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Abstract Let G be a graph of order n with vertices labeled as vy, vy, ..., v,. Let d; be the
degree of the vertex v;, for i = 1,2,...,n. The multiplicative Hyper- Zagreb index, is defined
as, HII(G) = [[,,e p(q) (da(u) + dc(v))?. In this paper the upper bounds on the multiplicative
Hyper- Zagreb indices of the the Cartesian product, corona product, composition, disjunction,
join and symmetric difference of graphs are computed. We apply some of our results to compute
the multiplicative Hyper- Zagreb index.

1 Introduction

All graphs considered in this paper are assumed to be simple. Let G be a (molecular) graph
with vertex set V(G) = {vi,v2, ..., v, } and edge set E(G). If v; and v; are adjacent vertices of
G, then the edge connecting them is denoted by v;v;. By d; we denote the degree of the vertex
v; € V(G). We consider only simple connected graphs, i.e. connected graphs without loops and
multiple edges. A topological index Top(G)) of a graph G}, is a number with this property that
for every graph G, isomorphic to G, Top(G;) = Top(Gz). The Cartesian product G; X G, of
graphs G| and G has the vertex set V(G x G2) = V(G}) x V(G,) and (a, z)(b,y) is an edge
of GIX G, ifa =band xy € E(G,),orab € E(Gy) and x = y. If (a, z) is a vertex of G1 X G,
then dg,xq,((a,2)) = dg,(a) + dg,(x). The composition G[G>] of graphs G and G, with
disjoint vertex sets V(G;) and V(G)) and edge sets F(G1) and E(G,) is the graph with vertex
set V(G1) x V(G,) and (a, ) is adjacent to (b, y) whenever b is adjacent to y or a = b and z
is adjacent to y. If (a, x) is a vertex of G[G2], then dg (¢, ((a, z)) = [V (G2)|dg, (a) + dg, ().
The corona product GG; o G is defined as the graph obtained from G and G, by taking one copy
of G and |V (G,)| copies of H and then by joining with an edge each vertex of the i”* copy of
H which is named (G»,4) with the i vertex of G for i = 1,2,....|V(Gy)|. If u is a vertex of
G4 o GGy, then

dGl(u) + ‘V(G2)| if uwe V(Gl)

dGoc, (u) = {dcz(u) 41 if we (Ga,i).

The join G| + G, of graphs G and G is a graph with vertex set V(G;) U V(G,) and edge set
E(G)UE(Gy)U{uwv : u € V(Gy) and v € V(G2)}. The symmetric difference G| & G»
of two graphs G and G, is the graph with vertex set V(G;) @ V(G,) and E(G) & G;) =
{(u1,u2)(v1,v2)|uivy € E(G1) or wupv, € E(G,) butnot both}. The tensor product G| ®
G, of two graphs G and G, is the graph with vertex set V(G;) x V(G,) and E(G; ® G,) =
{(U],UQ)(U],Uz) | uvy € E(G]),Uzvz S E(Gz)}

This paper is organized as follows. In Section 2, we state some previously known results also
we study the multiplicative Hyper- Zagreb index of a graph. In Section 3, we the Hyper- Zagreb
index of the Cartesian product, corona product, composition, disjunction, join and symmetric
difference of graphs are computed.

2 Preliminaries and known results

In this section, we study the Hyper-multiplicative Zagreb index of a graph and some exact for-
mulae for the Hyper-multiplicative Zagreb index of some well-known graphs are presented. We
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begin with the definition and crucial theorem related to theorem properties of some graph oper-
ations. Let us begin with a few examples, then we will give a crucial theorem related to distance
properties of some graph operations. In mathematical chemistry, there is a large number of
topological indices of the form

TI=TIG)= Y F(ddy).
v;,0; EE(G)
The most popular topological indices of this kind are the:
+ first Zagreb index, M1 (G) = 3, c pe) (da(u) +da(v) = 3, ev (@) da(u)?,

+ second Zagreb index, M>(G) = }_ e p() <dG (u)dg(v)>,

2
* hyper-Zagreb index, HM(G) = 3, ,c p(c) <dg(u) +dg (v)) ,
+ first multiplicative Zagreb index, [],(G) = [I,cv (g dc (u)?,

« second multiplicative Zagreb index, [[,(G) = [],.,c EG <dG )

2
« hyper-multiplicative Zagreb index, HII(G) = [],,,c B(G (dg )+ dg(v ) .

Note that there are several more indices, see ([3], [14], [15]) . The Zagreb indices are widely
studied degree-based topological indices, and were introduced by Gutman and T'rinajsti¢ [S]
in 1972, there was a vast research on comparing Zagreb indices see ( [9], [10]). A survey on
the first Zagreb index see [4]. The Hyper-multiplicative Zagreb index can also be expressed as
a sum over edges of G [15],

HILNG) = [ (da(u)+da(v)*.
weEE(G)

Readers interested in more information on Hyper-multiplicative Zagreb index can be referred to
([2], [16], [17], [18]). Recently, the analogous concepts of the sigma index of graphs operations
[11] and the Nano-Zagreb index and multiplicative Nano-Zagreb index of some graph operations
[12] were put forward.

Proposition 2.1. [15] Let K,, be a complete graph with n vertices. Then

2
HII(K,) = ] (d(u)+d(v)> = [2(n — 1)*n=D,

weE(Ky)

Proposition 2.2. [15] Let K,,, ,, be a complete bipartite graph with 1 < m < n. Then

HII(K, ) = H d(u) + d(v)) = (m +n)*™".

wWEE(Kp m)

Proposition 2.3. [15] Let K ,, be a star. Then

2
HIL(Ki.) =[] d(u)—i—d(v)) =(n+1)

UU€E<K1 n)

Proposition 2.4. [15] Let C,, be a cycle with n > 3 vertices. Then

HII(C),) = H (d(u) + d(v)) =[(242)]" =4".

weE(C,)

Lemma 2.5. (AM-GM inequality) Let xy, x3, ..., x,, be nonnegative numbers. Then

B R Ny 2.1)

n
holds with equality if and only if all the x; s are equal.
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3 Multiplicative Hyper- Zagreb indices of Graph Operations

In this section, we the multiplicative Hyper- Zagreb indices of the Cartesian product, composi-
tion, join and disjunction of graphs are computed. We apply some of our results to compute the
small Zagreb index. We begin this section with standard Lemma as follow.

Lemma 3.1. Let G| and G, be two connected graphs, then we have:

(@)|[V(G1 x Go)| = [V(G1 VG| = |[V(Gi[Ga])| = [V(G1 & G2)| = [V(G1)||[V(G2)],
|E(G1 x G2)| = |[E(G)[|V(G2)| + [V(G1)[| E(G2)],
|E(G1 + Ga)| = |[E(G1)| + |E(G2)| + [V(G1)V(G2)],
|E(G1[Ga])| = [E(GDIV(Ga) > + | E(G)]|V(Ga),
[E(G1V Go)| = |[V(G)|[V(G2)]? + [E(G)I[V(G1)] = 2|E(G))]|E(Ga)],
|E(G1 @ Ga)| = |[E(G)|[V(G2) + |E(Go)||V(G1) P = 42|E(G))[| B(Ga)].

)
) If(
(d) If (a,b) is a vertex of G1[Ga] thendg e, ((a,b)) = |V (G1)|da,(a) + da, (b).
(e) If (a,b) is a vertex of G & G2 or G} @ G, we have :
deie6,((a,b)) = [V(G1)ldg, (a) + [V(G1)lda, (b) — 2dg, (a)da, (b).
dee6,((a,)) = [V(G2)ldg, (a) +[V(G1)lde, (b) — de, (a)de, (b).
(f) If u is a vertex of G| V G, then we have :

_Jde,(w) + [V(G2)| if uweV(Gy)
dava, (u) = .
de,(u) + V(G| if uweV(G).
Proof. The parts (a) and (b) are consequence of definitions and some famous results of the book
of Imrich and Klavzar [8]. For the proof of (c-f) we refer to [13]. m|

The Cartesian product G; X G, of graphs G; and G, has the vertex set V(G| x Gp) =
V(Gy) x V(G2) and (u;,v;)(uk,v;) is an edge of G} K G, if
either u; = uy, and vju; € E(G,),
or wyuy € E(Gy) and v; = v;.

Theorem 3.2. Let G| and G, be two graphs with ny and n; vertices, my and m, edges respec-
tively. Then

HII(G1 &Gz) = (4m1M1(G1) +n2HM(G1) +8m2M1(G2)>

(nl m2>nlm2

1

X (anl )nzml

nomg
(4m2M1(G2) +’I’LlHM(G2) +8m1M1(G1)) .

Proof. By the definition of the multiplicative Hyper-Zagreb index and from the above partition
of the edge set in G| X G, we have

2
HII(G1 X G,) = H (dGlggz (us, Uj) +dgxa, (up7 ’l)q)) .
(ui,v;)(up,vg) EE(GIKG,)
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This actually can be written as

= I I (400 (o) + o))’

ui €V(G1) (v5,v4)€EE(G2)

+4dg, (ui) (dg, (v)) + de, (”q)))

X H H <4dé2 (vj) + (dGl (ul) +dg, (UP))Z

v; €V (G2) (ui,up)€E(G))
+ dda, (vy) (de (w1) + da <u,,>)>.

However, from the inequality (2.1), we get

<{ > > <4d2c,(ui)+(dGz(“j)+dGz(”q>)2

u; €V(G1) (vj,vq)€EE(G?)

+ 4des () (des (v;) + dGZ@Q»H o

x l Z Z (4d2Gz (Uj) + (dGl (ul) +dg, (up))z

v; EV(G) (ui,up)EE(G)

+4dg, (v;) (de, (ui) + dg, (up)))]

[ 7 nymy
2
2 (v,00)€E(G2) <4M1(G1) +n1(de, (v)) + da, (vq))
+8m (de, (v;) + dazwq)))
<
h nymy
[ 2 - Na2m;
Z(unup)eE(Go (4M1(G2) +n2(de, (i) + de, (up))
+8my (dGl (uz) + dg, (up)))
X
no2mg
_ 1 . nyimsy
= Gy A Mi(G1) + oM (Gh) + 8ma M (Go)
1 namg
X(Tszl’nl)nZW(4m2M1(G2)+n1HM(G2)+8m1M1(G1)> .

O
Remark 3.3. [1] For a cycle graph with n vertices, we have, HM (C,,) = 16n, M;(C,,) = 4n.

Example 3.4. Let C,, and C, be cycles with n > 3 vertices. Then

pq
HII(C, R C,) = [((16p2 + 16pg + 32¢%) x (164> + 16pq + 32p2)) } .

b
(pq)ra
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The corona product G| o G, of two graphs G| and G, is defined to be the graph I" obtained
by taking one copy of G; (which has n; vertices) and n, copies of G, and then joining the
ith vertex of G; to every vertex in the ith copy of G,,i = 1,2,....,n;. Let G; = (V, E) and
G> = (V, E) be two graphs such that V(G) = {ui,ua,...,un, },|E(G1)| = m; and V(G,) =
{v1,v2, .., Un, }, |[E(G2)| = my. Then it follows from the definition of the corona product that
G 0G, has ni(1+ny) vertices and m +njmy +nin, edges, where V(G 0Ga) = {(u;,v;),i =
1,2,...,n155 = 0,1,2,...,n2} and E(Gy o G2) = {((ui,v0), (ug,v0)), (us,ux) € E(Gy)} U
{((wisvj), (uisv)), (vj,v) € E(Ga),i = 1,2, ...,n1 } U{((us, v0), (wi,vp)), 0 = 1,2, ... ,na,0 =
1,2,...,n1}. Itis clear that if G, is connected, then G| o G3; is connected, and in general G o G,
is not isomorphic to G| o G.

Theorem 3.5. Let G| and G, be two graphs with n; and ny vertices, m| and m, edges respec-
tively. Then

1 "
HII(G] o Gz) = Tnml(HM(Gl) —|—4nm§ +4TL2M1(G1))
1

1
X W (nle(Gl) + nlM](Gz) + 8mimy + nan(nz + 1)2

niny
+dnomy(ny + 1) + dnyma(ny + 1))
1 nymg
X (nlm)nlmz(anM(Gz)+4n1m2+4n1M1(G2)) .

Proof. By the definition of the multiplicative Hyper-Zagreb index and from the above partition
of the edge set in G| o GG, we have

2
HII(Gi 0 Gy) = 1T (dclocz (i, vj) + dGyoGs (Upvvq)>
(uifvj)(up’”q)eE(GIOGZ)

((dGl (ui) + da, (up)) + 2ﬂ2> 2

(wiup)EE(G))

2
. T (dey (o) + () + (25 1) )

’u.iGV(Gl) v EV(Gz)

x 11 ((dGz@U>4—dG2@@))%—2>2

i€V(G1) (v5,04)€E(Ga)

3

— ((dGl (ul) + dGl (up))2 + 477,% +4n, (dGl (ul) + dGl (up))>

< I 1 @mw+%wW+m+w

’u.,;EV(Gl) vj GV(Gz)

+2(ny + 1) (dg, (u;) + de, (%)))

« I 11 Qmmwmwww+wmmwmww.

u; EV(G1) (vj,v4)€EE(G2)

However, from the inequality (2.1), we get

mj

2
2 (s, up)EE(GY) <(dG1 (ui) + da, (up))” +4n3 + dns (de, (ui) + dg, (%)))

mi

<
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7 nin2

2
Do €V(Gy) 2oy €V(Ga) <d2c;, (ui) + dg;, (v;) + 2dg, (ui)de, (vj) + (n2 + 1)

+2(n2 + 1) (dg1 (w;) +dg, (vj)))

nina

7 nim2

2
Do eV(Gr) 2a(v;,00)EE(Ga) ((dGz () +da, (vg))” 44

H((de ) +de (1)

X
nymyp
1 ™
= —m (HM(G]) +4n1n%—|—4n2M1(G1)>
m

1
X W (nQMl(Gl) + li(Gz + 8m1m2) + nmz(nz + 1)2

+4dnymy(ny + 1) + dnyma(ny + 1))

1 nimo
X W(TL]HM(GZ) +4n1m2+4n1M1(G2)) .

]
Remark 3.6. [1] For a path with n vertices, we have: HM (P,,) = 16n — 30, M;(P,) = 4n — 6.

Example 3.7. Let C, and P, be a cycle and path with n > 3 vertices. Then
HII(C, 0 P,) ! (16 + 4gn® + 4n(4 6))q X (16 +q(4n — 6)
oP,)=—|16n+4qgn n(4n — —— | 16gn + g(4n —
! q (qn)am
qn
+8¢(n — 1)) + q(n — 1)(n)* + 4q(n — 1)(n) + 4q(n — 1)(%))
1 q(n—1)
X (q(16n—30) +4q(n—1) +4q(4n—6)> :

(g(n — )T

Theorem 3.8. Let G| and G, be two graphs with ny and nj vertices, my and m, edges respec-
tively. Then

nymy

<4M1 (G] )n% + TL]HM(GZ) + dmny M, (Gz))

HII(G,[G,)) <

(mz)n]mz ny

n%ml

1 (n%HM(G]) + 4m M, (Gz) + 8nomo M, (G])

X 2
(ng)™m m
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Proof. By the definition of the multiplicative Hyper-Zagreb index and from the above partition
of the edge set in G [G>], we have

2
HII(G,[Gy]) = H (dcl[c;z](uz‘, ;) + da, ) (Up, Uq))
(ui,v;)(up,vg) EE(G1[G2])

2
= H H <(dG, (ui)nz + de, (v;)) + (de, (ui)na + dGz(vq))>

uwi €V(G1) (vj,v4)€EE(G2)

) M2
X H H [((dcl (UZ)nz +dg, (vj)) + (dGl (up)nz +dg, (vj))) ‘|

(ui,up)GE(Gl) vj GV(Gz)

= I I (s (oo + des(en))

wi €V (G1) (v5,04)€EE(G2)

+4de, (ui)n2 (de, (v) + dGz(”q)))

< 1 11 <n§(dG1 (ui) + de, (up))” + 4d2Ga (v;)

(ui,up)EE(G) v;€V(Gr)
+ 4n2dGa (v;) (de, (ui) + da, (up)) ™.

However, from the inequality (2.1), we get

my
< I
W €V(GY) ma
- _ ’I’L%
2
(30 ) + e (1) + 421, G2)
+8noma (da, (u;) + da, (u
< 11 ama (da, (ui) + da, (uy))
(ui up)EE(G) "
) . nimp
(4M1(G1)n% + ’I’LlHM(Gz) + dmny M, (G2)>
<
(mz)mmz ny
n%ml
1 <n3HII(G1) + 4m M (G2) + 8nama My (G1)
>< 2
(ng)™™ mi

Example 3.9. Let C), and C, be cycles with n > 3 vertices. Then

1 pa 1
HII(C,[C,]) = < —— ( 16p¢® + 16pg* + 16pq> X
@leD =< o r
The disjunction G; ® G, of graphs G| and G, is the graphwith a vertex set V(G;) x V(G,)
and (u;,v;) is adjacent to (uy,v;) whenever u;u, € E(G)) or vju; € E(G,). The degree of a
vertex (u;,v;) of G; ® G is given by
de,@6, (i v;) = nade, (u;) + mide, (v;) — da, (ui)da, (v;)-

pq
<42pq3 + 16pq + 32pq2> .
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Theorem 3.10. Let G| and G, be two graphs with ny and n; vertices, m| and m; edges respec-
tively. Then

1

HIIGI @ Gy)) < ————
( 1 2) (nlm2)mm2

[4m2n§M1 (G1) +ni HM(G,) — 4M;(G1)HM (G»)

nymsa
—|— 8n1n2m1M1(G2) - 8n2M1 (G])Ml(Gz) - 8n1m1HM(G2)}

1
X [4n%m1M1 (Go) + m3HM(G) — 4M,(GL)HM (G))

(nzml)nzm]
nymy
+ Snmzmng(Gl) — 8ny M, (Gz)Ml(Gl) — SnlmgHM(Gl)}ngml]

1
X W |:477,§M1 (Gl) + 47L?M1(G2) — 4M1(G1)M1(G2) + 32n1n2m1m2

— SnszMl(Gl) — 8n1m1M1 (Gz)]:| .

Proof. By the definition of the multiplicative Hyper-Zagreb index and from the above partition
of the edge setin G; ® G, we have

HIIGI®Gy) = ][] 11 ((2n2dG1(Uz’) +n1(de, (v;) + de,(v,)))

u; €V (G1) (vj,vq)€E(Gy)
2
~ 2dg, (us) (e (vy) + damq)))

T T ((Cmdeatey) + nsfde () + doy )

(ui,up)EE(G) v; EV(Ga)

2
—2dg, (v)) ((dG] (u;) + dg, (W))))

< 11 I1 ((2n2dG1<ui)+2”1dcz(Uj)_2dG1<ui)dGz(vj)))

uiEV(G|) v EV(Gz)

= I T () + (o) + deu(en))

u; EV(G1) (v;,v4)€EE(Gr)

— 4%, () (e, (v5) + da, (v))” + dninada, (w:) (de, (v) + da, (v,))

= S, () (desy (v5) + sy () — dmds, (us) (ds, (v7) + dcz<vq>)2)

< I 11 ((4n%déz<vj>+n%<dcl<ui>+dcl<w>>2>

(’u.,;,’u,p)GE(G]) ’UjEV(Gz)

— 4%, (v;) ((de, () + de, (up))” + dninada, (v;) (de, (ui) + de, (uy))

8, (107) (des, () + sy () — dmad, (03 (des () + s <up>)2)

x H H <(4n%dél (u;) + 4nfdy, (vj) — 4d%, (u;)d%, (v;))
uiEV(Gl) ’UjEV(Gz)

+ 8ninadg, (u;)da, (vj) — 4n2d%;] (u;)da, (vj) —4nidg, (ui)déz(vj))

However, from the inequality (2.1), we get
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7 nima

ZUiGV(Gl) Z(vj,vq)GE(Gz) <(4n%dé1 (ul> + n% (dG2 (Uj) + dGz (Uq))z)
—4dg, (u;)((dg,(v;) + dcz(vq))2 + dninade, (u;) (dea, (v;) + da, (vq))
82, (us) (e (v5) + da (v4)) — dnida (us) (da (v;) + de <vq>)2)

N

nimsa

2
q nNymy

2 s up)EB(G) 2y €V (Ca) <(4n?d2cz(vj) +n3(de, () + de, (up))®)
—4dg,, (v;) ((de, (wi) + de, (up))’ + dninade, (v) (de, (wi) + da, (uy))
—8n1dg, (v;)(da, (wi) + de, (up)) — 4nada, (v;) (da, (i) + da, (up))?

nam;

- N ny

EU«LGV(GI) Z'U]‘ eV(G,) ((4n%d2G1 (ul) + 4n%dé2 (Uj) - 4d2G1 (uz)déz (Uj))
+8nimada, (ui)da, (v;) — 4nadg, (ui)de, (v;) — 4nide, (ui)dg, (v;)

nin2

1
< — [4m2n%M1 (Gl) + H%HM(GQ) — 4 M, (Gl)HM(Gz) + 8nynam M, (Gz)

(n1m2)nlm2
nyms
- 8n2M1 (Gl)Ml(Gz) - 8TL1WL1HM(G2)1|

1

X (nzml)nzml

{4n%m1M1(G2) + n%HM(Gl) — 4M1(G2)HM(G1) + 8ninymo M, (G])

na2mg
— 8n1M1 (GZ)M] (G]) — 8n2m2HM(G] ):|

1
X — {4n%M1(G1) + 41’L?M1(G2) — 4M1 (Gl)Ml(Gz) + 32n1n2m1m2

(nlnz)nlnz

niny
— 8n2m2M1(G1) — 8n1m1M1(G2)] .
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Example 3.11. Let C,, and C; be cycles with n > 3 vertices. Then

1 rq
HII(Cp ® Cy) € ——— {16pq3 + 4p’q — 256pq + 32p*¢* — 128¢%p — 128p2q}

(pq)pq

prq
X [16p3q 4 16¢°p — 256pq + 32p¢* — 128p*q — 128q2p]

1
(pq)pq

1 Prq
N [16q3p + 16p°q — 256pq + 32p%¢> — 128¢%p — 128p2q] )
(pq)pq

Let G| and G, be two graphs with n; and n, vertices and m; and , edges, respectively. The
join Gy V G, of graphs G| and G, with disjoint vertex sets V(G;) and V(G,) and edge sets
E(G,) and E(G,) is the graph union G; U G, together with all the edges joining V(G;) and
V(Ga).

Theorem 3.12. Let G| and G, be two graphs with ny and n; vertices, m| and m; edges respec-
tively. Then

HII(G1 V Gz) = |:HM(G1) +4n%m1 +4n1M(G1)]

my
1

mp

1 "
X mi |:HM(G2) + 4n%m2 + 4n1M(G1 ):|
2

1
X W |:n2M(G1) + nlM(Gz) + 8m1m2 + nlnz(nl + n2)2

niny
+ 4m1(n1 + nz) + 4m2(n1 + TL2):| .

Proof. By the definition of the multiplicative Hyper-Zagreb index and from the above partition
of the edge setin G} V G,, we have

2
HII(G V GZ) = H (dGI\/G2 (uivvj) + dGlVGZ(uP7vq)>

(us,v5)(up,vq) EE(G1VG2)

_ I1 ((dGl (u;) +n2) + (da, (up) + ”2))2

(us,up)EE(Gh)

11 <(daz(vj) + 1) + (da, (vg) + n1)>2

(vj,04) €E(G2)

< 1] 11 ((dGl(ui)+n2)+(dGz(Uj)+n1))2

uiGV(Gl) vVj EV(G2>

= 11 <(dcl (ui) + de, (up))” + 40} + 4ny (de, (u;) + de, (“P)))
(ui,up)EE(GH)

2
I ( (desa(v3) + dess(v)) + 43 + dma (dy (v7) + d@(vq))
(UJ"UQ)EE(G2>

X H H <(dé1 (ui) + déz(vj) + 2de, (u;)de, (v;) + (n1 + n2)2

u,-EV(Gl) vj EV(GZ)

+2(n1 +n2)de, (wi) +2(ny + nz)dgz(vj))
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However, from the inequality (2.1), we get

2 m
S B ((dc, () + den (uy))? -+ 4+ 41 (des, (us) + di <up>>)
= e
2 m
Z(vj,vq)GE(Gz) ((dGz (vj) +da, (Uq)) + 477’% + 4ny (dGz ('Uj) +dg, (Uq)>
X o
r q ning

2
2uieV(Gr) 2ov; eV (Gy) <(dé] () + dé, (v;) + 2de, (ui)d, (v5) + (n1 + m2)

+2(n1 4+ na)de, (wi) + 2(ni + n2)de, (%‘))

X
nina
1 ) my 1 ) mi
= m HM(Gy) +4nim; +4n M (G1)| X e HM(G>) + 4n5my + 4ny My (G-)
1 2
X W nzM(Gl) + nlMl(Gz) + 8mimy + nlnz(nl + nz) +4m1(n1 + nz)
niny
+ dmy(m +n2)} .
O

Example 3.13. Let C,, and C, be cycles with n > 3 vertices. Then

P q
HII(C, VvV Cy) < 1 {16}7 +4p + 16p2] X 1 {16(] +4¢ + 16q2}
pr q1

1 e
X [16pq +pa(p +q)* +4p(p+q) + 4alp + q)} :

The symmetric difference G| & G, of two graphs G| and G is the graph with a vertex set
V(G1) x V(G>) in which (u,v;) is adjacent to (uy, v;) whenever u; is adjacent to uy, in G| or
v; is adjacent to v; in G, but not both. The degree of a vertex (u;,v;) of G| & G, is given by
da,ea, (ui; vj) = mada, (ui) + mide, (v;) — 2de, (ui)de, (v;)-

Theorem 3.14. Let G and G, be two graphs with ny and n; vertices, m and m; edges respec-
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tively. Then

1

(nlmz)nlmZ

HII(G) ® Ga) = [4m2n§M1(G1) +niHM(G,) — 16M,(G)HM (G,)

nimy
+ 8n1n2m1M1 (Gz) — 16712M1(G1)M1(G2) — 167’L1m1HM(G2)}

1

2

X —
(anl )nzml

{4n%m1M1(G2) +n3HM(Gy) — 16M;(G2) HM (Gy)

n%ml
+ 8n1n2m2M1 (Gl) — 16”1M1(G2)M1(G1) — l6n1m2HM(G1)}

X [4n%M1(G1) + 4TL?M1 (Gz) — 16M1(G1)M1(G2) + 32ninomims

(nlnz)nl'ﬂz

niny
- 32n2m2M1 (G]) - 32n1m]M1 (Gz)]:| .

Proof. By the definition of the multiplicative Hyper-Zagreb index and from the above partition
of the edge setin G| ® G, we have

2
HII(G) @ Go) = 11 (dGI@Gz(uivvg‘) + de 6, (up, Uq))
(ui’vj)(upmq)eE(Gl@GZ)

- I 1 ((nzdamui)mczazm—sz,<ui>dG2<vj>)

ui €V(G1) (v5,04)€E(G2)

+ (nada, (u;) + nide, (vg) — 2dg, (ui)de, (%)))

< 11 11 [((nszl (ui) +nida, (v;) — 2de, (ui)da, (v;))
(ui,up)EE(G)) v;€V(Gy)

na

2
+ (n2dG1 (up) + 77fldGz (Uj) - 2dG1 (U;D)dGz (UJ))> ]

< JI 11 <(”2dcl(uz‘)+n1dez(vg‘)—ZdGl(“i)dGz@j))

uiEV(Gl) vj EV(Gz)

2
+ (n2de, (ui) + nide, (v;) — 2dg, (Ui)dGz(Uj)))

= T I (oo )+ e (o) + des(wy)

wi €V(G1) (v5,v4)€E(G2)

— 4dG| (ul) ((dG2 (U_j) + dGz (Uq)))

I 11

(u,;,up)GE(Gl) vj EV(Gz)

<(2n1dG2 (vj) +n2 (dGl (ui) + dg, (UP)))

27 M2
—4dg, (Uj)(<dG1 (ui) +dg, (up))> ‘|
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< I 1I <(2nzdcl(Ui)+2”1dGz(vj)—4dGI(“i)dGz(%‘)))

’LL,;EV(G]) v EV(GQ)
< I 10
(ui,up)EE(G)) v;€V(G)

—16d2, (v;) ((de, (ui) + de, (up))” + dninade, (v5) (da, (i) + de, (up))

((4n%d%h<vj>+—n§<dalcua +da, (uy))?)

— 16n1dg;, (v;) (de, (us) + da, (up)) — 8nade, (v;) (de, (wi) + da, (%))2)]

X H H <(4n%dél (u;) + 4n%dé2(vj) - 16d%;] (ui)déz(vj))
uiEV(Gl) ’UjEV(Gz)

+ 8nimadg, (u;)da, (v;) — 16n2dg, (ui)de, (v;) — 16n1dg, (ui)déz(vj)).

However, from the inequality (2.1), we get

q nima

2w €V(Gr) 2a(v;,00)EE(Ga) ((4”31%1 (uz) + n2(da, (v)) + de, (vg))°)
—16d%, (u;)((de,(v;) + de, (vg))” + dninada, (u;) (de, (v) + de, (vg))
1630, (1) (s (13) + (1)) = Bl (1) (e 03) + e ()

N

nyma

- n%ml

E(“m”p)GE(Gl) Z'”j €V(Ga) ((471%61%;2 (vj) + n% (dGl (UZ) + dGl (ul’)>2)
—16d%, (v;) (e, (u5) + de, (up))” + dnimada, (v;) (d, (us) + des, (up))
—16md2, (v;) (de, (u:) + de, (up)) — 8nade, (v;) (de, (us) + de, (uy))

n2Mm

7 n2

D eV(Gy) 2oy €V(Ga) ((4”365%:1 (ui) 4 4nidg, (v) — 16dg, (u;)dg, (vs))

+8ninada, (u;)da, (vj) — 16n2d%;1 (ui)de, (vj) — 16n1dg, (ui)déz(vj)>

nin2
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1

< — {4m2n%M1(Gl) + n?HM(Gz) — 16M1(G1)HM(G2) + SnlnzmlMl(GQ)

(nlmz)n]mz

nymy
- 16712M1(G1)M1(G2) — 16n1m1HM(G2)}

X

1
W |:4n%mlMl (GZ) + n%HM(G]) — 16M1 (GQ)HM(GI) + Snlnzszl (Gl)
2y )2

’I’L%’ﬂh
- 16n1M1(G2)M1(G1) - 16n2m2HM(G1)}

X

1
W [4n%M1(G1) + 4n?M1 (Gz) — 16M1(G1)M1 (Gz) + 32n1nomyma

niny
— 32n2m2M1 (G]) - 32n1m1M1 (Gz)}:| .

Example 3.15. Let C, and C, be cycles with n > 3 vertices. Then

1 prq
HII(C, & Cy) < o) {16(131} + 16p>q — 1024pq + 32p*¢*> — 256¢%p — 256p2q]
1 qp
X . {16p3q +4¢°p — 1024pq) + 32p°¢* — 256p*q — 256q2p}
(pq)q p
1 pq
X {16q3p + 16p>q — 256pq + 32p°¢* — 128¢*p — 128p2q]} .
(pq)Pe
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