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Abstract In this paper, we introduce two strong forms of Ny ) semiopen sets called I~
semiregular sets and oy, /-0-semiopen sets. we also introduce a new class of functions called
(o 410 s, B/])—(‘)—semicontmuous functions. Moreover, we obtain some characterizations and
several properties of such functions.

1 Introduction

In 1965, Njastad [4] defined a-open sets in a space X and discussed many of its properties.
Ibrahim [3] defined the concept of an operation v on «O(X, 7) and introduced c,-open sets in
topological spaces and studied some of their basic properties. Khalaf, et. al. [1] introduced the
notion of aO(X, T)[W/], which is the collection of all [y ,/]-0pen sets in a topological space
(X, 7). In [2] the authors, introduced the notion of ahﬁ/]—semiopen sets in a topological space
and studied some of its properties. In this paper, we introduce and study the notion of oy, /-0-
semiclosed sets. We also introduce (o, ./}, o4 4/1)-0-semicontinuous functions and investigate
some important properties.

2 Preliminaries

Throughout the present paper, (X, 7) and (Y, o) represent nonempty topological spaces on which
no separation axioms are assumed, unless otherwise mentioned. The closure and the interior of
a subset A of X are denoted by Cl(A) and Int(A), respectively.

Definition 2.1. [4] A subset A of a topological space (X, 7) is called a-open if A C Int(Cl(Int(A))).

The family of all «-open sets in a topological space (X, 7) is denoted by aO(X,7) (or
a0(X)).

Definition 2.2. [3] Let (X, 7) be a topological space. An operation ~ on the topology aO(X) is
a mapping from aO(X) into the power set P(X) of X such that V' C V7 for each V € aO(X),
where V7 denotes the value of y at V. It is denoted by v : aO(X) — P(X).

Definition 2.3. [3] An operation v on aO(X, 7) is said to be a-regular if for every «-open sets
U and V containing x € X, there exists an a-open set W of X containing = such that W7 C
urnvo.

Definition 2.4. [1] Let (X, 7) be a topological space and ,~ be operations on aO(X, 7). A
subset A of X is said to be o, ,'-open if for each © € A there exist c-open sets U and V' of

X containing z such that U" NV C A. A subset of (X, 7) is said to be oy, . -closed if its
complement is O, /1-Open.

The family of all «, /-open sets of (X, 7) is denoted by aO (X, 7);, /-
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Definition 2.5. [2] A subset A of X is said to be a[%ﬂ—semiopen, if there exists an o, 4/-0pen
set U of X such that U C A C oy, /-CU(U). A subset A of X is o, /-semiclosed if and only
if X'\ Ais ap, ,/-semiopen.

The family of all oy, . /-semiopen sets of a topological space (X, 7) is denoted by a.SO(X, 7), /1,

the family of all v, _/-semiopen sets of (X, 7) containing z is denoted by a.SO (X, :c)[ /] Also
the family of all oy, _+)-semiclosed sets of a topological space (X, 7) is denoted by a.SC(X, T)
Definition 2.6. Let A be a subset of a topological space (X, 7). Then:

(i) o, -CUA) = {F: Fis oy, closed and A C F} [1].

(ii) ahﬁf]—Int(A) = {U:Uis o, /1-0pen and U C A} [1].
(iii) oy, ,-sCI(A) = {F': Fis oy, ,/-semiclosed and A C F'} [2].

(iv) o, -sInt(A) = {U : Uis o, ./ -semiopen and U C A} [2].

3 «p, . -semiregular Sets and «, /-0-semiopen Sets

Definition 3.1. A subset A of a topological space (X, 7) is said to be a[,m/]—semiregular, if it is
both o, ./ \-semiopen and «, /-semiclosed.

The family of all o, _/-semiregular sets in X is denoted by aSR(X),, /1.

Lemma 3.2. The following properties hold for a subset A of a topological space (X, T):

(ll) lfA c aSC(X)[%“/]’ then a[,y,,Y/]-sInt(A) c OZSR(X)[%,Y/].

Proof. (i) Since a, /-sCIl(A)is o, /j-semiclosed, we show that ahﬁr]—sCl(A) € aSO( )
Since A € aSO(X)y, ., then for oy, _j-open set U of X, U C A C a, -CU(U).
Therefore we have, U C o, /-sCI(U) C ay, 1-sCU(A) C oy, -sCl(ay, - C’l( ) =

[ A ] CZ( )OI'U g OZ[ ] SCZ(A) [ v ]—CZ(U) andhence OZ[ A ] SCZ(A) c OZSO( )['Y,’Y/]

(ii) This follows from (1).
O

Definition 3.3. A point z € X is said to be oy, /-6-semiadherent point of a subset A of X if
oz[%n/]—sCl(U) N A # ¢ for every ahﬁ/]—semiopen set U containing x. The set of all Ay

f-semiadherent points of A is called the Ay ]-0 semiclosure of A and is denoted by Ny
sClg(A). A subset Ais called o, -6~ semlclosed if ap, /-sClg(A) = A. A subset A is called
Ny -6-semiopen if and only if X \ A is Ny -0- semlclosed.

Definition 3.4. A point z € X is said to be o, +,-6-adherent point of a subset A of X if a /-
Cl(U)N A # ¢ for every o, ,'1-open set U contamlng . The set of all o, /1-0-adherent points
of Ais called the ay, /-0- closure of A and is denoted by o, /-Clg(A). A subset A is called

o, 4-0-closed if o, /) Cle( ) = A. The complement of an ap, /1-0-closed set is called an
Oy ]-9 open set.

Corollary 3.5. Let v € X and A C X. If v € o, /-5Clg(A), then x € oy, -Clg(A).

Proof. Letx € oy, ./-sClg(A), then a[ ~17sCUU) N A # ¢ for every oy _+\-semiopen set U
containing z. Smce ap, -sCUU) C ap, =ClL(U), so we have ¢ # oy, -sCI(U) N A C
ap, -CUU) N A Hence ap, -ClU) N A # ¢ for every oy, /-open set U containing .
Therefore, z € oy, /-Clg(A). o

Lemma 3.6. The following properties hold for a subset A of a topological space (X, T):
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(l) lfA S O[SO(X)['W'Y,]’ then Oé[,y’,yl]—SCl(A) = OL[,Y’,Y/]—SCZQ<A).
(ii) If A € aSR(X)[%,Y/] if and only if A is both ahﬁ/]—H—semiclosed and ahﬁ/]—G—semiopen.
(lll) I_fA S O[O(X)[’Y,’YI]’ then O[['Y"Y/]-CZ(A) = OZ[,Y,,Y/]-OZQ(A).

Proof. (i) Clearly oy, /-sCI(A) C ay, +-sClg(A). Suppose that z ¢ a, /-sCI(A). Then,
for some ahﬁ/]-semiopen set U, ANU = ¢ and hence A N ahﬁr]—sCl(U) = ¢, since
A € aSO(X), .- This shows that z ¢ o, ,-sClg(A). Therefore oy, /-sCl(A) =
ap, 1-5C1o(A).

(i) Let A € aSR(X), .. then A € aSO(X),, ./, by (1), we have A = oy, /-sCI(A) =
ap, /178Clg(A). Therefore, A is ay, /-0-semiclosed. Since X \ A € aSR(X), ./, by
the argument above, X \ A is ahﬁ/]—ﬁ—semiclosed and hence A is ahﬁ/]—e—semiopen. The
converse is obvious.

(iii) This similar to (1).
O

Theorem 3.7. Let (X, T) be a topological space and A C X. Then, A is a[%,y/]-ﬁ-semiopen in
X if and only if for each x € A there exists U € aSO(X, )y, .,/ such that oy, .1-sC(U) C A.

Proof. Let A be ap, ./-0-semiopen and x € A. Then, X \ A is a, ./ -0-semiclosed and
X\ A = o sClp(X \ A). Hence, x ¢ ap, -sClg(X \ A). Therefore, there exists
U € aSO(X,z), .y such that ap, -sCUU) N (X \ A) = ¢ and so oy, +-sCI(U) C A.
Conversely, let A C X and « € A. From hypothesis, there exists U € aSO(X, z)p, /) such
that o, /-sCI(U) C A. Therefore, ay, ./-sCI(U) N (X \ A) = ¢. Hence, X \ A = oy, -
sClg(X \ A) and Ais o, /1-0-semiopen. m|

Theorem 3.8. For a subset A of a topological space (X, ), we have oy, 11-sClg(A) = N{V :
ACVandV € aSR(X), 1}

Proof. Letx ¢ a[,m/]-sCZg(A). Then, there exists an ahﬁ/]-semiopen set U containing x such
that ap, -sCI(U) N A = ¢. Then A C X \ o, /-sCI(U) =V (say). Thus V € aSR(X);,
suchthatz ¢ V. Hencex ¢ "{V: ACVandV € OéSR(X)[%,Y/]}. Again,ifc ¢ N{V:ACV
and V' € aSR(X)y, .1}, then there exists V' € aSR(X);, ./ containing A such that z ¢ V.
Then (X\V) (= U, say) isan o, _+|-semiopen set containing x such that o, _/-sCLl(U)NV = ¢.

This shows that o, /-sCI(U) N A = ¢, so that = ¢ o, 1 -sClg(A). O
Corollary 3.9. A subset A of X is o, /-0-semiclosed if and only fA=n{V:ACV e
aSR(X), 1}

Proof. Obvious. O

Theorem 3.10. Let A and B be any subsets of a space X. Then, the following properties hold:
(i) = € ap, -sCly(A) ifand only if U N A # ¢ for each U € aSR(X)
(ii) If A C B, then o, /-sClg(A) C ay, 1)-5Clo(DB).

(7] containing x.
Proof. Clear. O
Theorem 3.11. For any subset A of X, oy, .-sClg(oy, . -sClo(A)) = ay, ,1-sCly(A).

Proof. Obviously, o, ./1-sClg(A) C oy, ,r-sClg(ay, -sCle(A)). Now, letz € o _1-sClo(yp, /-
sClg(A))and U € aSO(X, x)[%ﬂ‘ Then, oz[,w/]-sC’Z(U)ﬁozhw/]—sClg(A) # ¢. Lety € o, )
sCl(U) N ay, -sCle(A). Since ap, -sCUU) € aSO(X,y), .. then oy 1-sCl(ay, -
sCl(U)) N A # ¢, thatis ay, -sCl(U) N A # ¢. Thus, z € o 1 -sClg(A). i

Corollary 3.12. For any A C X, ozhﬁ/]-sC’lg(A) is ahﬁf]-ﬂ-semiclosed.
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Proof. Obvious. O

Theorem 3.13. Intersection of arbitrary collection of a[%,y/]-e-semiclosed sets in X is oz[,m/]-H-
semiclosed.

Proof. Let {A; : i € I} be any collection of o, ,/-0-semiclosed sets in a topological space
(X,7) and A = NyerA;. Now, using Definition 3.3, z € (X[,Y’W/]-SCZQ(A), in consequence,
T € Oz[%,yf]—SCl@(A,;) for all 7 € I. Follows that x € A; for all : € I. Therefore, z € A. Thus,
A=aqyp, -sClg(A). o

Corollary 3.14. For any A C X, ahﬁ/]-sClg(A) is the intersection of all oz[%v/]-H-semiclosed
sets each containing A.

Proof. Obvious. 0

Corollary 3.15. Let A and A; (i € I) be any subsets of a space X. Then, the following properties
hold:

(i) Ais ahﬁ/]-ﬁ-semiopen in X if and only if for each x € A there exists U € aSR(X)[

']
such thatx € U C A.

(ii) If A; is o, /1-0-semiopen in X for eachi € I, then U;crA; is Ay ' -0-semiopen in X.

']
Proof. Obvious. 0

Remark 3.16. The following example shows that the union of ahﬁ/]—e—senﬁclosed sets may fail
to be ay, ,/-0-semiclosed.

Example 3.17. Let X = {a,b,c} and 7 = {¢, {a} {c},{a,c}, X} be a topology on X. For each
A € aO(X, 1), we define two operations ~ and + , respectively, by A” = Int(Cl(A)) and

a X ifA={a,c}
A if A#{a,c}.
Then, the subsets A = {a} and B = {c} are oy, /j-0-semiclosed, but their union {a,c} = AUB
is not v, +)-0-semiclosed.
Example 3.18. Let X = {a,b,c} and 7 = {¢, {a} {c},{a,c}, X} be a topology on X. For each
A € aO(X, 1), we define two operations vy and v , respectively, by

a A if A#{a,c}
| X ifA={a,c},

and
A‘Y/ _ A if A# {a,b}
X if A={a,b}.

The subsets {b} is oy, /-6-semiclosed, but not a,, .+\-semiregular.

Remark 3.19. From Lemma 3.6 (ii), we have a[,w/]—semiregular set is a[,wx]—g—semiclosed set.
In the above example, {b} is «[, ./ -0-semiclosed, but not ovy,, /-semiregular. Again, for a subset

A, we always have A C Ny ) -sCl(A) C oy ,-5Clo(A). Therefore every ap, - -f-semiopen
set is Ay ) semiopen. The followmg example shows that the converse is not true in general.

Example 3.20. Let X = {a,b,c} and 7 = {¢, {a}, {0}, {a b}, {b,c}, X} be a topology on X.
For each A € aO(X, 1), we define two operations ~y and  , respectively, by
A= A if A#{a}
X ifA={a},

and

A A
Sl X ifA={p.

Then, {a, b} is oy, /-semiopen set but not an «, ./ -0-semiopen set.
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Remark 3.21. The notions o, /-Openness and ahﬁz]—ﬂ—semiopenness are independent. In Ex-
ample 3.18, {a, b} is an a[,m/]—e—semiopen set but not an o, /-0pen set, whereas in Example
3.20, {a, b} is an oy, ./ -open set but not an «, /-6-semiopen set.

Remark 3.22. Every o, /1-0-open set is O, /1-Open.

4 (a[,wf] y Qg 3] )-0-semicontinuous Functions

Throughout this section, let v,~ : aO(X) — P(X) and 3,3 : «O(Y) — P(Y) be operations
on «O(X) and aO(Y'), respectively.

Definition 4.1. A function f : (X,7) — (Y,0) is said to be (o, /), 5 5/1)-0-semicontinuous
if for each point € X and each g, ﬁ/]—semiopen set V of Y containing f(x), there exists an
o, ,/j-open set U of X containing z such that f(U) C a5 g-sCI(V).

Example 4.2.Let X = {a,b,c}, Y = {1,2,3}, 7 = {¢,{a},{b},{a,b},{a,c},X} and 0 =
{¢,{3},{1,2},Y}. Foreach A € aO(X,7) and B € aO(Y,0), we define the operations  :

aO(X,7) = P(X), 7 : aO(X,7) = P(X), 8 : aO(Y,0) — P(Y) and 8 : aO(Y,0) —
P(Y'), respectively, by

4 — A ifce A
AuUd{c} ifc¢ A,

LA ifbe A
AU} ifb¢ A,

B Y if2¢B
B if2 e B,
and

B _ Yy ifl¢B
| B ifleB.

Define a function f : (X, 7) — (Y, 0) as follows:

1 ifz=a
fl@)=< 1 ifz=5>
3 ifz=c

Clearly, aO(X, 7)), /) = {¢, {b}, {a, b}, {a, ¢}, X} and aSO(Y, 0) 5 5} = {¢, {1,2}, Y} Then,
fis (ap, ./, 5 g1)-0-semicontinuous.

Theorem 4.3. The following statements are equivalent for a function f : (X,7) — (Y, 0):
(i) fis (a[%v’]’ a[ﬁﬁ/])-0-semicontinu0us.

(ii) For eachz € X andV € aSR(Y )5 5| containing f(x), there exists an o, r\-open set U
containing x such that f(U) C V.

(iii) f~Y(V) is ahﬁ/]—clopen (That is, oy ,')-0pen as well as ahﬁ/]—closed) in X for every

(iv) 71 (V) C oy, - Int(f (e gr1-5CUV))) for every V € aSO(Y )5 g1.
(v) ap, -CUf e g)-sInt(V))) C f7H(V) for every az 5-semiclosed set V of Y.

i) ap, -CUfH (V) C f s r-sCUV)) for every V € aSO(Y )5 4.
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Proof. (1) = (2): Letz € X and V' € aSR(Y)4 4 containing f(z). By (1), there exists an
o, /1-open set U containing z such that f(U) C ag 4-sCIU(V) = V.

(2) = (3): Let V € aSR(Y )5 gy and x € f~(V). Then, f(U) C V for some ay, . -open set
U of X containing x, hence * € U C f~1(V). This shows that f~1(V) is o, -open in X.
Since Y\V € aSR(Y ) gy, f ' (Y \ V) is also v, s-open and hence f~!(V') is a, . -clopen
in X.

(3) = (4): Let V. € aSO(Y)jz 4. Since V' C a5 44-sCI(V) and by Lemma 3.2, we
have a5 5)-sCU(V) € aSR(Y) 5. By (3), we have f~ W) c - ( sC’l(V)) and
ffl(awﬁ/]—sC’l(V))is o, /1-open in X. Therefore, we obtain f~ (V) C O‘[%v] Int(f (a[ﬁﬁ']_
sClU(V))).

(4) = (5): Let V be an o4 4-semiclosed subset of Y. By (4), we have Uy \Vv) C
Oz[%,\//]—lfnt(ffl(a[576/]—sCl(Y \ V))) == a[,y7,yl.]—Int(f71(Y \ ?[ﬁ7ﬂl]—31nt(v))) =X \lf)é[,y,,y/]—
CU(f~ ayg gy-sInt(V))). Therefore, we obtain ap,, -CU(f~ (g gry-sInt(V))) C f=H(V).

(5) = (6): Let V € aSO(Y)Bﬁ] By Lemma 3.2, oy 51-sCIU(V) € aSR( )ig.5'- BY
(5), we obtain ag, -CI(f~1(V)) € ap, -CU " (ays 51-5CUV))) = ap o -CUS ~ ays o
sInt(ag 57 -sCl(V)))) C f~ (aﬁ’ﬁ] SCZ( ).

(6) = (1): Letz € X and V € aSO(Y, f(z))j55) By Lemma 3.2, we have ag g
sCl(V) € aSR(Y )z 4 and f(z) & Y \ g 5)-sCUV) = ayg 5)-sCUY \ ag 5)-sCU(V)).
Thus, by (6) we obtain = ¢ ay n-CI(f~'(Y \ o gr1-sCI(V'))). There exists an o, _sj-open
set U of X containing z such that Unf~H Y\ apg-sCl(V)) = ¢. Therefore, we have
fU) N (Y \ o 51-sCU(V)) = ¢ and hence f(U) C a5 5)-sCI(V). This shows that f is
(411> 5 g7))-0-semicontinuous. i

Theorem 4.4. The following statements are equivalent for a function f : (X,7) — (Y,0):
(i) fis (o, ) g g))-0-semicontinuous.

(ii) Foreachx € X andV € aSR

(Y)(5,5') containing f(x), there exists an v, .\-clopen set
U containing x such that f(U) C V.

(iii) Foreachz € X andV € aSO( )i5,5'] containing f(z), there exists an a., 1 -open set U
containing x such that f(a,, /1-Cl(U)) C g 5)-sCUV).

Proof. (1) = (2): Letz € X and V € aSR(Y) 4 | containing f(z). By Theorem 4.3, f~!(V)
is a, n-clopenin X. Put U = f~!(V), thenz € U and f(U) C V.

(2) = (3): LetV € aSO(Y, f(2)) 5 4)- By Lemma 3.2, we have ag 5-sCI(V) € aSR(Y) 5 5
and by (2), there exists an oy, .+ |-clopen set U containing x such that f(ay, ./-CU(U)) = f(U) C

a[ﬁﬂ/]—sCl(V)

(3) = (1): Letz € X and V' € aSO(Y, f(z))5,4)- By (3), there exists an «, /-open set
U containing z such that f(a, /-Cl(U)) C a5 5-sCU(V) implies that f(U) C f(ey, -
Cl(U)) C ayg g)-sCL(V). This shows that f is (o, /. 5 41)-0-semicontinuous. i

’

Theorem 4.5. The following statements are equivalent for a function f : (X,7) — (Y,0):

(i) fis (o, ) g g)-0-semicontinuous.
(i) oy, -C’l(f Y(B)) C f~ ( 5178Clo(B)) for every subset B of Y.
(iii) f( ,17Cl(A)) C a[ﬁ,ﬁz]-sC’lg(f( )) for every subset A of X.
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(iv) f~Y(F)is Ny ) -closed in X for every o, 1-0- semiclosed set F of Y.
(v) f7Y(V)is ay, -open in X for every ag g)-0-semiopen set V of Y.

Proof. (1) = (2): Let B be any subset of Y and = ¢ f~'(az 4)-sCls(B)). Then, f(z) ¢
g 5'178C1g(B) and there exists V' € aSO(Y,, f(z))5 41 such that a5 4-sCI(V) N B = ¢. By
(1), there exists an «, /-open set U containing z such that f(U) C ag 5-sCI(V). Hence
f(U)NB = ¢and Un f~1(B) = ¢. Consequently, we obtain z ¢ a, _-CI(f~!(B)).

(2) = (3): Let A be any subset of X. By (2), we have a, /-Cl(A) C ahW/]—C’l(ffl (f(A4))) <
fﬁl(a[ﬂ’ﬁ/]-SC’lg(f(A))) and hence f(a[’Yx’Y/]_Cl(A>) g Q[B’B/]-Sclg(f(A))

(3) = (4): Let F be any g g-0-semiclosed set of Y. Then, by (3), we have f(ay, /-
CU(f~(F))) € o g1-5Cle(f(F7H(F))) C ayp g-5Clg(F) = F. Therefore, we have o, /-
CI(f~'(F)) € f~'(F) and hence o, /-CI(f~'(F)) = f~'(F). This shows that f~'(F) is
ap, ,/-closed in X.

(4) = (5): Obvious.

(5) = (1): Letz € X and V € aSO(Y, f(z))4,5)- By Lemmas 3.2 and 3.6 (ii), a5 5/)-sCU(V)
is o 5)-0-semiopen in Y. Put U = f_l(a[ﬂﬂ/]—sCl(V)). Then by (5), U is o, ,/-0pen con-
taining z and f(U) C ag 4-sCU(V). Thus, f is (o, ./, 5 g7)-0-semicontinuous. o
Theorem 4.6. The following statements are equivalent for a function f : (X,7) — (Y,0):

(i) fis (o, ) g g))-0-semicontinuous.

(ii) o, -C’lg(f Y(B)) C f~ ( 5175Clo(B)) for every subset B of Y.
(iii) f(a[%vf]-Clg( ) C a[ﬁﬁﬁf]-sClg(f( )) for every subset A of X.
(iv) f~Y(F)is ahﬁ/]—G—closed in X for every a[ﬁﬁ/]—t‘)—semiclosed set F of Y.
(v) f[~Y(V)is o, -0-open in X for every oy g/-0-semiopen set V of Y.

Proof. (1) = (2): Let B be any subset of Y and z ¢ f~! (a,5/1-8C1p(B)). Then, f(z) ¢
a5 5-5Clo(B) and there exists V- € aSO(Y, f(z)) 5] such that g 51-sC1(V) N B = ¢. By
Theorem 4.4 (iii), there exists an ay, ./-open set U containing x such that f(ey, .-Cl(U)) C
ag 5-sCU(V). Hence f(ap, -Cl(U))NB = ¢ and oy, -CL({U) N f‘l(B) = ¢. Conse-
quently, we obtain = ¢ a(, _1-Clg(f~'(B)).

(2) = (3): Let Abe any subset of X. By (2), we have o, /-Clg(A) C ahﬁ/]—Cle(ffl(f(A))) C
fﬁl(aw’ﬁ/]—SClg(f(A))) and hence f(a[,m/]—Clg(A)) g Q[B,B/]—Sclg(f(A))

(3) = (4): Let F' be any g g-0-semiclosed set of Y. Then, by (3), we have f(oy, /-
Clo(f~1(F))) € g g1)-5Clo(f(f~1(F))) € g gr-5Clg(F) = F. Therefore, we have a, -
Clg(f~'(F)) € f~'(F) and hence o, /-Clo(f~'(F)) = f~'(F). This shows that f~!(F) is
o, -0-closed in X.

(4) = (5): Obvious.

(5)= (1): Letz € X and V € aSO(Y, f(z))5, 5)- By Lemmas 3.2 and 3.6 (ii), v 5/)-sCIU(V)
is ayg gy-0-semiopen in V. Put U = f~ ( i5,517SCLU(V)). Then by (5), U is oy, /-0-open
containing = and by Remark 3.22, U is o, /-open such that f(U) C a5 5-sCL(V). Thus, f
is (, ,/]» g,5))-6-semicontinuous. i

Proposition 4.7. The following statements are equivalent for a function f : (X,7) — (Y,0):



138 Hariwan Z. Ibrahim and Alias B. Khalaf

(i) fis (o, ) g g)-0-semicontinuous.
(ii) afyy Cl(f (04[5,6/]—sInt(a[Bﬁ/]—sC’l(B)))) Cf- ( 5'18CU(DB)), for every subset B
(iii) f~ ]E g-sint(B)) C oz[%n/]—lnt(f’l(a[ﬁ,ﬁf]—sCl(a[ﬁ’ﬂ/]—sInt(B)))), for every subset

Proof. (1) = (2): Let B be any subset of Y. Then, ag 5-sCIl(B) is a4 4)-semiclosed in Y
and by Theorem 4.3 (v), we have that if z € ahﬁ/]—Cl(ffl (g g1-81nt(ayg 511-sC1(B)))), then

z € [ (g 41-sCU(B)).

(2) = (3): Let B be any subset of Y and =z € f‘l(a[ﬁﬁ/]—slnt(B)). Then we have = €
f‘l(a[ﬁ’ﬁf]-slnt(B)) = X\ f‘l(awm -sCl(Y \ B)). Then x ¢ f_l(a[ﬁm -sCl(Y \ B))
and by (2), we have z € X \ ai, -CI(f~ (a[ﬁﬁl sInt(a 5-sCUY \ B)))) = oy, )
Int(f_l(a[ﬁ’m-sCl(oz[ﬂ’Br}—slnt(B))))

(3) = (1): Let V be any g 4j-semiopen set of Y. Suppose that 2 ¢ f_l(a[ﬁﬂ/]—sCl(V)).
Then, f(z) ¢ ajg 5)-sC1(V') and there exists an a4 5-semiopen set I containing f(z) such
that WNV = ¢ and hence o, ,/-sCI(W)NV = ¢. By (3), wehave z € o ] Int(f~"(oys )
sCl(W))) and hence there exists U € aO(X), ,/ such that 2 € U C f~ ( g 511-8CLIV)).
Since a[ﬁﬁ/]-sCZ( )NV =¢,UNf (V) =¢andso, z ¢ ap, -CUf~ L(V)). Therefore,
a[,M/]-Cl(f‘ (V) Cf ( 5-sCI((V))) for every V € aSO(Y )ﬁ’ﬁ] Hence, by Theorem
4.3, fis (o, 4 ap.51)-0- sermcontmuous i

Proposition 4.8. The following statements are equivalent for a function f : (X,7) — (Y,0):

(i) fis () g 5'1)-0-semicontinuous.
(ii) a[%,yr]-C'l(f_ (agg,5-sInt(oyg 5)-sClo(B)))) < f_l(a[ﬁ,ﬁ/]-SCl.g(B)), for every subset
BofY.
(iii) o, 1-Cl(f (g gry-sInt(as gr1-sCUB)))) € f~ (g 11-5Clo(B)), for every subset B
of Y.

(lV) ahﬁ/]-Cl(f_l(a[ﬁﬂ/]-s[nt(a[ﬂﬁ/]-SCl( )))) - f ( ﬁﬁ] SCZ( )), for every 04[575/]-
semiopen set O of Y.

Proof. (1) = (2): Let B be any subset of Y. Then, a5 5-sClo(B) is g 5)-semiclosed

in Y. Then by Theorem 4.3 (v), if z € ay, /-CU(f ™ (oyg gr-sInt(as 5r1-5Clo(B)))), then

x € f_l(a[ﬁ,ﬁ/}-sClg(B)).
(2) = (3): This is obvious since oy 5-sCU(B) C g 51-5Clo(B) for every subset B.

(3) = (4): By Lemma 3.6 (i), we have ag 5)-sCI(O) = a5 5/-5Cly(O) for every ag g1
semiopen set O.

(4) = (1): Let V be any oz g-semiopen set of Y and = € a, -Cl(f 1( )). Then,

"/’Y

V is ag gy-semiopen and = € ay, _-Cl(f~ (g g-sInt(a g1-sCL(V)))). By (4), = €
ffl(a[ﬁﬂ/]—sC’l(V)). It follows from Theorem 4.3, that fis (a[ oy ], (5,5'))-f-semicontinuous.
O

Proposition 4.9. A function f : (X, 1) — (Y, 0) is (o, ./}, g g1)-0-semicontinuous if and only
iff_l(amﬁ/]—sCl(V)) is oy, v -open set in X, for each g 51-semiopen set VinY'.

Proof. Let V be any a4 gj-semiopen set in Y. We have to show that f~' (a5 g1-sCI(V)) is
[ -open setin X. Letz € f~' (g g-sCUV)). Ther.l, f(x) € a g1-sCl(V) and s, g
Cl(V) € aSR(Y )5 4. Since f is (ay, ./, 5 g7)-0-semicontinuous, then by Theorem 4.3 (ii),
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there exists an oy, ./ -open set U of X containing x such that f(U) C a4 -sCI(V). Which
implies that z € U C f~!(ag 4)-sC1(V)). Therefore, f~" (g y1-sCI(V)) is an o, sj-open
setin X.

Conversely, let # € X and V' be any oz 4-semiopen set of Y containing f(z). Then

x € [y g-sCU(V)), by hypothesis f~"(ag 51-sCI(V)) is an «, j-open set in X con-
taining z, so clearly f(f~"(eg 411-sCU(V)) C o 51-sCU(V'). Therefore, f is (o, ), @5.5))-
f-semicontinuous. O

Proposition 4.10. A function f : (X,7) — (Y,0) is (o, ./}, g 51)-0-semicontinuous if and
only if f~ ( sInt(F)) is an oy, s -closed set in X, for each oy g\-semclosed set I of Y.

Proof. Let F be any a[ﬁ,ﬁz]—semclosed setof Y. Then, Y\ F' is an 3,5')-S€MOpenN set of Y, since
fis (o, 15 5 51)-0-semicontinuous. Then by Proposition 4.9, ffl(a[ﬁﬂz]—sCl(Y \ F)) is an
ay, -opensetin X and ' (ayg 5-sCUY\F)) = [~ (Y \eg gr-sInt(F)) = X\ [~ (s 41)-
sXInt(F)) is an oy, s-open set in X and hence ffl(awﬁ/]—slnt(F)) is an oy, ./ -closed set in

Conversely, let V' be any «g 41-semopen set of Y. Then Y’ \ Vis o, 5'1-semclosed, and by

hypothesis [~ (az 5-sInt(Y \ V) = f7H (Y \ ag 5-sCUV)) = X \ [~ (eg,4-5C1UV))
is an oy, rj-closed set in X, so f~ ( 5)-sCU(V)) is an oy, /j-open set in X. Therefore, by
Proposition 4.9, f is (o, ./}, 5 571)-0- semicontinuous. i

Proposition 4.11. Ler f : (X,7) — (Y,0) be a function. Ifffl(a[ﬁ,ﬁz]-sClg(B)) is o, oy
closed in X for every subset B of Y, then f is (O‘[%v’]’ aw”@/})—0—semicontinu0us.

Proof. Let B C'Y. Since f~' (a3 5-5Clg(B)) is o, . j-closed in X, then a[%j/]—C’l(ffl(B)) C
O‘[’y,’y']'Cl(fil(O‘[B,B']'SCZ("(B))) == fﬁl(()é[ﬁ’B/]—SCle(B)) By Theorem 45, f 1S (Oé["/,’yl]’ 01[676/])—
f-semicontinuous. O

Proposition 4.12. The following statements are equivalent for a function f : (X,7) — (Y, 0):

(i) fis (o, ) g g)-0-semicontinuous.
(ii) a[,w/]-Cl(f_ (V) Cf~ (a[ﬁ 5)7SCUV)), for every V' C ayg gry-sInt(ayg g1-sCU(V)).
(iii) f~Y(V) C ahﬁ/}—lnt(f* (g 578CUV))), for every V C ayg gr-sInt(ayg gr-sCUV)).

Proof. (1) = (2): Let V. C a5 g)-sInt(ag g)-sCI(V)) such that = € ozhﬁ/]—C’l(ffl(V)).
Suppose that = ¢ ffl(ozw’ﬁr]—sOl(V)). Then there exists an «g 5-semopen set IV containing
f(z) such that W NV = ¢. Hence, we have W N a5 5-sCI(V) = ¢ and hence ag g-
sCUW) N ayg gry-sInt(ayg gr)-sCUV)) = ¢. Since V' C ayg gr-sInt(oyg 5)-sCU(V)) and we
have V N ag 51-sCU(W) = ¢. Since f is (ay, /), 5 51)-0-semicontinuous at z € X and W
is an oz g-semopen set containing f(x), there exists U € aO(X), /) containing z such that
f(U) € ayg 4-sCIU(W). Then f(U) NV = ¢ and hence U N f~'(V) = ¢. This shows that
x ¢ ahﬁr]—Cl(f*I(V)). This is a contradiction. Therefore, we have = € f’l(a[ﬁﬁf]—sCl(V)).

(2) = (3): Let V C g gy-sInt(ag yy-sCU(V)) and = € f~1(V). Then, we have f~'(V)) C
Yo [Bﬁ] -sInt(ag 5)-sClU(V))) = X\ [~ (a[ﬁﬁ -sCU(Y \ a5 51-sCU(V))). Therefore,

¢ f~ (a[ﬁﬁ -sCl(Y\ayg 5)-sC1(V))). Thenby (2), ¢ o, -CU(f~ IY\a 15,6775CLUV))).
Hence, z € X \ o, /-CI(f~ Ly \ g 511-5CU(V))) = ah_ﬁ/]-lnt(f_l(a[ﬂﬁ/]—sCl(V))).

(3) = (1): Let V be any ag 5)-semiopen set of Y. Then, V' = ag 5-sInt(V) C a5 g
sInt(ayg 5-sC1(V)). Hence, by (3) and Theorem 4.3, f is (ay, /|, 5 41)-0-semicontinuous.
m

Proposition 4.13. If f : (X,7) — (Y,0) is (o, .}, a5 g7))-0-semicontinuous at v € X, then
for each o, '1-sSemiopen set B containing f(z) and each o, /) -0pen set A containing x, there
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exists a nonempty o, r-open set U C A such thatU C ahﬁ/]—C’l(f*I (v 5178CU(B))). Where

v and 'y/ are a-regular operations.

Proof. Let B be any 3,6 semiopen set containing f(z) and A be an oy /-Open set of X
containing z. By Lemma 3.2 and Theorem 4.3, z € oy, ./ -Int(f~ (a[ﬁ [3] sCl( N)s then

Thus, U is a nonempty O‘h V1 open set by [[1] Proposmon 3. 4] and hence U C A and U C
Oé[,y,y ]-Int(f (a[ﬂﬂ] SOZ( ))) Q a[’Y,’Y ]-Cl(f ( [ , ] SCZ( ))) O
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