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Abstract In this paper, we investigate curves of constant breadth in E5. Also, we obtain
some characterizations according to the state of the spacelike curve in semi-Riemannian space
E4

5

1 Introduction

The curves of constant breadth were first defined in 1778 by Euler. Then, Solow [12] and Blascke
[1] investigated the curves of constant breadth. In Euclidean spaces E> and E*, plane curves of
constant breadth were studied by Kose [7], Magden and Yilmaz [8]. In [14], some geometric
properties of plane curves of constant breadth in Minkowski 3-space were given. Also, these
curves in Minkowski 4-space were obtained by Kazaz, Onder and Kocayigit [5]. A number of
authors have, recently, studied the curves of constant breadth under different conditions (see
[4,6]).

In this study, we investigate the spacelike curves of constant breadth with timelike normal and
first binormal and with timelike binormal and second binormal in E5. Then we give some dif-
ferential equations for these curves in semi-Riemannian space.

2 Preliminaries

In this section, we provide a brief view of the theory of curves in the semi-Riemannian space
E3. This space is an Euclidean space E* provided with the standard flat metric given by

g = —da? — das + dai + da]
where (z1, 2, ¥3,24) is rectangular coordinate system in Eg, [14]. An any vector T e Eé can

have one of the three causal characters; it is spacelike if 9(7, 7) >0or v = 0, timelike
if g(7',7) < 0 and null or lightlike if g(7/, @) = 0 and ¥ # 0. Similarly, an any curve

@ = d(s) in E} can locally be spacelike, timelike or null if its velocity vectors o (s) are
spacelike, timelike or null, respectively. Furthermore, the norm of a vector 7 s given by ||
7 ||= /Ig(W, 7)|. Thus, ¥ is a unit vector if g(¥, ) = +1. The velocity of the curve o

is given by ||@’||. Thus, a spacelike or a timelike @ is said to be parametrized by arclength
function s, if g(a@’,@’) = +1. Let {7,ﬁ,§1>,§2>} be the moving Frenet frame along the
curve o in E;‘. Here ?, ﬁ, E; , By are the tangent, the principal normal, the first binormal and
the second binormal vector fields, respectively. Recall that a spacelike curve @ with timelike
principal normal N and second binormal B,. Then the following Frenet equations for the curve
« are given by

T 0 k 0 0 T
N | |k 0 k 0 N
Bl | | 0 k 0 k By

B 0 0 ks 0 ]| B
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where T, N, B; and B, are mutually orthogonal vectors satisfying equation (7, 7) = 1, g(N, N
—1, g(B1,B1) =1, g(By, B2) = —land g(T,N) = 0, g(T, B1) =0, (T, B2) =0, g(N, By) =
0, g(N, Bz) = O,g(Bl, Bz) =0.

If « is a spacelike curve with a timelike first binormal B; and second binormal B;, then we
write

i 0 k 0 0 T
N| | =k 0 k 0 N
Bj 0 k 0 k|| B
B) 0 0 —ks O ]| B

where g(T,T) =1, g(N,N) =1, g(B1, B1) = —1, g(B2, B,) = —1and g(T,N) = 0, g(T, B1)
0, g(T,By) =0, g(N,B;) =0, g(N,B,) =0, g(B1,B,) = 0. Also, here, ki, k, and k3 are
first, second and third curvature of the curve «, respectively.

3 Some characterizations of spacelike curves of constant breadth in E;

Let (C) be a unit speed regular spacelike curve in E3, and )7(‘53 position vector of the curve (C).
The normal plane at every point X (s) on the curve meets the curve at a single point X *(s). If the
curve (C) has parallel tangents T and T* in opposite direction at the opposite points X and X*
of the curve and the distance between opposite points is always constant then the curve (C) is
named a spacelike curve of constant breadth in E3. Furthermore, a pair of spacelike curves (C')
and (C*), for which the tangent vectors at the corresponding points are in opposite directions and
parallel, and the distance between corresponding points is always constant, is called a spacelike
curve pair of constant breadth in E.

Assume that C and C* be a pair of unit speed spacelike curves in E5 with position vectors

X (s) and ?*(s*), where s and s* are length parameters of the curves, respectively, and let C
and C* have parallel tangents in opposite directions at the opposite points. Then the curve C*
can be written by the following equation

X*(s) = X(s) + mi1(s)T(s) + ma(s)N(s) + m3(s)Bi(s) + ma(s)Ba(s) 3.1

where m;(s), (1 < i < 4) are differentiable functions of s. Differentiating equation (3.1) with
respect to s, we obtain

ds* d d
7+% (1 +§:1+m2k1)T+ (m1k1+§z2+m3k2)1\r

d d
+ (mzkz + % + m4k3> B + (m3k3 + m4) Bs.

ds
If we consider T* = —T at the corresponding points of C' and C*, we have
dmq ds*
14+ — ki =—
+ ds +mai ds
dm2
miki + —— +mzk, =0
ds
dm3
moky + is + myk; =0 3.2)
d
msks + ama =0
ds

Since the curvature of the curve C' is % = ki(s), where ¢(s) = [ kids is the angle between
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tangent vectors of the curve C' and a given fixed direction at the point a(s), from (3.2) we get

dm1

w = —my — f(d))

dmy _ ok

do = —m1 —M30R2

dm3 .

w = m20k2 m40k3 (33)
dm.

T; = 7m30k‘3

Here, f(¢) = o+ o*and o = ki] and o* = ﬁ are the radius of curvatures at the points X (s)

and X*(s*), respectively. Using (3.3), we have following equation

i 1 d3m1 + d27f _ dm1
dop \o2kaks \ d¢> ~ d¢?  do
d 1 d(oky) [ d*my  df
a6 \ 312 o T, T
do \ o3ksks do dg d¢
d (k (dm ky (dPmy | df
—— == - = - - =0 3.4
i (i (G +) - (@ i G4
This differential equation is a characterization of constant breadth spacelike curves with timelike

principal normal and second binormal in E3
If the distance between the opposite points of C' and C* is constant, from (3.1) we have

| X* = X|>=m] —m3+m3 —mi =k kcR.
Thus, we write

dzl’zl —my dm2 + ma dm3 dm4 -0

m dp dp g

By using (3.3) we obtain

d
my (ZZ;I erz) =0.

Then we have m; = 0 or dg:;l = —my. Hence we can write following system of equations
mi = 0,
d
% = 777130’/{52,
s ks — maok (3.5)
a6 2052 40K3, .
d
% = —m30k3
or
dm1 — _m
d¢ - 29
dma _ —my —mzok
d(b = 1 30R2,
s ks — mack (3.6)
i 20K 40k3, .
d
4 = —m30k3.

do
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Suppose that m; is a constant in the system (3.6). Then we write following linear differential
equations

d2m3 d(0k3) dm3 3
O'k3 d¢2 — d¢ dgf) —ms3 (Uk?3) =0 (37)
d2m4 d(Uk’3) dm4 3
Uk3 d¢2 — dd) dgb — my (0k3) =0 (3.8)
Changing the variable ¢ of the form § = f0¢ oksdt, we have
d>m
W; —m3=0 (3.9)
Thus, general solution of mj is
¢ ¢
ms = ¢ COSh/ oksdt + ¢ sinh/ oksdt (3.10)
0 0
Also, if we consider my, we obtain
¢ ¢
myg = —Cp COSh/ ka;dt — C1 sinh/ ka3dt (311)
0 0

where ¢; and ¢, are arbitrary constants. Thus the general solution is given by

m;=c¢, my=20

é é
m3 = Cy COSh/ oksdt + ¢ Sil’lh/ oksdt
0 0

® ¢
myg = —C COSh/ O’kj;dt —C1 Sil’lh/ O'k3dt.
0 0

Therefore, the breadth of the curve is denoted with k* = ¢* + ¢? — c3.

Suppose that m; = 0. By changing the variable ¢ of the form £ = f0¢ oksdt, we obtain the
following linear differential equation

dzm'; kz !
: =(f= 3.12
o T <f k3> (3.12)
which has the solutions as
@ [ [
mz = ¢ cos/ oksdt + c» sin/ okadt + / cos[&(p) — &(t)]oka f(t)dt. (3.13)
0 0 0

In a similar manner, we have

[ ¢ [
ma = ¢ cos /O ohdt — o1 sin /O ohydt — /O Sinfé () — £(8)]oka f(£)dt (3.14)

Furthermore, from (3.4) we can write
A (1 (PR d (1 dloky) (&
do \ o%kyks \ d¢? dp \o3k3ks do do
d (ks ky (df\
do (kgf) k <d¢> -0 G
Remark 3.1. If ’;—j is a constant in equation (3.15), we get
A (1 (PR d (1 dloky) (&
do \ o%kyks \ d? dp \o3k3ks do do

_<a2+1>df:o (3.16)

a

where % =a.
3
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Now, suppose that « is a spacelike curve with timelike first binormal and second binormal,
then we obtain

dm1

M)an_fw)

dmy __ g

i mp — mzkpo

dm3

2 1
o mokyo + mykso (3.17)
% = —m3k3o

From (3.17), we arrive at the following differential equation characterizing constant breadth
spacelike curves in Ej.

d 1 (Bmy &Ef  dmy
" (a%zks ( i» T d T de )>
d 1 d(oky) my | df
T (aﬂe% o ( i s “’“))

d [k (dm ky (dPmy  df _
s (B (fmeg)) - R (et L) -0 (3.18)

Also from (3.1), we can write

d d d
mq =0, % = —mzkyo, dl(z: = —mpkro + mukso, % = —mgzk30o
and
d d d d
% = my, % = —mq — m3kyo, % = —mpkro + mykso, % = —mskjo0.

Therefore we get

d2m3 d(0k3) dm3

oks i b do +ms(oks)® =0 (3.19)
or
ohs my _ d(oks) dmy + ma(oks)® = 0. (3.20)
dg? d¢ do¢
Changing the variable ¢ of the form & , we have
ddg;“ 4 my = 0and T/ d52 Y my =0 (3.21)

Using (3.21), the general solutions of the differential equations are

[ [
ms =c cos(/ okzdt) + c; sin (/ ok3dt>
0 0
[ [
m4 = —C1 COS / okadt | + cp sin / oksdt | .
0 0

Thus, the solution of the system (3.21) can be written as

mi = ¢ = constant, my = 0,

¢ [
m3 = ¢ COS (/ akgdt> + ¢ sin </ ak3dt>
0 0
[ @
m4 = —c1 COS / oksdt | + ¢y sin / oksdt
0 0
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Here the breadth of the curve is denoted with k* = ¢* — ¢} — 3.
Also, for m; = 0, we arrive the following linear differential equation

d2m3 kz !
e = (1)

having the solution as

[ [ @
msy = clcosh/ okzdt + sinh/ oksdt — / cosh[¢(g) — &£(¢)]|oka f(¢)dt
0 0 0

In a similar manner, we have

é ¢ ¢
my = —czcosh/ okydt — ¢ sinh/ okydt + / sinh[¢(¢) — &(t)]oka f(t)dt
0 0 0

Furthermore, since m; = 0, we can write

d (1 (df\\ d ([ 1 d(ok) (df
‘w(amm(mﬂ)*w(3wm i (w))

SRR

Remark 3.2. If ﬁ—j is a constant in equation (3.22), then we write
LA (RRY), A (1 k) (&
dp \ otkoks \ d¢? dp \o3k3k; do do

a>—1 af
() Lo

where k—B =a.
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