences of sets.

1 Introduction

The concept of convergence of sequences of real numbers R has been extended to statistical
convergence independently by Fast [10] and Schoenberg [20]. The idea of Z-convergence was
introduced by Kostyrko et al. [14] as a generalization of statistical convergence which is based
on the structure of the ideal Z of subset of the set of natural numbers N. Das et al. [6] introduced
the concept of Z-convergence of double sequences in a metric space and studied some properties
of this convergence.

Freedman et al. [11] established the connection between the strongly Cesaro summable se-
quences space and the strongly lacunary summable sequences space. Connor [5] gave the rela-
tionships between the concepts of strongly p-Cesaro convergence and statistical convergence of
sequences.

The concept of convergence of sequences of numbers has been extended by several authors to
convergence of sequences of sets. The one of these such extensions considered in this paper is the
concept of Wijsman convergence (see, [2, 3, 4, 24, 25]). Nuray and Rhoades [15] extended the
notion of convergence of set sequences to statistical convergence and gave some basic theorems.
Ulusu and Nuray [21] defined the Wijsman lacunary statistical convergence of sequence of sets
and considered its relation with Wijsman statistical convergence, which was defined by Nuray
and Rhoades. Also, Ulusu and Nuray [22] introduced the concept of Wijsman strongly lacunary
summability of sequences of sets.

Kisi and Nuray [13] introduced a new convergence notion for sequences of sets, which is
called Wijsman Z-convergence by using ideal. Recently, Ulusu and Kisi [23] studied concept
of Wijsman Z-Cesaro summability for sequences of sets. Nuray et al. [16] studied the concepts
of Wijsman Z,, Z;-convergence and Wijsman Z,, Z;-Cauchy double sequences of sets. Also,
Nuray et al. [17] studied the concepts of Wijsman Cesaro summability and Wijsman lacunary
convergence of double sequences of sets and investigate the relationships between them.

2 Definitions and Notations

Now, we recall the basic definitions and concepts (see, [1,2,7,6, 8,9, 12, 14, 17, 16, 18, 19, 23]).

Let (X, p) be a metric space. For any point z € X and any non-empty subset A of X, we
define the distance from x to A by

d(z, A) = algg p(x,a).

Throughout the paper, we take (X, p) be a separable metric space and A, Ay, be non-empty
closed subsets of X.
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A double sequence { Ay, } is said to be bounded if for each z € X,

sup |d($, Ak])| < Q.
k,j

The set of all bounded set sequences is denoted by L.
A double sequence { Ay, } is said to be Wijsman convergent to A if for each z € X,
P— lim d(z,Ag;) =d(z,A) or lm d(z,Ay;)=d(z,A).
k,j—o0 k,j—o00
It is denoted by W, — lim Ay; = A.

A double sequence {Ay;} is said to be Wijsman Cesaro summable to A if (d(z, Ay;)) is
Cesaro summable to d(x, A), that is, for each z € X

m,n

li — Api) = A).
o 2 i) = dle 4)

It is denoted by Ay; (Waou) 4,
A double sequence {Ay;} is said to be Wijsman strongly Cesaro summable to A if (d(z, Ay;))

is strongly Cesaro summable to d(z, A), that is, for each z € X

m,n

Y ld(z, Ayg) = d(z, A)| = 0.
k,j=1,1

1

lim —
m,n—oco MnN

It is denoted by Ay; Wil 4.,

A double sequence {Ay;} is said to be Wijsman strongly p-Cesaro summable to A if (d(z, Ay;))
is strongly p-Cesaro summable to d(z, A), that is, for each p positive real number and each
z e X,

m,n

Z |d(z, Ag;) — d(z, A)|P = 0.

k,j=1,1

1

lim —
m,n—o0 MN

It is denoted by Ay; Waopl 4,
A double sequence {Ay;} is said to be Wijsman statistically convergent to A if for every
e>0andeachz € X,

. 1
Iim —
m,n—00 MN

[{k < m.j <nld(, Ag) - d(z, 4)] > e} =0,

that is,
|d(z, Ag;) — d(z, A)| < e, aa. (k,j).
It is denoted by st — limy Ay; = A.

Let X # (. A class Z of subsets of X is said to be an ideal in X provided:
)0eZ, (i)A,BeZimpliesAUBeZ, (iii) A€ Z, B C Aimplies B € Z.

7 is called a non-trivial ideal if X ¢ Z. A non-trivial ideal Z in X is called admissible if
{z} € T foreachz € X.

Let X # (. A non-empty class F of subsets of X is said to be a filter in X provided:
0 gF, (i) A Be Fimplies ANB e F, (iii) A€ F, BD Aimplies B € F.

Lemma 2.1 ([14]). If T is a nontrivial ideal in X, X # (), then the class
F(Z)= {M CX:(3Ae)(M = X\A)}

is a filter on X, called the filter associated with T.
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Throughout the paper we take Z, as an admissible ideal in N x N.

A non-trivial ideal Z, of N x N is called strongly admissible if {¢} x N and N x {i} belong
to Z, for each ¢ € N. It is evident that a strongly admissible ideal is admissible also.

A sequence {Ay} is said to be Wijsman Z-Cesaro summable to A if for every ¢ > 0 and each
reX,

{nEN: ‘%id(x,Ak)fd(x,A)’ ze} €.
k=1

It is denoted by Ay Cﬂw A.
A sequence { Ay} is said to be Wijsman strongly Z-Cesaro summable to A if for every £ > 0
and eachz € X,

{n eN: %Z|d(m,Ak) —d(z,A)| > 5} el.
k=1

It is denoted by Ay, C@f] A.
A sequence {Ay} is said to be Wijsman p-strongly Z-Cesaro summable to A if for every
€ > 0, each p positive real number and each x € X,

1 n
{n eN: ZZ |d(z, A) — d(z, A)|P > 5} S
k=1

It is denoted by Ay C@] A.
A double sequence {Ay;} is said to be Zyy,-convergent to A if for every ¢ > 0 and each
re X,

{(k,j) e NxN:|d(z, Ap;) — d(z,A)| > e} € I.
It is denoted by Zy, — lim Ay; = A.

A double sequence {Ay;} is said to be Wijsman Z-statistical convergent to A or S (Zw,)-
convergent to A if for every € > 0, > 0 and each z € X

1
{(kz,j) eNxN: %‘{kjgm,j <n:|d(z,Ag;) —d(z, A)| 25}‘ 25} € D.

It is denoted by Ay; — A(S (Zw,) ).

A double sequence § = {(k,,j,)} is called double lacunary sequence if there exist two
increasing sequence of integers such that

k=0, h,=k,—k,_1 =00 as r— o0 and jo =0, hy = ju — ju_1 — 00 aS U — 00.
We use the following notations in the sequel:

kru == krjua hru = hrﬁu, Iru = {(k,]) : kr—l <k < kr and ju—l < ,7 S ]u}a

" and ¢, = Ju_

r—1 u—1

QT:k

A double sequence {Ay;} is said to be Wijsman strongly Z,-lacunary convergent to A or
Ny [Z,|-convergent to A if for every ¢ > 0 and each z € X,

1
hyhy,

Ae,z) = (r,u) e Nx N Z |d(z, Ag;) — d(z, A)| > € » € T,.

(k,j)Elra

It is denoted by Ay; — A (Ng [Zw,] ).
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3 Main Results

In this section, we defined concepts of Wijsman Z,-Cesaro summability, Wijsman strongly
I,-Cesaro summability and Wijsman p-strongly Z,-Cesaro summability for double sequences
of sets. Also, we investigate the relationships between the concepts of Wijsman strongly Z,-
Cesaro summability, Wijsman strongly Z,-lacunary convergence, Wijsman p-strongly Z,-Cesaro
summability and Wijsman Z,-statistical convergence of double sequences of sets.

Definition 3.1. A double sequence {A;} is Wijsman Z,-Cesaro summable to A if for every
e>0andeachz € X,

1 m,n
(m,n) e Nx N: — Z d(z, Agj) —d(z, A)| > e p € DIo.
k.j=1,1
. . Ci(Zw,)
In this case, we write Ay; — A.

Definition 3.2. A double sequence {Ay;} is Wijsman strongly Z,-Cesaro summable to A if for
every e > 0and each z € X,

1 m,n
(m,n) e Nx N: %kzl 1 |d(x, Ayj) — d(z, A)| > e p € Tp.
sJ=1

. . Cy [Iwz]
In this case, we write Ay; — A.

Theorem 3.3.Let 0 = {(k,,ju)} be a double lacunary sequence. If liminf,q, > 1,
liminf, ¢, > 1, then

C1[Zw,] Ng[ﬂ;/z]

Akj — A:>Ak] A.

Proof. Let liminf, ¢, > 1 and liminf, ¢, > 1. Then, there exist A, u > 0 such that ¢, > 1 + A
and g, > 1 4 p for all r,u > 1, which implies that

krlu S (1+)‘)(1+/~L) and krflzufl
Ryl A hyhy,

1
< —.
=
Let ¢ > 0 and for each z € X we define the set

Ersju
1

Z |d($aAze) - d<177A)‘ <e€

is=1,1

S = (kr,]u)eNxN:iju

We can easily say that S € F(Z,), which is a filter of the ideal Z,. Then, we have

kryju
e Y ld Ay) —d@ A = A= Y [d(e, Av) - d(x, A)]
" (k)€ Pl s=101
| kr—1,Ju—1
—i 2 ld(z Ai) —d(z, A))|

Kr—1,Ju—1
kr_1Ju—
e (ot e ) - )

((1+A/\)Ll+u)> c_ (TL) <

IN

for each z € X and each (k,, j,) € S.
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Choose 1 = (%ﬂﬂ‘)) €+ (ﬁ) ¢’. Therefore,

and it completes the proof. O

Theorem 3.4. Let 0 be a double lacunary sequence. If limsup,. g, < oo, limsup,, ¢, < oo then,

Ne[i/‘;z] I[Iwzl A

c
Akj A= Akj —

Proof. If limsup,. g < oo and limsup,, ¢, < oo, then there exists M, N > 0 such that ¢, < M

No|T
and ¢, < N forall r,u > 1. Let Ay; 0[—V>V2] A and for 1,6, > 0 we define the sets 7" and R

such that

1
T=4(r,u) e NxN: " Z |d(z, Ag;) — d(z, A)| < &
(k:§) € lru
and
1 m,n
R=¢ (mn) e NxN: mnk;Id(a@,Akj) —d(z,A)| <epp,

foreach x € X. Let

1
hihy

Gy

Z |d(z, Azs) — d(z, A)| < g

(3,8)E Ity

for all (t,v) € T. It is obvious that T' € F(Z,). Choose m,n is any integer with k,_; < m < k,
and j,_1 < n < jy, where (r,u) € T. Then, for each z € X we have

m,n kr,Ju
# . ‘Zl 1 |d(m’Akj) - d(:L‘,A)‘ < kr—llju—l ) Z |d(x7AiS) - d(vaN
o )=1

i,5=1,1

kr_lju—l (i,8)eln

_ 1( S Jd(x, Ags) — d(z, A

+ Z ‘d(vaiS) _d(maA”
(i,S)EIlz

+ Z ‘d(vaiS) _d(xaA)|
(i,S)EIZI

+ Z ‘d(vais) —d(l‘,A)|

(i,8)€1n

(i,8)€lru

+o 4+ d(x,Aq:s)d(iEvAN)
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(i,8)€I;

R (hfhz > Id(:c7Ais)—d(x,A)|>

(i,8)€l1y

0 (i,8)€Dy

+ gc]jz,_]f,i),jll (ho]hl Z ‘d((E, Azs) - d(.’E, A) |>

+ el ) ( > d(x,AZ-s>—d<x,A>|>

(i,8)EIn

4ot <k7-7k]2:711);i117ju—1) (hrlhu . S)zejl |d(z, Ass) — d(x,A)>

j ki (ja—j ko—ki)j ka—k1) (ja—j
_ kijy a11+k1(J2 J1>a12+<2 1)]1a1+(2 1)(d2—31)

Fr—1Ju1 Y B —1Gu—1 B 1ju_1 022

+ . + (k'r*kT—l)(ju*ju—l)aru

kr—1u—1
< {2 e ) RS
(t,w)eT
< & -M-N.
Choose €2 = 75 and in view of the fact that

U{(m,n) theoy <m <k, jumr <1< ju, (r,u) €T} CR,

where T' € F(Z,), it follows from our assumption on 6 = {(k,, j,,)} that the set R also belongs
to F(Z,) and this completes the proof of the theorem. i

We have the following Theorem by Theorem 3.3 and Theorem 3.4.
Theorem 3.5. Let 0 = {(k,, ju)} be a double lacunary sequence. If

I <liminfg, < limsupg, < oo and 1 <liminfg, < limsupgq, < oo,
T r u u

then

C[Tw,] No[Tw,)]
Ay — A Ay —7 A

Definition 3.6. A double sequence {Ay;} is Wijsman p-strongly 7,-Cesaro summable to A if for
every ¢ > 0, each p positive real number and each = € X,

m,n

1
- ) r
(m,n) e Nx N: — g |d(z, Agj) — d(z, A)|P > ¢ p € I,.
kj=1,1
C,lT
In this case, we write Ay; p[—v>v2] A.
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Theorem 3.7. If a double sequence { Ay} is Wijsman p-strongly I,-Cesaro summable to A, then
the double sequence { Ay;} is Wijsman I,-statistical convergent to A.

p[IW ]

c
Proof. Let Ay; —" Aande > 0 be given. Then, for each z € X we have

Sz, Ary) — d(z, AP > ) jd(x, Ary) — d(, A)P
k,j=1,1 k,j=1,1
|d(a:,Akj)7d(a:,A)‘25

> P, |{k <m,j<n:ld(z,Ag;) —d(z, A)| > 5}|
and so
| m,n 1 .
S 2o ld Aw) —d@ AP = o [{k < m.j < nld(e, Ayg) - (@, A)] > <}
k,j=1,1

Hence, for a given 6 > 0 and each x € X,

{(m,n) eENxN: %’{kgm,jgn: |d(x, Agj) — d(z, A)| > £} | 25}

C {(m,n) eNxN: < Z |d(z, Ag;) — d(z, A)|P > €p~5} €.

S(z
Therefore, Ay (—W>2 ) A. O

Theorem 3.8. Let {Ay;} € L. If a double sequence { Ay} is Wijsman I,-statistical convergent
to A, then the double sequence {Ay;} is Wijsman p-strongly I,-Cesaro summable to A.

S(T
Proof. Suppose that {A;} is bounded and Ay; ) g, Then, there is a M > 0 such that

|d(z, Aj) — d(xz, A)| < M

for each € X and all k, j. Hence, for given € > 0 and each z € X we have

1 m,n 1 m,n

—_ Z |d(‘rvAkj)_d('rvA)|p = Z |d(maAkj)_d(xaA)|p

mn g =1, mn k,j=1,1

‘d(m,Akj)—d(m,A)|25

+— d(z, Ag;) — d(z, A)|P
B e ) — de )

|d(m,Akj)—d(m,A)|<e

< Loy {k<m,j<n:|dz, Ay)—dz, A)| > e}
mn
1 .
—1—%&?” . |{k <m,j<n: |d(fE,Akj) —d(fva” < 5}|
MP
< %‘{k <m,j <n:ldz, Ag;) — d(z, A)| > e}] + P,

Then, for any § > 0 and each z € X,

{(m,n) eNxN: 1 nﬁ? |d(z, Akj) — d(x, A)|P > 5}

1 , )
C {(mm) e NxN: %’{kgm,j <nld(z, Ag;) — d(z, A)| > e}| > W} €.

P [IW2]

C
Therefore, A, —° A. O
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