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Abstract. This paper deals with the oscillation of the fourth-order delay differential equa-
tion. New oscillation criteria are obtained by employing a refinement of the generalized Riccati
transformations and new comparison principles .An example is included to illustrate the main
results.

1 Introduction

In this work, we are concerned with the oscillation and the asymptotic behavior of solutions of
the fourth order nonlinear differential equations with delayed argument

[b(t) @ )] +a(®) f(x(r(£) =0, &>t (1.1)

We assume that v is a quotient of odd positive integers, b € C'[ty, 00), b (t) > 0, b(t) >
0, g, 7 € Clty, ), f e C(R,R), ¢>0,7(t) <t, fl_i)m 7 (t) = oo, there exist constants k& > 0
L—> OO

such that f (u) / u’ > k, for u # 0 and under the condition

/Oo 1 i< . (1.2)
to b7 ()

By a solution of (1.1) we mean a function z € C""'[T};, 00), T, > t,, which has the property
b(t)[z" ()] € C'[Ty, oo), and satisfies (1.1) on [T}, 0o).We consider only those solutions x of
(1.1) which satisty sup{|z (t)| : t > T} > 0, forall T > T,. We assume that (1.1) possesses such
a solution. A solution of (1.1) is called oscillatory if it has arbitrarily large zeros on [T, o),
and other wiseit is called to be nonoscillatory. (1.1) is said to be oscillatory if all its solutions are
oscillatory.

As is well known, the fourth-order differential equations are derived from many different
areas of applied mathematics and physics, for instance, deflection of buckling beam with a fixed
or variable cross-section, three-layer beam, electromagnetic waves, gravity-driven flows, etc. In
recent years, the oscillation theory of fourth-order differential equations has received a great deal
of attention since it has been widely applied in research of physical sciences, mechanics, radio
technology, lossless high-speed computer network, control system, life sciences, and population
growth.

The oscillations of fourth-order differential equations have been studied by several authors
and several techniques have been proposed for obtaining oscillatory criteria for higher and fourth
order differential equations. For treatments on this subject, we refer the reader to the texts
[[2, 6, 18], [14]-[16]] and the articles [[1], [3]-[13], [17]-[25]]. In what follows, we review some
results that have provided the background and the motivation, for the present work.

Zhang, et al.[23] consider the oscillation of a fourth-order quasilinear delay differential equa-
tion

[b(t) (" 1)) +qt)z7 (r(t) =0, t>t.
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Grace et al.[13] studied the oscillation behavior of the fourth-order nonlinear differential equa-
tion
[r (&) (" )] +a(t) f (2 (g (1) =0, =t
Moaaz et al. [18] considered with the oscillatory behavior of solutions of non-linear fourth
order differential equations of the type

!/

b
(r (8) (" (1)) + / G (6.€) F (x (g (£.€))) do () = 0.

Chatzarakis et al. [11] studied the oscillation behavior of the fourth-order differential equa-

tion
b

@ (e @ +pO2 O] + [ a7 @) =0

a

R |
/ LI,
to 1o ()

Agarwal et al.[3] and Zhang et al.[24] consider the oscillatory properties of the higher-order
differential equation

under the condition

[b () (x<"—‘> (t)ﬂ/ +qt) 2z (r(t) =0, t>t.

Our aim in the present paper is to employ the Riccatti technique to establish some new conditions
for the oscillation of all solutions of (1.1). The results obtained in the paper a generalized some
results from [23]. One example are presented to illustrate our main results.

The proof of our main results are essentially based on the following lemmas.

Lemma 1.1. Let z € (C™ [to, o], R") and assume that 2" is of fixed sign and not identically
zero on a subray of [ty, 0o]. If moreover; z (t) > 0, 2"~ (t) 2" (t) < 0 and fl_i}m z(t) #

0, then, for every X € (0, 1), there exists t > to such that

A
(n—1)

Lemma 1.2. Let v > 1 be a ratio of two numbers, where C' and D are constants. Then

2(t) =

gn-1 ‘z("*') (t)

, fort € [ta, o0).

v+l ~Y cHl

Lemma 1.3. If the function z satisfies 29 > 0,i=0,1,...,n, and 2"V < 0, then

z (1) S 2 (t)

tn/n! — =1/ (n— 1)1

2 MAIN RESULTS

In this section, we shall establish some oscillation criteria for equation (1.1). We are now ready
to state and prove the main results. For convenience, we denote

m(s) = /t:o b(ls)ds’ &, (t) := max {0, &' (t)} and p/, (¢) := max {0, p’ (¢)}.

Theorem 2.1. Let (1.2) hold. Assume that there exists a positive function § € C'[ty, 0o) such
that

= 7(s)\” 27b(s) (¥ ()" _
/to {kQ(S)( P ) 5(3)_W ds = 00, (2.1)
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for some constant \; € (0, 1) . Assume further that there exists a positive function p € C'[ty, 00)

such that 1
/ lp (s)/ [b(lﬁ) / kq (1/)7 du} dg — (ip((ss))) ] ds = 0. (2.2)
to s w

5
V[ w(x)d _
/ [ (/ / dxdu> - $an T dedu] ds = o0, (2.3)

~ &723 Vﬂvs — il § =00
/ [zms)(z ©) (7+1)7+lﬂ(s)b;(s)1d e

for some constant \, € (0, 1), then every solution of (1.1) is oscillatory.

If

and

Proof. Assume that (1.1) has a nonoscillatory solution x. Without loss of generality, we can
assume that z (¢) > 0. It follows from (1.1) that there exist four possible cases for ¢t >
t1, where t; > ty is sufficiently large:
Case 1: ' (t) > 0,2" (t) > 0,2 (t) > 0,z
Case2: 2/ (t) > 0,2" (t) < 0,2" (t) > 0,2
Case3: ' (t) < 0,2 (t) > 0,2 (t) <0
' (t) " () <0

Case4: 2’ (t) > 0,2 (t) > 0,2 (t t
Assume that we have Casel .Define.
" b(t) (=) (¢)

Then w (t) > 0 for ¢t > ¢; and

)= 0 O W g e @

7 (t) 7 (t)
2 () (=) (1) b (t) (") (1)
_’75 (t) 27 (t) ’ (26)
from Lemma (1.1) that
o (1) > A (1), @.7)
forevery A € (0, 1), and all sufficiently large ¢. By Lemma (1.3), we find = (¢) > (¢,/3) 2’ (¢) and,
hence
z(ri(t) _ (@)
o) > PR (2.8)
Hence, by (2.7) and (2.8), we obtain
/ s b @) (#) B () A @ ()b (@) (¢)
In view of (1.1), we get
3 v ’ 2
(1) < —kq (t T(t)>5t+5(t) ¢ AT ). (2.10)
0= -ka(0) (TR0 a0+ G T
Define now 2 5 (1)
YAt "(t
C = -, D= Yy i=wl(t
20606 () O
Applying Lemma (1.2), we find
/ +1 +1
M), e pE <2 bOE0) @.11)
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Hence, we obtain

Ty mey
Integrating from ¢; tot, we get
T (POY s 2@ ]
/t l kq()( s? ) 26) (y+ 1) (M6 (s) s2)” do < wlt),

for every A € (0, 1), and all sufficiently large ¢ but this contradicts (2.1).
Assume that we have Case 2. Define

(1) = p(t) fc/((f)), >4, 2.12)
Then ¢ (t) > 0 for ¢ > ¢; and
iy — o () 2 (B (1) — (@) (1)
1/1 (t) =p (t) T (t) P (t) 1,2 (t) ) (213)
PR O A O PN O)
V=00 oy + v -
Integrating (1.1) from ¢ to u we find
b(w) (") (u) b (1) (=) (1) + / k()07 (7 (s))ds < 0,

AN
=]

u 7_3 s Y
b (u) (&) (u) = b(t) (") (t) + 27 (¢) /t kq<s>( ()) ds

Letting u — oo, we arrive at the inequality

2" () + 2 (1) /t b [b(lﬁ) /y Tk () (i@)v ds] a9 <o. (2.14)

Hence, by (2.14) in (2.13), we find

Uy [b(lﬁ) [ ka0 (”)d] o

P () U2 (t)
p(t) p(t)

+

b (t) -

Thus, we have

oo 1 0o 3 vy ¥ / 2
W () < —p(t) /f lb(ﬁ) / kq (s) (Ts(f)) ds] o + (Zp(g)) . (215)
¢ y
Integrating from ¢ tot, we get

/t,t [p(s) /:O [b(lﬂ) /wookq(z/) (Ti(}”))Wdy};dﬁ— (i)l/;:s))z‘| ds < (t1),

which contradicts (2.2).
Assume that we have Case 3. Recalling that » (2””)” is nonincreasing, we obtain

1

b (s)x" (s)

2" (8) < b

IA
S8

)" (t), s>t>t,

() 2" (£) b= (s).
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Integrating again from ¢ to v, we get

Integrating from ¢ to oo, we get

2 (8) > —bE ()2 (1) /f () ds.

Integrating again from ¢ to co, we get

2 () = —bv () 2" ( / / s) dsdu.

b(#) (=) (1)
zv ()

Then £ (¢) < O for ¢t > ¢ and by (2.19), we conclude that

We define
£(t) =

¢ (1) =

x 7 (t) 27+ (¢)

~

¢ (0 < k(o) (L)) U [P

x (t)
Hence, by (2.20) and (2.19), we obtain

VL (t)

from (2.6), we get

ol s >

(b (")) (1) N ()" ()b (1) (@) (t)

(2.16)

2.17)

(2.18)

(2.19)

(2.20)

2.21)

Multiplying (2.20) by ([, [ 7 ( s) dsdu)and integrating the resulting inequality from ¢, to ¢,

(s o ([ [ e
Ty / [ roa([7 [ x dxdu) £(s)ds
[ ([ o)

ﬂ/ £ (s (// dxdu> /:ow(x)dxdsﬁo.

—1

D;:/mﬂ dx<// dxdu> ,

= (/:O/:Ow( )dxdu) / 7 () dx, y = —€(s).
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From Lemma (1.2), we conclude that

[ e ([ [raa) e
+€5 (s (// dxdu)v/:ow(x)dx

V[ ()dx
(y+ D)2 12w (x) dxdu

Hence, by (2.21), and integrating the resulting inequality from ¢; to ¢, we obtain
v +1 foo
v f 7(x)dx
[ ([ [ room) - et
</ / dsdu> E(t) + 1,

which contradicts (2.3).
Assume that we have Case 4 . In view of the proof of Case 3, we have (2.6). On the other
hand, by Lemma (1.1), we get

v (1) > 517 (1), 2.22)
for every A € (0, 1) and all sufficiently large ¢. We now define
b(t) (") (1)
t) = ——————. 2.23
7O = 22

Then o (t) < 0 for ¢ > ¢; and, by virtue of (2.22) and (2.23), we conclude that

) = kg L) @ CO) o @),

(=" (r (1)) (" (t)
o (1) < —kg (1) (;TZ (t))V - Vab(i;) (2.24)

Multiplying this inequality by 77 (¢) and integrating the resulting inequality from ¢; to ¢, we get
t
T (8) o () -7 (1) o (1) +7/ b= (5) 771 (s) 0 (5) ds
t

< - f ka(s) (373 <s>)7ﬂ (s~ | f ":(S) 7 (5) ds.

We set "
D:=b~7 (s)m? "1 (s), C:= T (5), y:=—0o(s).

Applying Lemma (1.2) and (2.16), for every A € (0, 1), and all sufficiently larget. we obtain
ko) (32 @) Jor (1)
kqs<7 s>7r75"’ ds <77 (t))o(t;) + 1,
/t] [ G276 e - e (

but this contradicts (2.4).
Theorem (2.1) is proved. O

It is well known (see[2]) that the differential equation

[a(t) (@' (£)") +q(t)2™ (7 (£) =0, >t (2.25)
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where « > 0 is the ratio of odd positive integers, a , ¢ € C[t,, o), is nonoscillatory if and only
if there exist a number 7' > t,, and a function v € C! [T, 00), satisfying the inequality

1 (I4+e)

v (t) +aas () (v(t) "

+q(t) <0, on|[T, o).
In what follows, we compare the oscillatory behavior of (1.1) with the second-order half-linear
equations of type (2.28). There are numerous results concerning the oscillation of (2.28), which

in clued Hille and Nehari types, Philos type, etc.

Theorem 2.2. Let (A1), (A2), (Az) and (1.2) hold. Assume that the equation

PO w o] +ro (M) w0 =0 226)

243

is oscillatory for some constant A1 € (0, 1), the equation

2 () + = () /t h [b(lﬁ) [9 Tk () <T3Sgs> )7 ds] T = 0, (2.27)

is oscillatory, the equation

[( / mw(s)ds)lw ol

is oscillatory, and the equation

+ kq(t) 27 (7 (1)) =0, (2.28)

[b(t) (' (t))"] + kq (t) <A2722(t)) z7 (t) =0, (2.29)

is oscillatory for some constant X, € (0, 1) . Then every solution of (1.1) is oscillatory.

Proof. Proceeding as in the proof of Theorem (2.1). If we set ¢ (¢t) = 1 in (2.9), then we get

o Y2 = =)\’
O+ 0+ ke (T42) <o

for every constant A € (0, 1). Thus, we can see that equation (2.26) is nonoscillatory for every
constant A\; € (0, 1), which is a contradiction. If we now set p (¢) = 1 in (2.14), then we find

O () + ¢ (t)+p(t)/too [b(lﬁ)/;okq(t) (ngs))vdsrdﬁgo.

Hence, equation (2.27) is nonoscillatory, which is a contradiction. Thus, it follows from (2.20)
that

y+l1

)+~ (t) /tooﬂ(s)ds—i-kq(t) <O0.

Therefore, we conclude that equation (2.28) is nonoscillatory, which is a contradiction. From
(2.23), we get

RES|
(¢ A K
o 0+ k) (570) <o
5 2
b7 (t)

for every constant A € (0, 1). Thus, we can see that equation (2.29) is nonoscillatory for every
constant A\, € (0, 1), which is a contradiction.

Theorem (2.2) is proved. O
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It is well known (see[21]) that if

< 1 b > 1
——dt = oo, and liminf (/ ds)/ q(s)ds > —,
/to a (t) t—00 4 a(s) . (5) 4

then equation (2.25) with v = 1 is oscillatory. It is also well known that if

[e%e] 1 oo 1 —1 oo oo 1 2
——dt < oo, and liminf </ ds> / (/ dv) q(s)ds > 1.
| e\ am®) Lo\l am®) 1@

then equation (2.25) with v = 1 is oscillatory.
Based on the above results and Theorem (2.2), we can easily obtain the following Hille and
Nehari type oscilla-tion criteria for (1.1) with v = 1.

Theorem 2.3. Let v = 1 and (1.2) hold. Assume that

oo t2 .. ¢ 52 > 7—3(8) 1
\ Wdt_ 00, andhtrggolf< " b( )ds> k/t q(s)< s3 )ds ~ ﬁ’

for some constant \; € (0, 1),

.. <1 > 7 (s) 1
htgggf/t /0 17(19)/9 kq (s) ( e > dsdidl > T (2.30)
/ / s)dtds = oo and hm lnf (/ / dvds) / kq (s)ds > 4,

. > ] e ? 1
htrgglf</t b(g)ds> /t </s b(v)dv> kq(t) (s)ds>2—)\27 (2.31)

for some constant A, € (0, 1). Then every solution of equation (1.1) with v = 1 is oscillatory.

and
—1

Theorem 2.4, Let v = 1 and (2.30) hold. Assume that
[e's) tz
——dt < 0,
I
e’} 82 -1 e’} e’} ’U2
lim inf — —
mine ([ 55500) ([ ag)
for some constant A\, € (0, 1),
/ / s)dtds < oo,
to

litrg(i)gf( / / dvds) / ( / / dudu)qu(t)ds>j,

and (2.31) holds for some constant X, € (0, 1) .Then every solution of equation (1.1) with v = 1
is oscillatory.

: 73 (s)

kq(t)( 5(3 >ds>21>\1,

3 EXAMPLE
In this section, we give the following example to illustrate our main results.

Example 3.1. Consider a differential equation
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(5 (@ (1)) +nf (2> (t) + 2 (£)) =0, £ > 1, 3.1)

where 17 > 0 is a constant. Let

v o= L,b(t)=t*>0,V(t)=6t>>0, be C'ty, ),
q(t) = nt* >0, g€ Clty, 00), f(x(t))=a>()+xz(t),
T(t) = t, tlirglot:oo,r()GC[tg, 00).

Thus, we get

1 1
7T<t):§7/ ( )dX_2084,/ / dXdU 603

If we now set § (t) = p (¢t) = 1 and k = 1, then we conclude that (2.1) and (2.2) are satisfied. As
a result of calculations, we see that (2.3) and (2.4) hold for n > 45.

* g (s) (22) 5 s) — 2O T
/to [kq(s)( > ) 3(8) = G ey | 48 = 0
/ nszds =00
to
[e'e] [e'e) BN oo 5 5 (p’(s))z _
P(s) [ ooy | Ra(v) dv| dd =g | ds = oo,
to -
v +1 foo
Y mx)dx _
/ [ (/ / dxdu) (D = /= f°° dxdu] ds = 00
oo 7s B & _ /OO 1 i - é B
/to <6053 4(2054)> ds = . co 1) ds =00, forn >45.
- v y+1
/ i (Asz (s>> me) - S |ds =0
to 2 (’Y + 1)“/ T (S) b~ (S)

1 7))\2 5 5
- == — = = f 4 = — 1).
/to s<1 )ds oo, 1orn > 5, A 186(0, )

Hence, by Theorem(2.1), every solution of equation (3.1) is oscillatory for n > 45.

Remark 3.2. The results of this example can not apply to results of [25].
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