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Abstract The coeffcient bounds |b,1, — ubf7 +1] and |byy3] for certain subclasses of p-valent
Bessel functions were established. Furthemore, the Fekete-Szego type inequalities were ob-
tained for these classes. The work was concluded by applying the modified sigmoid function.

1 Introduction

Let A, denote the class of functions of the form

f(z) =22+ Z anz" peRN (1.1)

n=p+1

which are analytic and p-valent in the open unit disk U = {z : |z| < 1}.
Similarly, let A, 1 (j) denote the class of functions of the form

g(z)—(;)p—l—k;pbk(;)k pjEN={123.) (1.2)

which are also analytic and p-valent in the unit disk U = {z:|z| < 1}. The class is known
as p valent Bessel function and was established in [7].
For the class defined in (1.1) the normalization conditions

/(=) f'(2)

zp~1 zp—1

|lz=0 =0 and

[:=0=p
are classical, for the class of function defined in (1.2) the normalization

G S G BT
(Z) T |:—0 = 0 and (g)p_1|z:0 7

holds.

Definition 1.1. Let f and g be analytic in U, then the function f is subordinate to g, if there
exist a Schwarz function w(z) analytic in U such that w(0) = 0 and |w(z)| < 1 (z € U) and
f(z) = g(w(z)) for all z € U. This is denoted by f < g. It is also known that if ¢ is univalent
in U then f(z) < g(2) if and only if f(0) = g(0) and f(U) C g(U).

Definition 1.2. Let ©(z) be an analytic function with positive real part in U such that ©(0) =
1 and ¢’'(0) > 0 and maps U unto a region starlike with respect to 1 and symmetric with respect
to the real axis.

A function f(z) € A, is said to be in the class S ()
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if
1 [(1zf'(2) )
1+< —1) <z EN,ze U 1.3
b o ) plz) (@ ) (1.3)
A function f(z) € A, is said to be in the class C , (i) if it satisfies
1 1 2f"(2)
1b+bp<1+f,(z) <elz) (pEN z€D) (1.4)

The classes S;; ,(¢) and Gy, , () were studied in [2]. For b = 1 we have the classes S () and C (i) (see
[1]) and for p = b = 1 the classes reduced to the classes S*(¢) and C'(¢) which were earlier
introduced and investigated in [10].These classes become the classes of starlike and convex func-

tions of order «(0 < « < 1) respectively when

1+ (1-2a)z
N 1 -z

o(2) O<a<l)
Similarly, for the class of functions defined in (1.3) and (1.4), we define equivalent classes
for the class of function defined in (1.2)

A function g(z) € Apx(j) isin S5, (p) if it satisfies

1 12¢'(2)
b+<p ) —1) < ¢(z) (peN, ze U) (1.5)
and in Cy 1, ,(¢p) if it satisfies
11+1(1+29H<Z>>< (2)  (peN zeU) (1.6)
b bp gz )7 g ‘

Fekete and Szego in 1933 gave the sharp bound for the functional |a3—pa3| for f(z) € S when p is
real. The determination of the sharp bounds for the functional |az — pa3| is known as the Fekete-
Szego problem. And this has been investigated by several authors for different subclasses of .S.
(31, [5], [14]

In this paper sharp bounds for the Fekete-Szego coefficient functional are obtained for the classes
of functions defined in (1.5) and (1.6).

Let {2 be the class of analytic functions of the form

w(Z):w1z+w222+w3z3+,..zzwkzk (1.7
k=1

in the open unit disk U satisfying |w(z)| < 1.
To prove our result we shall make use of the following lemmas

Lemma 1.3. I[f w € (2. then

—t it <1
lwy —twi| <4 1 if—-1<t<1
t ift>1

whent < —1 ort > 1, the equality holds if and only if w(z) = z or one of its rotation. If —1 <
t < 1, then equality holds only if w(z) = z* or one of its rotations. Equality holds for t = —1 if
and only if

Atz
= < )A<1
w(z) T s (0<A<)
or one of its rotations, while for t = 1, the equality holds if and only if
w(z) = 2272 0<a<)

14+ Az
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or one of its rotation
Although the above upper bound is sharp, it can be improved as follows when —1 < t < 1.

lwy — tw}| + (1 +t)w > <1 (=1 <t<0)
and
lws — twi| + (1 —t)|Jw > < 1 0<t<1)
[2], [11],[12] for details.
Lemma 1.4. If w € (2, then for any complex number t
lwy — tw?| < Mazx (1, |t])

The result is sharp for the functions w(z) = z or w(z) = 2>

[2], [10] and [12]

Lemma 1.5. [f w € (2, then for any real numbers q, and q,, then the following sharp estimate
holds
w3 + quuiws + pwi| < H(gi, ¢)
1 for(q,q92) € D1UD;
lgo|  for (q1,q2) € Uzzz Dy,
H(g,p) =4 3(lal+ 1)(%%) Jor (q1,¢2) € Dg U D
LIS GES)Y for (a1,@) € DU D ~ {£2,}

3V qi—4a/ V3 —1)
-1
U 1)(3(‘,1|1q",|1,q2)) Jor (fh,qz) € Dp
The extremal functions up to rotations are of the form w(z) = 2°, w(z) = z

wl) = un(z) = CHe sl LEZZZ)

[ N

2(ty + 2)

Hh2d) w(z) 1+tz

171512 ’ :wg(z):

w(z) =w(z) =

0 0y

lesl=lea] =1, e =to—e 7 (atbh), ty=—e 2 (iath)

0 bta
202 _
2’ A 2b

0 .
a:tocosjo, b=/i—t3sin

1
om (2262 ) (et )
3 —1)(af —4@)) 3|l + 1+ q)
1
tz:( | =1 )2
al—a))

o2 (%(Q% +8) —2(q7 + 2))
20(¢3 +2) - 33

[T

22
The sets Dy, k=1,2,--- 12 are defined as follows

Di={(q, @) |a| < 3,|e| <1}

Dzz{(qh(Jz)i%SMl\S ; zi(|(h|+ 1P —(lg|+1) < g <1}
Dy={(q1,¢):lq| <% < -1}

Dy={(q1,0) : a1l > 3, 2 < —3(a| + 1)}
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Ds={(q1. @) : la1| £2, @ > 1}

D= {(q1, @) :2<|q1| <4, ¢ > (i} +8)}

D1 ={(q,@):lal >4 ¢>5(al -1}

Dy ={(a1,0): 5 <lal <2, = 3(jai| +1) <@ < FH(|a| + 1) = (jai| + 1)}
{(qwlz) la—122,~3(lal+1) < < %}

2 1
o={(@@) 2 <o <4, Elnl) < g, < L2 +8))
={

2Aaf(a|+D) <qp< 2\<11\(|q1|*1)}

Le) ol =4 C2lq+d = 2 2l qi[+4

Dyp = {(QMD) Hal = 4, % <q<3i(al- 1)}

See [2], [13] for details.

Definition 1.6. Sigmoid Function

A sigmoid function which is an example of a special function is a mathematical function having
an S shape. It is a function of the form

1 b1 15 17

7
l+e> 2'%° 48 480° T 8060° T

f(z) =

The modified sigmoid function, established in [8] is defined as

2 1 1 1
1+e—Z:G( 2)=1+z2— =22+ 2 —

2f(2) = 2° 7 24 240

It was proved in [8] that G(z) belongs to the class of Caratheodory function i.e G(z) €
P = G(0)=1landRe G'(z) >0
2 Coefficient Bound
Theorem 2.1. Let g(z) be given by (1.2) and p(z) = 1 + B1z + Byz? + B3z3 + -+ Ifg(z) €

S{;)k’p(ga) then for any real number

2bpB1 (B + (1 =2)bpB1) ifp < o,
[bpr2 — ubyeq| < 2bpBa ifor<p<o (21)
2bpB, ((2u — 1)bpB; — BZ) if 11> oo

1

B 1 B, 1 B,
1+ bpBl1 =——(1+—=—+bpB = — + bpB
2bpB; (Bl - ) 7 2pr1( TR 1)’ ST (31 op 1)

Furthermore, if o1 < u < o3 then

g1 =

1 B
1= 22 4+ bpBy (201 — 1)1 * < 2pbBy

‘bp+2 l“pr+1| + 5 2b B ( B

If o3 < u < 0y then

B
+ =2 — bpB1 (25 — 1) by [* < 2bpBy

bpio — pib; 1
‘ p+2 2 p+1| + 2prl( Bl
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For any complex p
2 B,
bpr2 — pbpq| < 20pBy Max{l : ‘Bl + bpBy(1 — 2@)’}

Furthermore,

8pB
bpsal < 5 H(a1,02)

where H(q1,q2) is as defined in Lemma 1.5 and

_ 4bB; + 3pB% and g = 2bB3 + 3bp By (Bz + prlz)

« 2B, 2B,

These results are sharp
Proof. If g(z) € S} ;. () then there exists an analytic function w(z) = wyz+wy 2> +wsz>+- - - €

Q such that | ()
zq'(z B
' (pg(Z) - 1) = #lw(z))

1 (ZQI(Z) B 1) _ 1+<bp+l(p+ 1) bp+1> z—l—(biﬂ —bpi2 B bf,ﬂ(p-i- 1) n bp+2(p+2)> 2

b\ pg(2) 2bp 2b 4 4bp 4bp
L [ boribpia bp+3b) s N 03,1 = bpribpia](p+ 1) L b +2) | bs(+3)) s
4b 8b 8bp 8bp 8bp
(2.2)

o(w(2)) = 14 By (w1 z+wr 22 +ws 224+ - )+ B (wi 24w 224wy 2° 4 - - )4+ By (wy 24w 24wz 2° 4 - - )3

=1+ Bywiz + (Bl’wz + Bzw%)zz + (Ble; + 2Bwiwy + B3U)?)Z3 —+ - (2.3)
Equating (2.2) and (2.3) we have
bp+1 = prB1w1 (2.4)
b2 = 2b{pBiw, + p(B> + bpBi)wi} (2.5)
and
8pB; 4bB, + 3pB?2 2bB; + 3bpBi (B, + bpB?)
— e TPl ; 2.
bpis = 12 %m L o wil e
By (2.4) and (2.5) we have
bz — pbs 1 = 2bpBy {w; — vwi} 2.7)
where B
v="bpB 2u—1)— == 2.8)
By

Ifv < —1,then bpB; (2u— 1) — % < —1, which implies

1 (B
< <2—1+prl>:01

2prl Bl

By application of lemma 1.3 we have
2 By
|bp2 — piby 1| < 2bpBy Bt (1 =2u)pBs

Next if v > 1 then we have, bpB1(2u— 1) — 5 > 1 which implies

1
prBl

B
w> (1—|—2—|—bp31>—0'2
B
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Furthermore,
B
|bp2 — pbyq| < 26pB) (pB1 u—1)— B?)
Suppose —1 < v <1 then

B
—1 < bpBy(1 —2p) — F? <1

which shows that
[bp+2 — by q| < 20pBy

This is the second part of (2.1)

The sharpness of the results is a direct consequence of Lemma 1.3. Furthermore, when o) < p <
oy the result can be improved as follows

if —1 < v <0, then

B
—1<bpBi(2u—1)— gj <0

which implies that 07 < p < o3 where

1 /B,
- 22 B
7= 2B, <31 +op 1)

By Lemma 1.3, (2.7) and (2.8), we have

! 2 By )
m |bp+2 - /j,bp+1| + (1 - E + prl(ZM — 1)) |w1| <1 (2.9)
From (2.4) and (2.9) we have

(1 — By B (20— 1)

byiil? <1
4sz% ‘erl‘ =

1
By P2 b | +

1

B
b, — ub? — (1= =+ wpwB2u—1)) |by1]> < 2bpB
ez = il 4 g (1 22+ 0B 20— 1)) By < 2008

Furtherif 0 < v < 1, then 03 < p < 0, by Lemma 1.3
1 B,
TN |bpsa — by, | + (1 + 5 - bpB1(2p — 1)) lwi| <1
which becomes

1 B
|bpr2 — ibya| + 30pB; <1 + g? — bpB1(2p — 1)) |bpi1|* < 2bpB)

By using Lemma 1.4 we can write
2 B,
|bp2 — pbyiq| < 20pB1 Max {1 : ‘Bl + bpBi (1 — 2,u)’}

for any complex number p
By Lemma 1.5, (2.6) becomes

bpis = % {ws + qrwiw, + wi}
which can further be written as
lbpa3| < @H(qwh)
where

_4bB, +3pB}
T 2B

. 2bBs3 + 3bpB1 B, + bzsz%
N 2B

Q1 and ¢
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Theorem 2.2. Let g(z) be given by (1.2) and o(z) = 1 + Biz + Byz* + B3z3 + -+ ifg(z) €
Ch k.p(p) then for any real number

2 .
205, (% — BB (X +2up(p + 2))) if 1< o1,

|bp12 — Mb127+1| < z(l;pjgl ifor <p<ox (2.10)
2 .
2B (2B A+ 2up(p+2)) — B)  if > o
where
o= gy (21— 2
20p*B1(p+2) \ By n?
and
_ 7 By, pBiA _ 7 By, pBiA
n=gmsm |\t ) B3 =55 B 2
2bp*’Bi(p+2) B 7 2p’Bi(p+2) \ By n

The inequality (2.10) is sharp.
Further, the result is improved as follows
if o1 < pu < 03 then

2 2
n Bz pBl 2 2bp Bl
bpia — pb> e (1= == (N 4 2ub 2)) ) |b <
iz = sl s (1= 5 D o 2t +2) ) Iy < 222
and also if o3 < p < o, ,then
2 2
B, pB 2bp~ By
bpra — b2y |+ st —— (1 4+ 22 + 2L 2ubp(p +2)) ) b, |? <
| p+2 H p+1|+ ZbPZBl(p+2) ( + Bl + 7,]2 ( + H p(p+ ))) | P+1| — (p+2)
For any complex number p
2()sz1 pBl Bz
bpio — pb> | < =5 Maz {1, |~ (\ + 2ub 2)) — =
|bp2 Mp+1\—(p+2) az 4 1, |75~ (A+ 2ubp(p + 2)) B,
Furthermore,
8bp*B
|bpi3| < v LH(q1, )
where H(q1, q) is as defined in Lemma 1.5
_ 4p+2)n*(B. — pB}) _ 2(p+2)0’Bs + 2k(p + 2) Bib*p* + bp* Ak — pB1 By
o 2Bip+ 2 " 2Bi(p+2)n?

The results are sharp

where A = p’ +4p—3, n=p(1—-p)+3, s = [(p+1)°(P* +p+1)], k =p’ —=3p> —8p—8and
Y =2p>+7p+3

Proof. If g(2) € Cy 1., () then there exist an analytic function w; z +wz 2>+ w323+ - € Q such

that | | ")
z9"(z) | _
1—b+bp{1+ 0 }g@(w(z)) (2.11)

The proof follows from the proof of Theorem 2.1

Corollary 2.3. Let g(z) be given by (1.2) and G(z)=¢(z) = 1 + Byz + By2> + B3z* + -+ .
If g(2) € Sy ., () then for any real number p

(1-2p) ifp <o,
|bpra — by | < S bp ifor <p <o (2.12)

2 2 )
pr(ZH—l) if p = oo
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Corollary 2.4. Let g(z) be given by (1.2) and G(z)=¢(2) = 1 + Bz + By2> + B3z + - -
If g(2) € Cy () then for any real number p

L (—ﬁ(A + 2up(p + 2))) if < o,

|bp+2 - Mb129+1| < (5_1:2) ffor<p<o (2-13)

(O 2o +2) iz o

3 Conclusion

In this work, certain subclasses of p-valent Bessel functions of starlike and convex functions
were defined and Fekete-Szego functionals were established for these classes.
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