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Abstract Let G be a(p, q) graph andA be a group. Letf : V (G) → A be a function. The
order ofu ∈ A is the least positive integern such thatun = e. We denote the order ofu by
o(u). For each edgeuv assign the label 1 if(o(f(u)), o(f(v))) = 1 or 0 otherwise.f is called
a group A Cordial labeling if|vf (a) − vf (b)| ≤ 1 and|ef(0) − ef (1)| ≤ 1, wherevf (x) and
ef (n) respectively denote the number of vertices labeled with an elementx and number of edges
labeled withn(n = 0,1). A graph which admits a group A Cordial labeling is called a group
A Cordial graph. In this paper we define group{1,−1, i,−i} Cordial graphs and prove that the
Jahangir graphJ3,n(n ≥ 3) ,the Jelly fish graphsJ(m,n)(m ≤ n) , the Dumbbell graphDbn
and the Flower graphFln are all group{1,−1, i,−i} Cordial for everyn .

1 Introduction

Graphs considered here are finite, undirected and simple. Let A be a group. The order ofa ∈ A
is the least positive integern such thatan = e. We denote the order ofa by o(a). Cahit [3] intro-
duced the concept of Cordial labeling. Motivated by this, we defined group A cordial labeling
and investigated some of its properties. We also defined group{1,−1, i,−i} cordial labeling and
discussed that labeling for some standard graphs [1, 2] . In this paperwe discuss the labeling
for the Jahangir graphJ3,n(n ≥ 3) , the Jelly fish graphsJ(m,n)(m ≤ n) , the Dumbbell graph
Dbn and the Flower graphFln . Terms not defined here are used in the sense of Harary[5] and
Gallian [4].

The greatest common divisor of two integersm andn is denoted by(m,n) andm and
n are said to berelatively primeif (m,n) = 1. For any real numberx, we denote by⌊x⌋, the
greatest integer smaller than or equal tox and by⌈x⌉, we mean the smallest integer greater than
or equal tox.

A path is an alternating sequence of vertices and edges,v1, e1, v2, e2, ..., en−1, vn, which
are distinct, such thatei is an edge joiningvi andvi+1 for 1 ≤ i ≤ n− 1. A path onn vertices is
denoted byPn. A pathv1, e1, v2, e2, ..., en−1, vn, en, v1 is called a cycle and a cycle onn vertices
is denoted byCn.

Given two graphsG andH, G+H is the graph with vertex setV (G)∪ V (H) and edge
setE(G) ∪ E(H) ∪ {uv/u ∈ V (G), v ∈ V (H)}. A WheelWn is defined asCn +K1 and the
graph obtained by subdividing the edges on the cycle of a wheel exactly once is called the Gear
graph. The HelmHn is the graph obtained from a wheelWn by attaching a pendent edge at each
vertex of then− cycle.

2 Group {1,−1, i,−i} Cordial graphs

Definition 2.1. Let G be a(p, q) graph and consider the groupA = {1,−1, i,−i}with multiplica-
tion. Letf : V (G) → A be a function. For each edgeuv assign the label 1 if(o(f(u)), o(f(v))) =
1or 0 otherwise.f is called a group{1,−1, i,−i} Cordial labeling if|vf (a) − vf (b)| ≤ 1 and
|ef (0) − ef (1)| ≤ 1, wherevf (x) andef(n) respectively denote the number of vertices labeled
with an elementx and number of edges labeled withn(n = 0,1). A graph which admits a group
{1,−1, i,−i} Cordial labeling is called a group{1,−1, i,−i} Cordial graph.



70 M.K.Karthik Chidambaram, S. Athisayanathan and R. Ponraj

Example 2.2.A simple example of a group{1,−1, i,−i} Cordial graph is given in Fig. 2.1.
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We now investigate the group{1,−1, i,−i} Cordial labeling of some(p, q) graphs.
The Jahangir graphJm,n(n ≥ 3) was introduced by Surahmar and Tomescu[6] in 2006.

Definition 2.3.The Jahangir graphJm,n(n ≥ 3) is a graph withmn + 1 vertices, consisting of
a cycleCmn with one additional vertex which is adjacent ton vertices ofCmn at distancem to
each other onCmn.

Remark 2.4.The Jahangir graphJ1,n is the Wheel andJ2,n is the gear graph.

Theorem 2.5.The Jahangir graphJ3,n (n ≥ 3) is group{1,−1, i,−i} cordial for all n.

Proof. Let the vertices on the cycle be labeled asu1, u2, ...., u3n and let the central vertex be
labeled asw. Assume thatw is adjacent toui(i ≡ 1(mod 3)). Number of vertices = 3n+ 1 and
number of edges = 4n. Group{1,−1, i,−i} cordial labelings forn = 3 andn = 4 are given in
Table 1. Supposen ≥ 5.

n u1 u2 u3 u4 u5 u6 u7 u8 u9 u10 u11 u12 w

3 −1 1 1 −1 1 −1 i i −i −i

4 −1 1 1 −1 1 1 −1 i i i −i −i −i

Table 1

Case(i): 3n+ 1 ≡ 0(mod 4).
Let 3n + 1 = 4k(k ∈ Z). Each vertex label should appeark times and each edge label should
appear8k−2

3 times in a group{1,−1, i,−i} cordial labeling. Note thatk = 3r+1(r ∈ Z, r ≥ 1).
So the vertices on the cycle areui(1 ≤ i ≤ 12r + 3) whereui(i ≡ 1(mod 3),1 ≤ i ≤ 12r + 3)
are of degree 3 and others are of degree 2. Label the verticesui(1 ≤ i ≤ 6r − 2 , i ≡ 1(mod 3))
with 1. Also chooser + 1 vertices amongui(6r ≤ i ≤ 12r + 3, i 6= 1(mod 3)) and give them
label 1. Label the remaining vertices arbitrarily so thatk of them get label−1, k of them get
labeli andk of them get label−i. Number of edges with label 1= 3× 2r + (r+ 1)2 = 8k−2

3 .

Case(ii): 3n+ 1 ≡ 1(mod 4).
Let 3n + 1 = 4k + 1(k ∈ Z). Three vertex labels should appeark times and one vertex label
should appeark + 1 times. Each edge label should appear8k

3 times in a group{1,−1, i,−i}
cordial labeling. In this casek = 3r(r ∈ Z, r ≥ 2). Now the vertices on the cycle are
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ui(1 ≤ i ≤ 12r) whereui(i ≡ 1(mod 3)) are of degree 3 and others are of degree 2. La-
bel the verticesui(1 ≤ i ≤ 6r − 8 , i ≡ 1(mod 3)) with 1. Also chooser + 3 vertices
ui(6r − 6 ≤ l ≤ 12r, i 6= 1(mod 3)) and give them label 1. Label the remaining vertices ar-
bitrarily so thatk of them get label−1, k of them get labeli andk of them get label−i. Number
of edges with label 1= 3× (2r − 2) + (r + 3)2 = 8r.

Case(iii): 3n+ 1 ≡ 2(mod 4)
Let 3n + 1 = 4k + 2(k ∈ Z). Two vertex labels should appeark times and 2 vertex la-
bels should appeark + 1 times. Each edge label should appear 2n = 8k+2

3 times. Now
k = 3r + 2(r ≥ 1, r ∈ Z). The vertices on the cycle areui(1 ≤ i ≤ 12r + 9). Label
the verticesui(1 ≤ i ≤ 6r − 2, i ≡ 1(mod 3)) with 1. Also chooser + 3 vertices among
ui(6r ≤ i ≤ 12r + 9, l 6= 1(mod 3)) and give them label 1. Label the remaining vertices ar-
bitrarily so thatk + 1 vertices get label−1, k vertices get labeli andk vertices get label−i.
Number of edges with label 1= 2r × 3+ 2(r + 3) = 8r + 6.

Case(iv): 3n+ 1 ≡ 3(mod 4)
Let 3n+ 1 = 4k + 3(k ∈ Z). Three vertex labels should appeark + 1 times and 1 vertex label
should appeark times. Each edge label should appear8k+4

3 times. Nowk = 3r+1(r ≥ 1, r ∈ Z).
The vertices on the cycle areui(1 ≤ i ≤ 12r + 6). Label the verticesui(1 ≤ i ≤ 6r − 2, l ≡
(mod 3)) with 1. Also chooser + 2 vertices amongui(6r ≤ i ≤ 12r + 6, l 6= i(mod 3))
and give them label 1. Label the remaining vertices arbitrarily so thatk + 1 vertices get la-
bel −1 , k + 1 vertices get labeli and k vertices get label−i. Number of edges with label
1 = 2r × 3 + 2(r + 2) = 8r + 4. Table 2 shows that in all cases, the given labeling is group
{1,−1, i,−i} cordial.✷

3n+ 1 vf (1) vf (−1) vf (i) vf (−i) ef (0) ef (1)

4k k k k k 8k−2
3

8k−2
3

4k + 1 k + 1 k k k 8k
3

8k
3

4k + 2 k + 1 k + 1 k k 8k+2
3

8k+2
3

4k + 3 k + 1 k + 1 k + 1 k 8k+4
3

8k+4
3

Table 2

An illustration of the labeling forJ3,5 is given in Fig. 2.2.
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Fig. 2.2

Definition 2.6.Jelly fish graphsJ(m,n)(m ≤ n) are obtained from a cycleC4 : uxvyu by
joining x andy with an edge and appendingm pendent edges tou andn pendent edges tov.
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Theorem 2.7.Jelly fish graphsJ(m,n)(m ≤ n) are group{1,−1, i,−i} cordial if and only if
eitherm+ n ≤ 10 or 3m− 6 ≤ n ≤ 3m+ 6.

Proof. Let them pendent vertices adjacent tou be labeled asu1, u2, ..., um and then pendent
vertices adjacent tov be labeled asv1, v2, ...., vn. Number of vertices inJ(m,n) is m + n + 4
and number of edges ism+ n+ 5.
Case(i):m+ n ≡ 0(mod 4).
Let m + n = 4k, k ≥ 1, k ∈ Z. Each vertex label should appeark + 1 times. One edge label
should appear 2k + 2 times and another should appear 2k + 3 times.
Subcase(1):f(u) 6= 1 andf(v) 6= 1.
If f(x) = 1 andf(y) 6= 1,then every other vertex with label 1 will yield only one edge with
label 1. Sok = 2k − 1 or k = 2k so thatk = 1 or k = 0. If both f(x) = 1 andf(y) = 1,
thenk − 1 = 2k − 3 or k − 1 = 2k − 2 and sok = 2 or k = 1. If k = 1,m + n = 4 and if
k = 2,m + n = 8. If k = 1, labelx andv1 with 1 and remaining vertices arbitrarily so that 2
vertices get label−1, 2 vertices get labeli and 2 vertices get label−i. If k = 2, labelx, y andv1

with 1 and remaining vertices arbitrarily so that each vertex label appearson 3 vertices.
Subcase(2):f(u) = 1 andf(v) = 1.
This induces label 1 tom+ n+ 4 edges and so this case is impossible.
Subcase(3):f(u) = 1 andf(v) 6= 1.
If both f(x) 6= 1 andf(y) 6= 1, then eitherk = 2k −m or k = 2k −m + 1. So eitherk = m
or k = m − 1 and son = 3m or n = 3m − 4. In both the cases, label the verticesv1, v2, ..., vk
with 1 and the remaining vertices arbitrarily so that each vertex label appears on exactlyk + 1
vertices. Suppose eitherf(x) = 1 orf(y) = 1. Without loss of generality, letf(x) = 1. Then as
above,k = m+ 1 or k = m. In both the cases, label the verticesv1, v2, ...., vk−1 with 1 and the
remaining vertices arbitrarily so that each vertex label appears on exactly k + 1 vertices. When
k = m− 1,m or m+ 1, we haven = 3m− 4,3m,3m+ 4 accordingly.
Subcase(4):f(u) 6= 1 andf(v) = 1.
As in Subcase(3), by symmetry, we havek = n, n− 1 orn+ 1. But , by assumptionm ≤ n and
so in this casen ≤ 2.
Case(ii): m+ n ≡ 1(mod 4) .
Letm+n = 4k+1, k ≥ 0, k ∈ Z. Three vertex labels should appeark+1 times and one vertex
label should appeark + 2 times. Each edge label should appear 2k + 3 times.
Subcase(1):f(u) 6= 1 andf(v) 6= 1.
If f(x) = 1 andf(y) 6= 1, then eitherk = 2k or k + 1 = 2k so thatk = 0 or 1. If k = 0
,takef(y) = −1, f(u) = f(v) = i andf(v1) = −i. If both f(x) = 1 andf(y) = 1, then
eitherk − 1 = 2k − 2 or k = 2k − 2 so thatk = 1 or k = 2. If k = 1, f(x) = 1, f(v1) = 1
andf(v2) = 1. Label the remaining vertices arbitrarily so that each vertex label appears on 2
vertices. Ifk = 2, let f(x) = 1, f(y) = 1, f(v1) = 1 andf(v2) = 1. Label the remaining
vertices arbitrarily so that each vertex label appears on 3 vertices. Ask = 0,1 or 2, we have
m+ n = 1,5 or 9.
Subcase(2):f(u) = 1 andf(v) = 1.
As in Subcase(2) of Case(i), this is impossible.
Subcase(3):f(u) = 1 andf(v) 6= 1.
If both f(x) 6= 1 andf(y) 6= 1, then eitherk = 2k − m + 1 or k + 1 = 2k − m + 1 so that
k = m − 1 or k = m. In the former case,labelv1, v2, ...., vk with 1 and the remaining vertices
arbirarily so thatk+1 vertices get label−1, k+1 vertices get labeli andk+2 vertices get label
−i. In the latter case, labelv1, v2, ....., vk+1 with 1 and the remaining vertices arbitrarily so that
each of the vertex labels−1, i and−i appear onk+1 vertices. Supposef(x) = 1 andf(y) 6= 1.
Then as abovek = m or k = m+ 1 . If k = m+ 1, label the verticesv1, v2, ...., vk with 1 and
the remaining vertices arbitrarily so that each of the vertex labels−1, i and−i appear onk + 1
vertices. Ask = m− 1,m,m+ 1, we haven = 3m− 3,3m+ 1 or 3m+ 5.
Subcase(4):f(u) 6= 1 andf(v) = 1.
As in Subcase(3), we getk = n− 1, n or n+ 1. As m ≤ n, in these cases,n ≤ 2.
Case(iii): m+ n ≡ 2(mod 4).
Let m+ n = 4k + 2, k ≥ 0, k ∈ Z. Two vertex labels should appeark + 1 times and two other
vertex labels should appeark+ 2 times. One edge label should appear 2k+ 3 times and another
should appear 2k + 4 times.
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Subcase(1):f(u) 6= 1 andf(v) 6= 1.
If f(x) = 1 andf(y) 6= 1, then there are are four possibilities;k = 2k, k = 2k + 1, k + 1 = 2k
andk+1 = 2k+1. Hencek = 0 or 1. Ifk = 0, f(x) = 1, f(y) = −1, f(u) = f(v) = i, f(u1) =
f(v1) = −i. If k = 1, f(x) = 1, f(v1) = f(v2) = 1. Label remaining vertices arbitrarily so that
3 vertices get label−1,2 vertices get labeli and 2 vertices get label−i. If both f(x) = 1 and
f(y) = 1, thenk = 0,1 or 2. If k = 2, f(x) = f(y) = f(v1) = f(v2) = 1. Label the remaining
vertices arbitrarily so that 4 vertices get label−1,3 vertices get labeli and 3 vertices get label
−i. As k = 0,1,2,m+ n = 2,6 or 10.
Subcase(2):f(u) = 1 andf(v) = 1.
As in previous cases, this is not possible.
Subcase(3):f(u) = 1 andf(v) 6= 1.
If both f(x) 6= 1 andf(y) 6= 1 thenk = m − 1,m − 2 or m. If k = m − 1 or m − 2, label
v1, v2, ...., vk with 1. Label the remaining vertices arbitrarily so thatk + 1 vertices get label
−1, k + 2 vertices get labeli andk + 2 vertices get label−i. If k = m, label v1, v2, ...., vk+1

with 1. Label the remaining vertices arbitrarily so thatk + 2 vertices get label−1, k + 1 ver-
tices get labeli andk + 1 vertices get label−i. Supposef(x) = 1 andf(y) 6= 1. As above,
k = m − 1,mor m + 1. If k = m, labelv1, v2, ....., vk−1 with 1. Label the remaining vertices
arbitrarily so thatk+ 1 vertices get label−1, k+ 2 vertices geti andk+ 2 vertices get label−i.
As k = m− 1,m− 2,m,m+ 1, we haven = 3m− 6,3m− 2,3m+ 2 or 3m+ 6.
Subcase(4):f(u) 6= 1 andf(v) = 1.
As in Subcase(3), we getk = n− 2, n− 1, n or n+ 1. As m ≤ n, we haven ≤ 3.
Case(iv):m+ n ≡ 3(mod 4)
Letm+n = 4k+3, k ≥ 0, k ∈ Z. Three vertex labels should appeark+2 times and one vertex
label should appeark + 1 vertices. Each edge label should appear 2k + 4 times.
Subcase(1):f(u) 6= 1 andf(v) 6= 1.
If f(x) = 1 andf(y) 6= 1, then eitherk+1 = 2k+1 ork = 2k+1 so thatk = 0 or−1; If k = 0,
f(v1) = 1; Label the remaining vertices arbitrarily so that 2 vertices get label−1,2 vertices get
label i and 1 vertex get label−i. If both f(x) = 1 andf(y) = 1, then eitherk = 2k − 1 or
k − 1 = 2k − 1 so thatk = 1 or k = 0. If k = 1, f(v1) = 1. Label the remaining vertices
arbitrarily so that 3 vertices get label−1,3 vertices get labeli and 2 vertices get label−i. As
k = 0,1,m+ n = 3 orm+ n = 7.
Subcase(2):f(u) = 1 andf(v) = 1.
As in previous cases, this is impossible.
Subcase(3):f(u) = 1 andf(v) 6= 1.
If both f(x) 6= 1 andf(y) 6= 1,thenk = m−1 ork = m−2. If k = m−1, labelv1, v2, ...., vk+1

with 1 and remaining vertices arbitrarily so thatk+2 vertices get label−i, k+2 vertices get label
i andk+1 vertices get label−i. If k = m− 2, labelv1, v2, ....., vk with 1 and remaining vertices
arbitrarily so thatk + 2 vertices get label−1, k + 2 vertices get labeli andk + 2 vertices get
label−i. Supposef(x) = 1 andf(y) 6= 1. Thenk = 2k −m or k − 1 = 2k −m so thatk = m
or k = m − 1. If k = m, label v1, v2, ...., vk with 1. Label the remaining vertices arbitrarily so
that k + 2 vertices get label−1, k + 2 vertices get labeli andk + 1 vertices get label−i. As
k = m− 2,m− 1 orm, we haven = 3m− 5,3m− 1 or 3m+ 3.
Subcase(4):f(u) 6= 1 andf(v) = 1.
As in Subcase(3), we getk = n− 2, n− 1 orn. As m ≤ n, we haven ≤ 2. ✷

An illustration of the labeling is given forJ(3,5) in Fig. 2.3.

Definition 2.8.The graph obtained by joining two disjoint cyclesu1, u2, ..., un andv1, v2, ..., vn
with an edgeu1v1 is called dumbbell graphDbn.

Theorem 2.9.The Dumbbell graphDbn is group{1,−1, i,−i} cordial for everyn.

Proof. Number of vertices inDbn is 2n and number of edges is 2n+ 1.
Case (i): n is even.
Let n = 2k, k ≥ 2, k ∈ Z.
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In a group{1,−1, i,−i} cordial labeling, each vertex label should appeark times. One edge
label should appear 2k times and another 2k + 1 times. Define a labelingf as follows:
Labelu1, u3, u5, ..., un−1 with 1. Label the remaining vertices arbitrarily so thatk of them get
label −1, k of them get labeli andk of them get label−i. Number of edges with label 1 is
3+ 2(k − 1) = 2k + 1.
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Case (ii): n is odd.
Let n = 2k + 1, k ≥ 1, k ∈ Z.
In a group{1,−1, i,−i} cordial labeling, two vertex labels should appeark times and two vertex
labels should appeark+1 times . One edge label should appear 2k+1 times and another 2k+2
times. Define a labelingf as follows:
Labelu1, u3, u5, ..., un−1 with 1. Label the remaining vertices arbitrarily so thatk of them get
label−1, k+ 1 of them get labeli andk+ 1 of them get label−i. Number of edges with label 1
is 3+ 2(k − 1) = 2k + 1.
Table 3 shows that in all cases, the given labeling is group{1,−1, i,−i} cordial.✷

n vf (1) vf (−1) vf (i) vf (−i) ef (0) ef (1)

2k k k k k 2k 2k + 1

2k + 1 k k k + 1 k + 1 2k + 2 2k + 1

Table 3

An illustration of the labeling is given forDb6 in Fig. 2.4.
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Definition 2.10.A flower graphFln is the graph obtained from a Helm by joining each pendent
vertex to the central vertex of the Helm.

Theorem 2.11.The Flower graphFln is group{1,−1, i,−i} cordial for everyn.

Proof. Let u be the center of the WheelWn. Letu1, u2, ..., un be the vertices on the cycle ofWn

andv1, v2, ..., vn be the pendent vertices of the helm such thatvi is adjacent toui for 1 ≤ i ≤ n.
Number of vertices inFln is 2n+ 1 and number of edges is 4n.
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Case (i):n ≡ 0(mod 4).
Let n = 4k, k ≥ 1, k ∈ Z. In a group{1,−1, i,−i} cordial labeling, three of the vertex labels
should appear 2k times and one vertex label 2k + 1 times. Each edge label should appear 8k
times. Define a labelingf as follows:
Labelu1, u3, u5, ..., un−1 with 1. Label the remaining vertices arbitrarily so that 2k of them get
label−1, 2k of them get labeli and 2k + 1 of them get label−i. Number of edges with label 1
is 4(2k) = 8k.
Case (ii): n ≡ 1(mod 4).
Let n = 4k + 1, k ≥ 1, k ∈ Z. In a group{1,−1, i,−i} cordial labeling, one vertex label should
appear 2k times and three other vertex labels 2k+1 times. Each edge label should appear 8k+2
times. Define a labelingf as follows:
Label u1, u3, u5, ..., un−2, v2 with 1. Label the remaining vertices arbitrarily so that 2k + 1 of
them get label−1, 2k+1 of them get labeli and 2k of them get label−i. Number of edges with
label 1 is 4(2k) + 2 = 8k + 2.
Case (iii): n ≡ 2(mod 4).
Letn = 4k+2, k ≥ 1, k ∈ Z. In a group{1,−1, i,−i} cordial labeling, three of the vertex labels
should appear 2k + 1 times and one vertex label 2k + 2 times. Each edge label should appear
8k = 4 times. Define a labelingf as follows:
Labelu1, u3, u5, ..., un−1 with 1. Label the remaining vertices arbitrarily so that 2k + 1 of them
get label−1, 2k + 1 of them get labeli and 2k + 2 of them get label−i. Number of edges with
label 1 is 4(2k + 1) = 8k + 4.
Case (iv):n ≡ 3(mod 4).
Let n = 4k + 3, k ≥ 0, k ∈ Z. In a group{1,−1, i,−i} cordial labeling, three vertex labels
should appear 2k + 2 times and one vertex label should appear 2k + 1 times. Each edge label
should appear 8k + 6 times. Define a labelingf as follows:
Label u1, u3, u5, ..., un−2, v2 with 1. Label the remaining vertices arbitrarily so that 2k + 2 of
them get label−1, 2k + 2 of them get labeli and 2k+ 1 of them get label−i. Number of edges
with label 1 is 4(2k + 1) + 2 = 8k + 6.
Table 4 shows that in all cases, the given labeling is group{1,−1, i,−i} cordial.✷

n vf (1) vf (−1) vf (i) vf (−i) ef (0) ef (1)

4k, k ≥ 1, k ∈ Z 2k 2k 2k 2k + 1 8k 8k

4k + 1, k ≥ 1, k ∈ Z 2k + 1 2k + 1 2k + 1 2k 8k + 2 8k + 2

4k + 2, k ≥ 1, k ∈ Z 2k + 1 2k + 1 2k + 1 2k + 2 8k + 4 8k + 4

4k + 3, k ≥ 0, k ∈ Z 2k + 2 2k + 2 2k + 2 2k + 1 8k + 6 8k + 6
Table 4

An illustration of the labeling is given forFl6 in Fig. 2.5.
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