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Abstract Let G be a(p, ¢) graph andA be a group. Leff : V(G) — A be a function. The
order ofu € A is the least positive integer such thatu™ = e. We denote the order af by
o(u). For each edgewv assign the label 1 ifo( f(u)),o(f(v))) = 1 or O otherwise.f is called
a group A Cordial labeling ifvs(a) — vs(b)| < 1 and|es(0) — ef(1)] < 1, wherevs(z) and
es(n) respectively denote the number of vertices labeled with an elerrem number of edges
labeled withn(n = 0,1). A graph which admits a group A Cordial labeling is called a group
A Cordial graph. In this paper we define gro{th —1,:, —i} Cordial graphs and prove that the
Jahangir graplys,,(n > 3) ,the Jelly fish graphd(m,n)(m < n), the Dumbbell graptDb,,
and the Flower grapi'l,, are all group{1, —1, i, —i} Cordial for everyn .

1 Introduction

Graphs considered here are finite, undirected and simple. Let A lmup.gFhe order ofi € A
is the least positive integersuch that:™ = e. We denote the order afby o(a). Cahit [3] intro-
duced the concept of Cordial labeling. Motivated by this, we definedm¥rocordial labeling
and investigated some of its properties. We also defined drbupl, i, —i} cordial labeling and
discussed that labeling for some standard graphs [1, 2] . In this papediscuss the labeling
for the Jahangir graplis ,,(n > 3) , the Jelly fish graphg(m, n)(m < n) , the Dumbbell graph
Db,, and the Flower grapli'l,, . Terms not defined here are used in the sense of Harary[5] and
Gallian [4].

The greatest common divisor of two integersandn is denoted by(m, n) andm and
n are said to beelatively primeif (m,n) = 1. For any real numbet, we denote by x|, the
greatest integer smaller than or equattand by[z], we mean the smallest integer greater than
or equal taz.

A pathis an alternating sequence of vertices and edgess, vz, ey, ..., €,_1, v, Which
are distinct, such that is an edge joining; andv;.; for 1 <i < n — 1. A path onn vertices is
denoted byP,. A pathvy, e1,vs, €2, ..., 41, Un, €n, v1 IS called a cycle and a cycle arvertices
is denoted by’,,.

Given two graphs? andH, G + H is the graph with vertex sét(G) UV (H) and edge
setE(G) UE(H)U{uv/u € V(G),v € V(H)}. AWheel W, is defined as”,, + K; and the
graph obtained by subdividing the edges on the cycle of a wheel exaxtéyis called the Gear
graph. The Helnf,, is the graph obtained from a whéél, by attaching a pendent edge at each
vertex of then— cycle.

2 Group {1, —1,¢, —} Cordial graphs

Definition 2.1. Let G be &p, q) graph and consider the grodp= {1, —1, 4, —i} with multiplica-
tion. Letf : V(G) — Abe afunction. For each edge assign the label 1 ffo(f(u)), o(f(v))) =

lor O otherwise.f is called a groud 1, —1,i, —i} Cordial labeling iflvs(a) — vs(b)| < 1 and
lef(0) —ef(1)| < 1, wherevs(z) andes(n) respectively denote the number of vertices labeled
with an element: and number of edges labeled wittrn = 0, 1). A graph which admits a group
{1,-1,4,—i} Cordial labeling is called a groufl, —1, ¢, —i} Cordial graph.
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Example 2.2.A simple example of a groufl, —1, ¢, —i} Cordial graph is given in Fig. 2.1.

Fig. 2.1

We now investigate the groufd, —1, ¢, —i} Cordial labeling of somép, q) graphs.
The Jahangir grapli,, ,,(n > 3) was introduced by Surahmar and Tomescu[6] in 2006.

Definition 2.3. The Jahangir graptt,, ,(n > 3) is a graph withmn + 1 vertices, consisting of
a cycleC,,, with one additional vertex which is adjacentrtorertices ofC,,,, at distancen to
each other ot,,,,,.

Remark 2.4.The Jahangir graplf ,, is the Wheel and ,, is the gear graph.

Theorem 2.5.The Jahangir graphys ,, (n > 3) is group{1, —1,4, —:} cordial for all n.

Proof. Let the vertices on the cycle be labeledwasu,, ...., us, and let the central vertex be
labeled asv. Assume thatv is adjacent ta;(: = 1(mod 3)). Number of vertices =8+ 1 and
number of edges =4 Group{1, —1,i, —i} cordial labelings for. = 3 andn = 4 are given in
Table 1. Suppose > 5.

n| uy |uz | us | us | us | ue | uy | ug | ug | uio | w11 | w12 | w

w
|
-
[EEN
-
|
-
[EEN

-1 7 7 —1 —1
4 -1(1|1|-1]1 1 | -1 4 i i —i | =i | =
Table 1

Case(i):3n + 1 = 0(mod 4).

Let 3n + 1 = 4k(k € Z). Each vertex label should appeatimes and each edge label should
appear?’:2 times in a groug1, —1, i, —i} cordial labeling. Note that = 3r+1(r € Z,r > 1).

So the vertices on the cycle aig(1 < i < 12r + 3) whereu;(i = 1(mod 3),1 < i < 12r + 3)
are of degree 3 and others are of degreleabel the vertices; (1 <i < 6r — 2,4 = 1(mod 3))
with 1. Also choose + 1 vertices among,;(6r < i < 12r + 3,: # 1(mod 3)) and give them
label 1 Label the remaining vertices arbitrarily so thabf them get label-1, k& of them get
labeli andk of them get label-i. Number of edges with label £ 3 x 2r + (r + 1)2 = 82,

Case(ii): 3n + 1 = 1(mod 4).

Let3n +1 = 4k + 1(k € Z). Three vertex labels should appdatimes and one vertex label
should appeat + 1 times. Each edge label should appéé%utimes in a group{1,—1,4, —i}
cordial labeling. In this casé = 3r(r € Z,r > 2). Now the vertices on the cycle are
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u;(1 < ¢ < 12r) whereu,;(i = 1(mod 3)) are of degree 3 and others are of degre¢&
bel the verticesu;(1 < ¢ < 6r — 8,4 = 1(mod 3)) with 1. Also chooser + 3 vertices
u;(6r — 6 <1 < 12r,7 # 1(mod 3)) and give them label.lLabel the remaining vertices ar-
bitrarily so thatk of them get label-1, k£ of them get label andk of them get label-i. Number
of edges with label & 3 x (2r — 2) + (r + 3)2 = 8r.

Case(ijii): 3n + 1 = 2(mod 4)

Let3n + 1 = 4k + 2(k € Z). Two vertex labels should appeartimes and 2 vertex la-
bels should appeak + 1 times. Each edge label should appear 2 8’“—3” times. Now

k = 3r+2(r > 1,r € Z). The vertices on the cycle arg(1 < i < 12r + 9). Label
the verticesu;(1 < ¢ < 6r — 2,5 = 1(mod 3)) with 1. Also chooser + 3 vertices among
w;(6r < i < 12r + 9,1 # 1(mod 3)) and give them label 1. Label the remaining vertices ar-
bitrarily so thatk + 1 vertices get label-1, k vertices get label andk vertices get label-s.
Number of edges with labelZ 2r x 3+ 2(r 4+ 3) = 8r + 6.

Case(iv): 3n + 1 = 3(mod 4)

Let 3n + 1 = 4k + 3(k € Z). Three vertex labels should appéa# 1 times and 1 vertex label
should appeak times. Each edge label should app&g# times. Nowk = 3r+1(r > 1,7 € Z).

The vertices on the cycle aig(1 < i < 12r + 6). Label the vertices,;(1 < i < 6r — 2,1 =
(mod 3)) with 1. Also choose" + 2 vertices among.;(6r < i < 12r + 6,1 # i(mod 3))

and give them label 1. Label the remaining vertices arbitrarily so &hatl vertices get la-
bel -1, k 4+ 1 vertices get label and k& vertices get label-i. Number of edges with label
1=2rx3+2(r+2) = 8 + 4. Table 2 shows that in all cases, the given labeling is group
{1,-1,4,—i} cordial. O

Bn+1 | vp(d) | wp(=1) | vp(i) | vp(=i) | ef(0) | ef(1)

4k k k k k Bko2 | B2
4 +1| k+1 k k k B B
A+2 | k+1| k+1 k k Bkiz | Bki2
A4 +3 | k+1| k+1 | k+1| k Bkid | Bkid

Table 2

An illustration of the labeling fot/s 5 is given in Fig. 22.

Fig. 2.2

Definition 2.6. Jelly fish graphs/(m,n)(m < n) are obtained from a cycl€} : uzvyu by
joining z andy with an edge and appendimg pendent edges te andn pendent edges ta
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Theorem 2.7 Jelly fish graphs/(m,n)(m < n) are group{1, —1,4, —:} cordial if and only if
eitherm +n <100r3m —-6<n < 3m + 6.

Proof. Let them pendent vertices adjacent #obe labeled asq, uy, ..., u,, and then pendent

vertices adjacent to be labeled as1, vy, ...., v,. Number of vertices iV (m,n)ism +n + 4

and number of edgesis + n + 5.

Case(i):m + n = 0(mod 4).

Letm +n = 4k, k > 1,k € Z. Each vertex label should appea#r- 1 times. One edge label

should appeari2+ 2 times and another should appe&r23 times.

Subcase(1):f(u) # 1 andf(v) # 1.

If f(z) = 1andf(y) # 1,then every other vertex with label 1 will yield only one edge with

label 1. Sok = 2k — 1 ork = 2k sothatt = 1 ork = O. If both f(z) = 1 andf(y) = 1,

thenk —1=2k—-30rk—1=2k—2andsok =2ork=1Ifk=1m+n=4andif

k=2m+n=28If k=1 labelz andv; with 1 and remaining vertices arbitrarily so that 2

vertices get label- 1, 2 vertices get labeland 2 vertices get labeli. If k£ = 2, labelz, y andv,

with 1 and remaining vertices arbitrarily so that each vertex label appeaBsertices.

Subcase(2):f(u) =1 andf(v) = 1.

This induces label 1 te: + n + 4 edges and so this case is impossible.

Subcase(3):f(u) =1 andf(v) # 1.

If both f(x) # 1 andf(y) # 1, then eithek = 2k — m or k = 2k — m + 1. So eitherk = m

ork =m — 1and son = 3m orn = 3m — 4. In both the cases, label the verticgsvy, ..., vy,

with 1 and the remaining vertices arbitrarily so that each vertex label eppeaexactlyk + 1

vertices. Suppose eithgfz) = 1 or f(y) = 1. Without loss of generality, let(z) = 1. Then as

above,k = m + 1 or k = m. In both the cases, label the vertiegswvo, ..., v,_1 with 1 and the

remaining vertices arbitrarily so that each vertex label appears otiyexa¢ 1 vertices. When
=m — 1, morm+ 1, we haven = 3m — 4,3m, 3m + 4 accordingly.

Subcase(4):f(u) # 1andf(v) = 1.

As in Subcase(3), by symmetry, we have- n,n — 1 orn + 1. But, by assumptiom < n and

S0 in this case < 2.

Case(ii):m +n =1(mod 4) .

Letm+n=4k+1 k > 0,k € Z. Three vertex labels should appéar 1 times and one vertex

label should appear+ 2 times. Each edge label should appear23 times.

Subcase(1)f(u) # 1 andf(v) # 1.

If f(z) = 1andf(y) # 1, then eithelk = 2k ork + 1 =2k sothatt = 0orlIf k=0

take f(y) = =1, f(u) = f(v) = i and f(v1) = —i. If both f(z) = 1 andf(y) = 1, then

eitherk —1 =2k —2ork =2k —2sothatt =lork=21f k=1 f(z) =1 f(v) =1

and f(v2) = 1. Label the remaining vertices arbitrarily so that each vertex labeleapma 2

vertices. Ifk = 2, let f(z) = 1, f(y) = 1, f(v1) = 1 andf(vo) = 1. Label the remaining

vertices arbitrarily so that each vertex label appears on 3 verticet A9, 1 or 2 we have

m+n=2150r9

Subcase(2)f(u) = 1andf(v) = 1.

As in Subcase(2) of Case(i), this is impossible.

Subcase(3)f(u) = 1andf(v) # 1.

If both f(z) # 1 andf(y) # 1, then eithelk = 2k —m + 1 ork + 1 = 2k — m + 1 so that

k = m — 1 ork = m. In the former case,labeh, vy, ...., v, with 1 and the remaining vertices

arbirarily so that: + 1 vertices get label 1, k£ + 1 vertices get labelandk + 2 vertices get label

—i. In the latter case, labeh, vy, ....., v, 1 With 1 and the remaining vertices arbitrarily so that

each of the vertex labels1, : and—: appear ork + 1 vertices. Supposg(z) = 1 andf(y) # 1.

Then as abové = mork =m+ 1. If k = m + 1, label the vertices, vy, ...., v, with 1 and

the remaining vertices arbitrarily so that each of the vertex lab&ls and—: appear ork + 1

vertices. Ask = m — 1, m,m + 1, we haven = 3m — 3,3m + 1 0or 3n + 5.

Subcase(4):f(u) # 1andf(v) = 1.

As in Subcase(3), we gét=n — 1, norn + 1. Asm < n, in these cases, < 2.

Case(iii)): m +n = 2(mod 4).

Letm +n=4k+ 2k > 0,k € Z. Two vertex labels should appefar- 1 times and two other

vertex labels should appe&r 2 times. One edge label should appefar23 times and another

should appearR-+ 4 times.
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Subcase(1):f(u) # 1 andf(v) # 1.

If f(z) =1andf(y) # 1, then there are are four possibilitigs= 2k, k =2k + 1,k + 1 = 2k
andk+1 = 2k+1 Hencek =0orl. Ifk =0, f(z) =1, f(y) = -1, f(u) = f(v) =1, f(u1) =
flvi))=—i. If k=1 f(z) =1, f(v1) = f(v2) = 1. Label remaining vertices arbitrarily so that
3 vertices get label-1, 2 vertices get label and 2 vertices get labels. If both f(z) = 1 and
f(y) =1 thenk =0,1or2. Ifk =2, f(z) = f(y) = f(v1) = f(v2) = 1. Label the remaining
vertices arbitrarily so that 4 vertices get label, 3 vertices get label and 3 vertices get label
—i.Ask=0,12m+n=260r10

Subcase(2):f(u) =1andf(v) = 1.

As in previous cases, this is not possible.

Subcase(3):f(u) =1 andf(v) # 1.

If both f(z) # 1andf(y) # Lthenk =m —1m —2orm. If k =m — 1 orm — 2, label
vy, V2, ...., v With 1. Label the remaining vertices arbitrarily so that- 1 vertices get label
-1 k + 2 vertices get label andk + 2 vertices get labeli. If & = m, labelvy, vy, ...., vp41
with 1. Label the remaining vertices arbitrarily so that 2 vertices get label-1 k + 1 ver-
tices get labet andk + 1 vertices get labeli. Supposef(z) = 1 andf(y) # 1. As above,
k=m—1morm+ 1 If kK = m, labelv, vy, .....,vp_1 with 1. Label the remaining vertices
arbitrarily so that: 4 1 vertices get label- 1, k + 2 vertices get andk + 2 vertices get label-.
Ask=m—-1m—-2m,m+ 1 we haven =3m —6,3m —2,3m + 2 0r 3n + 6.
Subcase(4):f(u) # 1 andf(v) = 1.

As in Subcase(3), we gét=n —2,n — 1, norn+ 1. Asm < n, we haven < 3.

Case(iv):m +n = 3(mod 4)

Letm+n =4k+ 3,k > 0,k € Z. Three vertex labels should appéa# 2 times and one vertex
label should appear+ 1 vertices. Each edge label should appda#2 times.
Subcase(1):f(u) # 1 andf(v) # 1.

If f(z) =1andf(y) # 1, then eithek+1 = 2k+1ork = 2k+1sothatt =0or—1;If k =0,
f(v1) = 1; Label the remaining vertices arbitrarily so that 2 vertices get lalieP vertices get
labeli and 1 vertex get labels. If both f(z) = 1 andf(y) = 1, then eithelk = 2k — 1 or
k—1=2k—1sothatt = 1ork = 0. If k = 1, f(v;) = 1. Label the remaining vertices
arbitrarily so that 3 vertices get labell, 3 vertices get label and 2 vertices get labeli. As
k=0,1lm+n=30rm+n=717.

Subcase(2):f(u) = 1andf(v) = 1.

As in previous cases, this is impossible.

Subcase(3):f(u) =1 andf(v) # 1.

If both f(z) # Landf(y) # 1,thenk =m—1ork =m—2.If k =m— 1 labelvy, vy, ...., 511
with 1 and remaining vertices arbitrarily so that 2 vertices get label-i, k+2 vertices get label
1 andk + 1 vertices get labeli. If &k = m — 2, labelvy, v, ....., v With 1 and remaining vertices
arbitrarily so thatc + 2 vertices get label-1, k + 2 vertices get label andk + 2 vertices get
label —i. Supposef(xz) = 1 andf(y) # 1. Thenk =2k —mork — 1 =2k —m sothatt = m
ork =m— 1. If kK =m,labelvy, vy, ...., v, With 1. Label the remaining vertices arbitrarily so
thatk + 2 vertices get label-1, k + 2 vertices get label andk + 1 vertices get label-i. As
k=m—-—2m-—10rm,wehaven =3m —5,3m—10r3n+ 3.

Subcase(4):f(u) # 1andf(v) = 1.

As in Subcase(3), we gét=n —2,n — 1 orn. Asm < n, we haven < 2.0

An illustration of the labeling is given faof(3,5) in Fig. 23.

Definition 2.8. The graph obtained by joining two disjoint cycleg uy, ..., u, andvy, v, ..., v,
with an edgeu:yv1 is called dumbbell graps,,.

Theorem 2.9.The Dumbbell graptDb,, is group{1, —1,i, —i} cordial for everyn.

Proof. Number of vertices irDb,, is 2n and number of edges isi2+ 1.
Case (i} nis even.
Letn =2k, k>2kcZ.
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In a group{1, —1,¢,—i} cordial labeling, each vertex label should appedimes. One edge
label should appeariZimes and anotheri2+ 1 times. Define a labeling as follows:

Label w1, us, us, ..., u,_1 With 1. Label the remaining vertices arbitrarily so thadf them get
label -1, k of them get label and ik of them get label-i. Number of edges with label 1 is
3+2(k—1)=2k+1

1
Fig. 2.3

Case (ii): n is odd.

Letn=2k+1k>1k€eZ.

Inagroup{1, 1,4, —i} cordial labeling, two vertex labels should appkdimes and two vertex
labels should appear+ 1 times . One edge label should appefar2l times and anotherk2+ 2
times. Define a labeling as follows:

Label w1, us, us, ...,u,_1 With 1. Label the remaining vertices arbitrarily so thadf them get
label—1, k + 1 of them get labed andk + 1 of them get label-i. Number of edges with label 1
is3+2(k—1)=2k+ 1

Table 3 shows that in all cases, the given labeling is gfdup-1, i, —i} cordial. O

no | vp(D) | op(=1) | vp(i) | (i) | ep(0) | (1)

2k k k k k 2k 2k+1

2k+1 k k E+1| k+1 | 2k+2| 2k+1
Table 3

An illustration of the labeling is given fabbg in Fig. 24.

1 1 i -i

-1 1 i -i
Fig. 2.4

Definition 2.10. A flower graphF',, is the graph obtained from a Helm by joining each pendent
vertex to the central vertex of the Helm.

Theorem 2.11.The Flower graph¥'i,, is group{1, —1,i, —i} cordial for everyn.

Proof. Letw be the center of the Whe#l,,. Letus, uy, ..., u, be the vertices on the cycle ©f,,
andwvs, v, ..., v, be the pendent vertices of the helm such thas adjacent ta;; for 1 <i < n.
Number of vertices irFl,, is 2n + 1 and number of edges is4
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Case (i):n = 0(mod 4).

Letn = 4k, k > 1k € Z. In a group{1, —1,i,—i} cordial labeling, three of the vertex labels
should appearRtimes and one vertex labek2+ 1 times. Each edge label should appe&r 8
times. Define a labeling as follows:

Labelu,us, us, ..., u,_1 With 1. Label the remaining vertices arbitrarily so thatdf them get
label -1, 2k of them get label and Z + 1 of them get label-:. Number of edges with label 1
is 4(2k) = 8k.

Case (ii): n = 1(mod 4).

Letn =4k+ 1,k > 1k € Z. Inagroup{1, —1,4, —i} cordial labeling, one vertex label should
appear 2 times and three other vertex labels21 times. Each edge label should appeas
times. Define a labeling as follows:

Label uy, us, us, ..., u,_2,v2 With 1. Label the remaining vertices arbitrarily so that2 1 of
them get label-1, 2k + 1 of them get label and Z of them get label-:. Number of edges with
label 1is 42k) +2 =8k + 2.

Case (iii): n = 2(mod 4).

Letn =4k+2,k > 1,k € Z.Inagroup{1, —1, i, —i} cordial labeling, three of the vertex labels
should appearR+ 1 times and one vertex labek 2- 2 times. Each edge label should appear
8k = 4 times. Define a labeling as follows:

Labeluy, us, us, ..., u,,_1 With 1. Label the remaining vertices arbitrarily so th&t-2 1 of them
get label-1, 2t + 1 of them get label and Z + 2 of them get label-i. Number of edges with
label 1 is 42k + 1) = 8k + 4.

Case (iv):n = 3(mod 4).

Letn = 4k + 3,k > 0,k € Z. In a group{l,—1,4,—:i} cordial labeling, three vertex labels
should appearR+ 2 times and one vertex label should appear2l times. Each edge label
should appear8+ 6 times. Define a labeling as follows:

Label ui, us, us, ..., u,_2,v2 With 1. Label the remaining vertices arbitrarily so that-2 2 of
them get label-1, 2k + 2 of them get label and Z + 1 of them get label-i. Number of edges
with label 1 is 42k + 1) + 2 = 8k + 6.

Table 4 shows that in all cases, the given labeling is gfdup-1, ¢, —i} cordial. O

n vp() | vp(=1) | vp(i) | vp(=9) | er(0) | ep(D)

Ak k> 1 ke Z 2k 2k 2k 2k+1 8k 8k
A+ 1 k>1keZ | 2k+1 | 2k+1 | 2k+1 2k 8+2|8k+2
A +2k>1kecZ | 2k+1 | 2k+1 | 2k+1 | 2k+2 | 8k+4 | 8+ 4

A4 +3,k>0kcZ | 2k+2 | 2k+2 | 2k+2 | 2k+1 | 8k+6| 8+6
Table 4

An illustration of the labeling is given faFig in Fig. 25.
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